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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from

lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 78 ]. This is test number [ 17 |.

1.1 Listing of CAS systems tested

The following systems were tested at this time.

1.
2.

3
4.
5
6

7.

Mathematica 12.1 (64 bit) on windows 10.
Rubi 4.16.1 in Mathematica 12 on windows 10.

. Maple 2020 (64 bit) on windows 10.

Maxima 5.43 on Linux. (via sagemath 8.9)

. Fricas 1.3.6 on Linux (via sagemath 9.0)

. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.

Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.


https://rulebasedintegration.org

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and Root0Of are

not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed

Rubi % 100. ( 78) %0.(0)

Mathematica | % 100. ( 78 ) %0.(0)

Maple % 100. ( 78) %0.(0)
Maxima % 24.36 (19) | % 75.64 ( 59 )
Fricas % 55.13 (43 ) | % 44.87 ( 35)
Sympy % 19.23 (15) | % 80.77 (63)
Giac % 44.87 (35) | % 55.13 (43)

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes the

meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 96.15 3.85 0. 0.
Mathematica 62.82 141 23.08 0.
Maple 513 62.82 32.05 0.
Maxima 23.08 1.28 0. 75.64
Fricas 46.15 8.97 0. 44.87
Sympy 0. 0. 19.23 80.77
Giac 21.79 23.08 0. 55.13




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

FriCAS Giac/Xcas Maxima
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The figure below compares the CAS systems for each grade level.
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.

System Mean time (sec) | Mean size | Normalized mean | Median size | Normalized median
Rubi 1.05 438.29 1.08 350.5 1.
Mathematica 4.41 1428.1 2.02 367. 1.1
Maple 0.05 5530.69 7.88 1315.5 3.9
Maxima 3.44 206.68 1.64 134. 1.6
Fricas 9.98 1302.3 4.59 879. 3.35
Sympy 44.55 314.93 3.8 277. 3.96
Giac 5.09 1199.54 3.09 603. 2.29
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1.4 list of integrals that has no closed form an-
tiderivative

b

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica
Maple Verification phase not implemented yet.

Maxima Verification phase not implemented yet.

Fricas Verification phase not implemented yet.

Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.
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1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each integral.
If the integrate command did not complete within this time limit, the integral was aborted
and considered to have failed and assigned an F grade. The time used by failed integrals
due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example, for
the Timofeev test file, there were about 30 such integrals out of total 705, or about 4 percent.
This pecrentage can be higher or lower depending on the specific input test file.
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Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffgrent-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and XCAS
syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for this
purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35*len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*xcount_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.
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One record (line) per one integral result. The line is CSV comma separated. It contains 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) High level overview of the CAS
integer. Leafsize of result. independent integration test
integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed. build System

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. g
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.

WoOoNOLHWNE



Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each

2.1.1 Rubi

A grade: { [1}[2,B} 1} 56,7, B,P} 10 21,25
[28, 20} 50, B B2} (33} 34} 38} B} 40, 41} 42} [£3} 14} 45, 46, 47, 48} 49} 50} b1 5.2, 53} 5 551 56} 57, 5,
(59} 60} 61} 624 63, 67 63}, 166} 67 68} 69} 70} 72} [72) 73 72 (70, 76, 72, 781

B grade: {[35}[36}[37] }

C grade: { }
F grade: { }

2.1.2 Mathematica

A grade: {[1,[28}[4} 51[6,[7,[8 0} 10} 11} 12, 13, T4} 15} 16} 17,[18 .
lllllllllllllllll 59,60}

B grade: { 27, 37) 56, 1) 12}l 5 6,7 1B, 50}
C grade: {[61)[52,63) 6455 667 6859, 10 T, 2 T3 A T 76, A 78

F grade: { }

2.1.3 Maple
A grade: {[23][28,[29,[30] }

15
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B grade: (20,2122 21,25 20) 27,51 52) 53 10,1 1314, 16} 78,10} 50, 5, B2
154 5356, 57 153, 5931603 63,6363 64,65} 63 52,68 69, 10, L 73, 73, 7B 75,70, 73 78

C grade: ([ 231451671 8}/6} 10} 11} 12,13} 14}[15][16} 17} 18] 19} ]34} [85} 36} [37} [38} 39}

F grade: { }

21.4 Maxima

A grades (2 0 ) 5 )75 )5 5 57 55,
B grade: {[35]}
C grade: { }

© e (/671913 1001 73,737 7
15 16,7 {10, 50,5 53, 53 55 B0 57 B8 50 6 6 16363
737875, 76,7, 75

2.1.5 FriCAS

A grade: { 1)) B9 [0} 1) 5[5 7 5, [} 20) 2,2 25 27 28 29 50 B4 35 6,87 B
0 AT B ) U 8 S 50,5560

B grade: ([BAI2 3R]

C grade: { }

F grade: { 24[25}[26} 3132} 33} [t4} [45} 46}, 50} [51} 2} 53} [57} 58} 59} [60} 61} 62 [63} 64} 65} (66} 67}
l.lll.ll@ 78}

@E
S
Bl
Sirg
B
Brg
EE
B
5

2.1.6 Sympy

A grade: { }

B grade: { }

C grade: ([0} 111567 5 1525503 555 B7, B8, 69

F grades ({12555, 23 302021, 22, 23,2252, 275 B 52, B O i
P3| (4 45, 46 1748, 49 150} 5.1} 52, 53, 54, 55 56, 573 581 59 60} 67} 621 63 64365} 661 67 683 69} 70}

(717273, [74, 75, [76}, (72 [78] }

2.1.7 Giac

A grade: (B OV} 1) 5 6 7 5,80, 87 7 18, A9 1 6 5
B grade: { 1)) P) 26,5 B6) 5 0} 1) 2 3 4 5, 10 50 5 5 8
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C grade: { }

F grade: { 567123 [4) 7 08,9 20) 21 22,23} 27 25 2728, 20 50 51 32 52 53, 0, 60
5162 6364165, 6667168 69, 70,71 73 (3, 7 T (B 778])

2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it is
given just an F.

antiderivative leaf size

In this table,the column normalized size is defined as — ————— .
optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C A A F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 415 415 355 959 644 888 0 1122
normalized size | 1 1. 0.86 2.31 1.55 2.14 0. 2.7
time (sec) N/A 0.673 0.494 0.029 1.994 1.1 0. 3.147
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C A A F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 286 286 244 652 459 617 0 772
normalized size | 1 1. 0.85 2.28 1.6 2.16 0. 2.7
time (sec) N/A 0.563 0.326 0.013 3.756 1.104 0. 1.654
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C A A F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 168 170 141 377 263 386 0 429
normalized size | 1 1.01 0.84 2.24 1.57 2.3 0. 2.55
time (sec) N/A 0.25 0.17 0.01 3.295 1.086 0. 3.044
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Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C A A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 95 95 71 185 154 224 0 198
normalized size | 1 1. 0.75 1.95 1.62 2.36 0. 2.08
time (sec) N/A 0.073 0.062 0.011 4.046  1.042 0. 1.896
Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F(-2) B F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 122 122 117 373 0 1019 0 0
normalized size | 1 1. 0.96 3.06 0. 8.35 0. 0.
time (sec) N/A 0.311 0.145 0.04 0. 29.882 0. 0.
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F(-2) B F(-2) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 163 163 211 899 0 2082 0 0
normalized size | 1 1. 1.29 5.52 0. 12.77 0. 0.
time (sec) N/A 0.331 0.442 0.041 0. 118.982 0. 0.
Problem 7 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F(-2) B F(-2) F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 248 248 273 1449 0 3105 0 0
normalized size | 1 1. 11 5.84 0. 12.52 0. 0.
time (sec) N/A 0.355 0.396 0.045 0. 1.448 0. 0.
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C A A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 340 340 241 643 524 644 0 551
normalized size | 1 1. 0.71 1.89 1.54 1.89 0. 1.62
time (sec) N/A 0.633 0.37 0.025 3199 1.143 0. 2.271
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Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C A A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 228 228 160 423 356 435 0 352
normalized size | 1 1. 0.7 1.86 1.56 1.91 0. 1.54
time (sec) N/A 0.493 0.207 0.024 4342  1.143 0. 2.824
Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C A A C A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 130 133 88 235 205 267 617 186
normalized size | 1 1.02 0.68 1.81 1.58 2.05 4.75 1.43
time (sec) N/A 0.23 0.101 0.018  3.604 1.087 112.876 1.983
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C A A C A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 63 63 45 117 105 167 282 97
normalized size | 1 1. 0.71 1.86 1.67 2.65 448  1.54
time (sec) N/A 0.061 0.034 0.016  3.776  1.019 20.572 3.103
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F(-2) B F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 122 122 117 373 0 1019 0 0
normalized size | 1 1. 0.96 3.06 0. 8.35 0. 0.
time (sec) N/A 0.283 0.127 0. 0. 30.013 0. 0.
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F(-2) B F(-2) F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 163 163 211 899 0 2082 0 0
normalized size | 1 1. 1.29 5.52 0. 12.77 0. 0.
time (sec) N/A 0.295 0.413 0. 0. 117.112 0. 0.
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Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F(-2) B F(-2) F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 248 248 273 1449 0 3105 0 0
normalized size | 1 1. 11 5.84 0. 12.52 0. 0.
time (sec) N/A 0.329 0.179 0. 0. 1.43 0. 0.
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C A A C A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 79 79 57 139 134 189 313 123
normalized size | 1 1. 0.72 1.76 1.7 2.39 396  1.56
time (sec) N/A 0.139 0.061 0. 4966 1142 46.387 2.264
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C A A C A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 63 63 45 117 105 167 282 97
normalized size | 1 1. 0.71 1.86 1.67 2.65 448  1.54
time (sec) N/A 0.061 0.032 0. 2397 1.043 20.862 1.866
Problem 17, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C A A C F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 48 48 48 96 89 196 245 0
normalized size | 1 1. 1. 2. 1.85 4.08 51 0.
time (sec) N/A 0.183 0.052 0. 4226 1183 28.239 0.
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C A A C F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 48 48 48 97 89 201 221 0
normalized size | 1 1. 1. 2.02 1.85 419 4.6 0.
time (sec) N/A 0.176 0.056 0. 3.266 1147 27.753 0.
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Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C A A C F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 71 71 56 108 132 154 218 0
normalized size | 1 1. 0.79 1.52 1.86 217 3.07 0.
time (sec) N/A 0.184 0.047 0. 3974 1.018 34.289 0.
Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 591 584 427 1446 0 2147 0 0
normalized size | 1 0.99 0.72 2.45 0. 3.63 0. 0.
time (sec) N/A 1.517 1.408 0.038 0. 1.45 0. 0.
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 451 450 311 987 0 1517 0 0
normalized size | 1 1. 0.69 2.19 0. 3.36 0. 0.
time (sec) N/A 1.01 0.995 0.017 0. 1.307 0. 0.
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 300 297 200 588 0 980 0 0
normalized size | 1 0.99 0.67 1.96 0. 3.27 0. 0.
time (sec) N/A 0.446 0.646 0.013 0. 1.274 0. 0.
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 221 221 142 287 0 602 0 0
normalized size | 1 1. 0.64 1.3 0. 2.72 0. 0.
time (sec) N/A 0.147 0.38 0.011 0. 1.148 0. 0.
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Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-1) F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 278 278 225 503 0 0 0 0
normalized size | 1 1. 0.81 1.81 0. 0. 0. 0.
time (sec) N/A 0.49 0.786 0.054 0. 0. 0. 0.
Problem 25| Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-1) F(-2) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 322 322 309 1200 0 0 0 0
normalized size | 1 1. 0.96 3.73 0. 0. 0. 0.
time (sec) N/A 0.579 1.033 0.046 0. 0. 0. 0.
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-1) F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 363 361 492 1848 0 0 0 2238
normalized size | 1 0.99 1.36 5.09 0. 0. 0. 6.17
time (sec) N/A 0.677 1.916 0.052 0. 0. 0. 16.905
Problem 27, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F(-2) A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 501 496 1107 965 0 1538 0 0
normalized size | 1 0.99 2.21 1.93 0. 3.07 0 0
time (sec) N/A 1.281 6.542 0.028 0. 2.118 0 0
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 368 369 555 635 0 1065 0 0
normalized size | 1 1. 1.51 1.73 0. 2.89 0 0
time (sec) N/A 0.875 3.814 0.025 0. 1.913 0 0
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Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A C F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 246 249 390 365 0 689 736 0
normalized size | 1 1.01 1.59 1.48 0. 2.8 2.99 0.
time (sec) N/A 0.4 1.624 0.022 0. 1.701 138.497 0.
Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A C F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 177 177 169 180 0 460 338 0
normalized size | 1 1. 0.95 1.02 0. 2.6 1.91 0.
time (sec) N/A 0.124 0.414 0.018 0. 1.643 25875 0.
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-1) F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 278 278 225 503 0 0 0 0
normalized size | 1 1. 0.81 1.81 0. 0. 0. 0.
time (sec) N/A 0.464 0.729 0. 0. 0. 0. 0.
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-1) F(-2) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 322 322 309 1200 0 0 0 0
normalized size | 1 1. 0.96 3.73 0. 0. 0. 0.
time (sec) N/A 0.53 0.969 0. 0. 0. 0. 0.
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-1) F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 363 361 492 1848 0 0 0 2238
normalized size | 1 0.99 1.36 5.09 0. 0. 0. 6.17
time (sec) N/A 0.588 1.836 0. 0. 0. 0. 10.678
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Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C A A C A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 87 151 149 137 147 176 308 130
normalized size | 1 1.74 1.71 1.57 1.69 2.02 3.54 149
time (sec) N/A 0.146 0.344 0. 2139  1.624 4426 221
Problem 35 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A B B C B A C A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 52 135 126 120 142 150 277 104
normalized size | 1 2.6 2.42 2.31 2.73 2.88 5.33 2.
time (sec) N/A 0.071 0.214 0. 2.84 1.633 21.362 2.518
Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A B B C A A C A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 55 135 128 95 86 184 240 96
normalized size | 1 2.45 2.33 1.73 1.56 3.35 436  1.75
time (sec) N/A 0.185 0.407 0. 2.306 1.56 26976 2134
Problem 37 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A B A C A A C A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 55 135 89 96 86 203 216 112
normalized size | 1 2.45 1.62 1.75 1.56 3.69 393  2.04
time (sec) N/A 0.18 0.167 0. 3.561 11 28173 2.621
Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C A A C B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 83 129 82 103 88 173 212 196
normalized size | 1 1.55 0.99 1.24 1.06 208 255 236
time (sec) N/A 0.191 0.117 0. 4.02 1173 33.628 1.987
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Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C A A C B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 116 171 94 123 119 216 219 266
normalized size | 1 1.47 0.81 1.06 1.03 1.86 1.89  2.29
time (sec) N/A 0.217 0.116 0. 3.643 1.031 58.436 2.363
Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F(-1) B
verified N/A Yes NO TBD TBD TBD TBD TBD
size 199 242 336 1095 0 2485 0 817
normalized size | 1 1.22 1.69 5.5 0. 12.49 0. 411
time (sec) N/A 0.328 0.813 0.052 0. 1.248 0. 3.459
Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F(-2) A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 1348 1345 3599 6728 0 6765 0 3560
normalized size | 1 1. 2.67 4.99 0. 5.02 0. 2.64
time (sec) N/A 2.366 7.098 0.046 0. 10.902 0. 3.682
Problem 42 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F(-2) A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 721 719 2722 3571 0 3633 0 2006
normalized size | 1 1. 3.78 4.95 0. 5.04 0. 2.78
time (sec) N/A 0.963 6.483 0.021 0. 3.786 0. 3.573
Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 330 330 306 1431 0 1843 0 856
normalized size | 1 1. 0.93 4.34 0. 5.58 0. 2.59
time (sec) N/A 0.298 1.849 0.016 0. 1.543 0. 1.583




26

Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F(-2) F(-1) F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 450 453 1944 4227 0 0 0 1461
normalized size | 1 1.01 4.32 9.39 0. 0. 0. 3.25
time (sec) N/A 1.369 6.199 0.044 0. 0. 0. 3.323
Problem 45| Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F(-2) F(-1) F(1) B
verified N/A Yes NO TBD TBD TBD TBD TBD
size 521 521 2665 5051 0 0 0 2140
normalized size | 1 1. 512 9.69 0. 0. 0. 411
time (sec) N/A 1.696 6.274 0.042 0. 0. 0. 13.147
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F(-2) F(-1) F(-1) B
verified N/A Yes NO TBD TBD TBD TBD TBD
size 658 657 2157 12065 0 0 0 11268
normalized size | 1 1. 3.28 18.34 0. 0. 0. 17.12
time (sec) N/A 2.68 6.449 0.063 0. 0. 0. 38.844
Problem 47, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F(-2) A F(-1) A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 1032 1032 3220 3958 0 4766 0 2032
normalized size | 1 1. 3.12 3.84 0. 4.62 0. 1.97
time (sec) N/A 1.788 6.672 0.042 0. 43.625 0. 1.977
Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F(-2) A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 540 540 2402 2002 0 2503 0 994
normalized size | 1 1. 4.45 3.71 0. 4.64 0. 1.84
time (sec) N/A 0.713 6.327 0.026 0. 9.366 0. 1.391
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Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 246 246 225 763 0 1277 0 425
normalized size | 1 1. 0.91 31 0. 519 0. 1.73
time (sec) N/A 0.23 1.07 0.018 0. 2.511 0. 2.662
Problem 50 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-1) F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 290 290 465 1822 0 0 0 797
normalized size | 1 1. 1.6 6.28 0. 0. 0. 2.75
time (sec) N/A 0.672 3.86 0.033 0. 0. 0. 1.809
Problem 51 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-1) F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 364 364 417 3670 0 0 0 1874
normalized size | 1 1. 1.15 10.08 0. 0. 0. 515
time (sec) N/A 1.097 2.924 0.042 0. 0. 0. 12.504
Problem 52 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-1) F(1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 484 484 535 9100 0 0 0 0
normalized size | 1 1. 1.11 18.8 0. 0. 0. 0.
time (sec) N/A 1.563 6.305 0.088 0. 0. 0. 0.
Problem 53 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-1) F(1) F(1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 685 685 739 15990 0 0 0 0
normalized size | 1 1. 1.08 23.34 0 0 0. 0.
time (sec) N/A 1.778 6.331 0.148 0 0 0. 0.
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Problem 54 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F(-2) A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 718 715 2195 2528 0 3170 0 1284
normalized size | 1 1. 3.06 3.52 0. 4.42 0. 1.79
time (sec) N/A 1.336 6.518 0.04 0. 14.866 0. 4.73
Problem 55 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 371 369 379 1199 0 1631 0 603
normalized size | 1 0.99 1.02 3.23 0. 4.4 0. 1.63
time (sec) N/A 0.509 2.018 0.03 0. 4.981 0. 3.439
Problem 56 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 164 164 173 425 0 879 0 262
normalized size | 1 1. 1.05 2.59 0. 5.36 0. 1.6
time (sec) N/A 0.149 0.766 0.02 0. 2.514 0. 3.686
Problem 57 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-1) F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 188 188 304 746 0 0 0 467
normalized size | 1 1. 1.62 3.97 0. 0. 0. 2.48
time (sec) N/A 0.341 1. 0.031 0. 0. 0. 1.632
Problem 58 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-1) F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 254 254 324 2973 0 0 0 1831
normalized size | 1 1. 1.28 11.7 0. 0. 0. 7.21
time (sec) N/A 0.638 2.011 0.052 0. 0. 0. 11.154
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Problem 59 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-1) F(2) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 424 424 513 7119 0 0 0 0
normalized size | 1 1. 1.21 16.79 0 0 0. 0.
time (sec) N/A 0.967 2.734 0.107 0 0 0. 0.
Problem 60 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-1) F(-2) F(1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 826 826 800 18802 0 0 0 0
normalized size | 1 1. 0.97 22.76 0 0 0. 0.
time (sec) N/A 2.433 6.081 0.246 0 0 0. 0.
Problem 61 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 1182 1154 11933 14778 0 0 0 0
normalized size | 1 0.98 10.1 12.5 0 0 0. 0.
time (sec) N/A 4.166 17.717 0.088 0 0 0. 0.
Problem 62 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 774 769 917 10271 0 0 0 0
normalized size | 1 0.99 1.18 13.27 0 0 0. 0.
time (sec) N/A 2.23 13.329 0.042 0 0 0. 0.
Problem 63 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 706 706 633 6257 0 0 0 0
normalized size | 1 1. 0.9 8.86 0. 0. 0. 0.
time (sec) N/A 1.845 8.114 0.051 0. 0. 0. 0.
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Problem 64 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 687 687 938 16177 0 0 0 0
normalized size | 1 1. 1.37 23.55 0. 0. 0. 0.
time (sec) N/A 1.903 13.409 0.096 0. 0. 0. 0.
Problem 65 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 964 964 9529 34395 0 0 0 0
normalized size | 1 1. 9.88 35.68 0. 0. 0. 0.
time (sec) N/A 3.116 16.847 0.209 0. 0. 0. 0.
Problem 66 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 1716 1716 15719 68345 0 0 0 0
normalized size | 1 1. 9.16 39.83 0. 0. 0. 0.
time (sec) N/A 7.045 19.426 0.36 0. 0. 0. 0.
Problem 67 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 1235 1235 12483 15857 0 0 0 0
normalized size | 1 1. 10.11 12.84 0. 0. 0. 0.
time (sec) N/A 4.395 18.448 0.056 0. 0. 0. 0.
Problem 68 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 766 766 922 9544 0 0 0 0
normalized size | 1 1. 1.2 12.46 0. 0. 0. 0.
time (sec) N/A 2.061 13.015 0.043 0. 0. 0. 0.
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Problem 69 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 527 527 562 6049 0 0 0 0
normalized size | 1 1. 1.07 11.48 0. 0. 0. 0.
time (sec) N/A 0.98 9.696 0.032 0. 0. 0. 0.
Problem 70 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 540 540 551 4732 0 0 0 0
normalized size | 1 1. 1.02 8.76 0 0 0. 0.
time (sec) N/A 1.111 6.814 0.043 0 0 0. 0.
Problem 71 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 597 596 724 13614 0 0 0 0
normalized size | 1 1. 1.21 22.8 0 0 0. 0.
time (sec) N/A 1.359 11.974 0.094 0 0 0. 0.
Problem 72 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 1034 1034 9186 33007 0 0 0 0
normalized size | 1 1. 8.88 31.92 0 0. 0. 0.
time (sec) N/A 3.16 16.589 0.213 0 0. 0. 0.
Problem 73 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 838 831 1000 10546 0 0 0 0
normalized size | 1 0.99 1.19 12.58 0. 0. 0. 0.
time (sec) N/A 2.167 13.841 0.051 0. 0. 0. 0.
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Problem 74 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 528 524 615 6174 0 0 0 0
normalized size | 1 0.99 1.16 11.69 0. 0. 0. 0.
time (sec) N/A 1.028 8.052 0.035 0. 0. 0. 0.
Problem 75| Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 387 384 418 2497 0 0 0 0
normalized size | 1 0.99 1.08 6.45 0. 0. 0. 0.
time (sec) N/A 0.505 5.836 0.028 0. 0. 0. 0.
Problem 76 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 422 422 477 3984 0 0 0 0
normalized size | 1 1. 1.13 9.44 0. 0. 0. 0.
time (sec) N/A 0.691 5.566 0.045 0. 0. 0. 0.
Problem 77 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 642 642 699 12981 0 0 0 0
normalized size | 1 1. 1.09 20.22 0. 0. 0. 0.
time (sec) N/A 1.517 10.931 0.122 0. 0. 0. 0.
Problem 78 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 1116 1116 8844 34102 0 0 0 0
normalized size | 1 1. 7.92 30.56 0. 0. 0. 0.
time (sec) N/A 3.342 16.579 0.297 0. 0. 0. 0.
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules

column is the number of unique rules used. The integrand size column is the leaf size of
number of rules

the integrand. Finally the ratio is given. The larger this ratio is, the harder the

integrand size

integral was to solve. In this test, problem number [36] had the largest ratio of [ 0.25 ]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand T
# grade steps unique antideri\./ative leaf size ntegrand leal size
used rules leaf size
1 A 7 6 1. 37 0.162
2 A 6 6 1. 37 0.162
3 A 5 5 1.01 35 0.143
4 A 5 5 1. 30 0.167
5 A 6 6 1. 37 0.162
6 A 6 6 1. 37 0.162
7 A 5 5 1. 37 0.135
8 A 6 5 1. 37 0.135
9 A 5 5 1. 37 0.135
10 A 4 4 1.02 35 0.114
11 A 4 4 1. 30 0.133
12 A 6 6 1. 37 0.162
13 A 6 6 1. 37 0.162
14 A 5 5 1. 37 0.135
15 A 4 4 1. 31 0.129
16 A 4 4 1. 30 0.133
17 A 7 7 1. 33 0.212
18 A 7 7 1. 33 0.212
19 A 6 6 1. 33 0.182
20 A 8 7 0.99 40 0.175
21 A 7 7 1. 40 0.175
22 A 6 6 0.99 38 0.158
23 A 6 6 1. 33 0.182
Continued on next page




Table 2.1 — continued from previous page

number of number of normalized .
# | grade steps unique antiderivative 1?;:?22? %
used rules leaf size
24 A 7 7 1. 40 0.175
25 A 7 7 1. 40 0.175
26 A 5 5 0.99 40 0.125
27 A 7 6 0.99 40 0.15
28 A 6 6 1. 40 0.15
29 A 5 5 1.01 38 0.132
30 A 5 5 1. 33 0.152
31 A 7 7 1. 40 0.175
32 A 7 7 1. 40 0.175
33 A 5 5 0.99 40 0.125
34 A 5 5 1.74 30 0.167
35 B 5 5 2.6 29 0.172
36 B 8 8 2.45 32 0.25
37 B 8 8 2.45 32 0.25
38 A 6 6 1.55 32 0.188
39 A 7 7 1.47 32 0.219
40 A 5 5 1.22 32 0.156
41 A 8 7 1. 36 0.194
42 A 7 6 1. 34 0.176
43 A 7 6 1. 29 0.207
44 A 9 8 1.01 36 0.222
45 A 9 8 1. 36 0.222
46 A 9 9 1. 36 0.25
47 A 7 7 1. 36 0.194
48 A 6 6 1. 34 0.176
49 A 6 6 1. 29 0.207
50 A 8 8 1. 36 0.222
51 A 8 8 1. 36 0.222
52 A 8 8 1. 36 0.222
53 A 6 6 1. 36 0.167
54 A 6 6 1. 36 0.167
55 A 5 5 0.9 34 0.147

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized .
# | grade steps unique antiderivative 1?;:?2?;; %
used rules leaf size
56 A 5 5 1. 29 0.172
57 A 7 7 1. 36 0.194
58 A 7 7 1. 36 0.194
59 A 5 5 1. 36 0.139
60 A 6 5 1. 36 0.139
61 A 10 7 0.9 38 0.184
62 A 9 7 0.99 38 0.184
63 A 9 7 1. 38 0.184
64 A 9 8 1. 38 0.21
65 A 9 7 1. 38 0.184
66 A 10 8 1. 38 0.21
67 A 10 7 1. 38 0.184
68 A 9 7 1. 38 0.184
69 A 8 7 1. 38 0.184
70 A 8 7 1. 38 0.184
71 A 8 7 1. 38 0.184
72 A 9 8 1. 38 0.21
73 A 9 7 0.9 38 0.184
74 A 8 7 0.99 38 0.184
75 A 7 6 0.99 38 0.158
76 A 7 6 1. 38 0.158
77 A 8 7 1. 38 0.184
78 A 9 7 1. 38 0.184
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Chapter 3

Listing of integrals

3.1 f V1 —dxV1 + dx(e + fx)° (A + Bx + sz) dx

Optimal. Leaf size=415

(1-d22)"" (e + fx? (72 F QAS + Be) - C (362 - 8f2)) (1 -d22)"” (32 fx (~98 Ad%ef? — 14B2e2f - 35B 3
B 70d%f "

[Out] ((2*Cxd~2*e”~3 + 8xA*d~4*e”3 + 6*Bxd"2xe”2*f + 3*Cxexf~2 + 6*xA*d"2*exf"2 + B
x£73) *x*xSqrt[1 - d72%x72])/(16%d"4) - ((7*d"2*f*(Bxe + 2xA*xf) - C*x(3*d"2xe”

2 - 8xf"2))*(e + f*xx)"2x(1 - d72%x72)7(3/2))/(70%d"4*xf) + ((3*%Cke - T*Bx*f)*

(e + f*x)73x(1 - d72%x"2)7(3/2))/(42*d"2+f) - (Cx(e + f*x)74*x(1 - d"2*x"2)~
(3/2))/(7*d~2%f) + ((8*(Cx(3*d~4*e”4 - 30*d"2*xe”2%f~2 - 8*xf~4) - Txd 2%fx*(2
*Axf*x(6%d72%e”2 + £72) + Bx(d"2%e”3 + 6*e*xf~2))) + 3*xd"2xf*(6*xCxd"2%e”3 - 1
4xBxd"2xe"2xf - 41+Ckxexf~2 - 98%xAxd"2*xexf~2 — 35xBxf~3)*x)*(1 - d72*x72) (3
/2))/(840%d"6*f) + ((2%C*d~2%e~3 + 8xA*xd~4*xe”3 + 6%Bxd~2xe”2%f + 3*Ckexf~2

+ 6xAxd"2*%exf"2 + Bxf~3)*ArcSin[d*x])/(16*d"5)

Rubi [A] time = 0.672762, antiderivative size = 415, normalized size of antiderivative

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 37, e =

0.162, Rules used = {1609, 1654, 833, 780, 195, 216}

integrand size

(1-d22)"" (e + fx? (7d2F QAf + Be)~ C (322~ 8f2)) (1 -d2x2)"” (32 fx (~98Ad%e 2 — 14Bd2e2f — 35Bf3
70d%f "

Antiderivative was successfully verified.

37
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[In] Int[Sqrt[1l - d*x]*Sqrt[1 + d*x]*x(e + f*x)~3*(A + B*x + C*x72),x]

[Out] ((2*Cxd~2*e”3 + 8xA*d"4*e”3 + 6*Bxd"2%e”2*f + 3*xCxexf~2 + 6*xA*d"2*exf"2 + B
x£73) *x*xSqrt[1 - d™2%x72])/(16%d~4) - ((7*d"2*f*(Bxe + 2xA*xf) - C*x(3*d"2xe”

2 - 8%xf72))x(e + f*x)72%(1 - d72%x72)7(3/2))/(70xd"~4*xf) + ((3*Ckxe - T+Bxf)x*

(e + f*x)73%(1 - d™2%x"2)7(3/2))/(42*d"2*f) - (Cx(e + f*x)74*(1 - d"2*x"2)"
(3/2))/(7*d~2*xf) + ((8*x(Cx(3*d"4*e~4 - 30*d"2%xe"2%xf"2 - 8xf~4) - 7+d " 2xf*(2

*Axf % (6%d72%e”2 + £72) + Bx(d"2%e”3 + 6*e*xf~2))) + 3*d"2xf*(6*xCxd"2%e”3 - 1
4xBxd"2xe"2xf - 41+Ckexf~2 - 98%xAxd"2*xexf~2 — 35kBxf73)*x)*(1 - d72*x"2) (3
/2))/(840*%d"6*f) + ((2*xCxd"2*xe~3 + 8*A*d"4*e”3 + 6*Bkxd"2*xe"2*xf + 3*Ckexf~2

+ 6xA*xd"2xexf"2 + B*xf~3)xArcSin[d*x])/(16*d”5)

Rule 1609

Int[(Px_)*((a_.) + (b_)*x(x_))"(m_.)*x((c_.) + (d_)*xxD))"(n_.)*x((e_.) + (f
_)*(x )" (p_.), x_Symbol] :> Int[Px*(a*xc + b*d*x"2) mx(e + f*x)7p, x] /; F
reeQ[{a, b, ¢, d, e, f, m, n, p}, x] && PolyQ[Px, x] && EqQ[b*c + axd, 0] &
& EqQ[m, n] && (IntegerQ[m] || (GtQ[a, 0] && GtQ[c, 0]))

Rule 1654

Int [(Pq_)*((d_) + (e_.)*(x_)) " (m_.)*((a_) + (c_.)*(x_)"2)"(p_), x_Symbol]

> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]1}, Simp[(f*(d + ex*x
)7(m + q - Dx*x(a + cxx™2)7(p + 1))/(cxe™(q - D*(m + q + 2%p + 1)), x] + Di
st[1/(cxe”gqx(m + q + 2%p + 1)), Int[(d + exx) "m*(a + c*x~2) p*ExpandToSum[c
xe“qx(m + q + 2%p + 1)*Pq - cxf*(m + q + 2%p + 1)x(d + exx)"q - £x(d + exx)
“(qg - 2)*%(axe™2x(m + q - 1) - cxd™2x(m + q + 2%xp + 1) - 2%c*d*ex(m + q + p)
*x), xJ, x], x] /; GtQlq, 1] && NeQ[m + q + 2*p + 1, 0]] /; FreeQl[{a, c, d,
e, m, pr, x] && PolyQ[Pq, x] && NeQ[c*d~2 + axe~2, 0] && !(EqQ[d, O] && T
rue) && !(IGtQ[m, O] && RationalQ[a, c, d, e] && (IntegerQ[p] || ILtQ[p +
1/2, 01))

Rule 833

Int[((d_.) + (e_.)*(x_))"(m_)*x((f_.) + (g_.)*(x_))*((a_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Simp[(g*(d + exx)"m*(a + c*x"2)7(p + 1))/(c*x(m + 2%p + 2)
), x] + Dist[1/(cx(m + 2%p + 2)), Int[(d + e*x)"(m - 1)*(a + c*xx™2) p*Simp[
ckxd*fx(m + 2%p + 2) - akxexgkxm + ck(exfx(m + 2%p + 2) + d*g*m)*x, x], x], x]
/; FreeQ[{a, c, d, e, f, g, p}, x] && NeQ[c*d~2 + axe”2, 0] && GtQ[m, 0] &
& NeQ[m + 2xp + 2, 0] && (IntegerQ[m] || IntegerQ[p] || IntegersQ[2*m, 2x*p]
) & '(IGtQ[m, 0] && EqQLf, 01)

Rule 780
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Int[((d_.) + (e_.)*x(x_))*((f_.) + (g_.)*(x_))*((a_) + (c_.)*(x_)"2)"(p_), x
_Symbol] :> Simp[(((exf + dxg)*(2*p + 3) + 2xexg*x(p + 1)*x)*x(a + c*xx"2) " (p
+ 1))/ (2xcx(p + 1)*(2xp + 3)), x] - Dist[(axe*xg - cxd*xf*(2*p + 3))/(c*x(2*p
+ 3)), Int[(a + c*x”2)7p, x], x] /; FreeQ[{a, c, d, e, f, g, p}, x] && !'Le
Qlp, -1]

Rule 195

Int[((a_) + (b_.)*(x )" (n_))"(p_), x_Symbol] :> Simp[(xx(a + b*x"n) p)/(n*p
+ 1), x] + Dist[(a*n*p)/(n*p + 1), Int[(a + b*xx™n)~(p - 1), x], x] /; Free
Q[{a, b}, x] && IGtQ[n, 0] && GtQ[p, O] && (IntegerQ[2xp] || (EqQ[n, 2] &&
IntegerQ[4*pl) || (EqQ[n, 2] &% IntegerQ[3*p]) || LtQ[Denominator([p + 1/n],
Denominator [pl])

Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tla]l/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rubi steps

f\ll —dxV1 + dx(e + fx)? (A + Bx + sz) dx = f(e + fx)3 (A + Bx + sz) V1 - d2x2 dx

_ Cle+ fx)t (1 -~ d2x2)3/2

(e + fx)® (- (4C + 7Ad?) £% + d* f (3
Jex £ (- )+ &f

7d2f

7d2f2
(38Ce = 7Bf)(e + f2)° (1 - d2x2)3/2 Cle+ fx)*(1- d2x2)3/2 Jq
= _ + JU

DEf 7d2f

70d*f

(7d2f (Be + 2Af) - C (32¢% — 8f2)) (e + fx)? (1 - d222)

/2

70d%f

(7aP (Be -+ 247) - C (3% ~85%)) (e + fP (1= 2) (3¢
_ e

(3C
+ EE—

(2Ca2e® + 8Ad*e® + 6Bd?e* f + 3Cef? + 6Ad%ef? + Bf®) xV1 - 2

1644

(2Cd2e + BAd*e® + 6Bd?e2f + 3Cef? + 6Ad2ef2 + Bf*) xV1 - d?

1644
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Mathematica [A] time = 0.493917, size = 355, normalized size = 0.86

V1 - @232 (14Ad? (6d*x (2062 fx + 10> + 15 f2x? + 4 £3x) — d?f (120 + 45efx + 8f2x2) — 16%) + 7B (4d°x2 (45¢2 f

Antiderivative was successfully verified.

[In] Integrate[Sqrt[l - d*x]*Sqrt[l + d*x]*(e + f*x)73*(A + B*x + Cxx"2),x]

[Out] (Sqrt[1l - d72*x72]*(14*A*d"2*(-16*%f~3 - d™2*f*x(120%e”2 + 4b*exf*x + 8*f~2*x
“2) + 6%d74xx*(10*%e”3 + 20%e”2xfxx + 15%xe*xf"2%x72 + 4%f~3*%x73)) + T*Bx(-3%d
“2+%f72%(32%e + Bkxfxx) — 2xd74%(40%e”3 + 45*%e”2xf*xx + 24xexfT2%x"2 + Bkf73*x

"3) + 4*%dA76xx72%(20%e”3 + 45%xe”2+f*x + 36kexfT2*xx72 + 10*xf"3%x73)) - C*(128

*f73 + A72xf*(672%e”2 + 315xexf*x + 64*f72*%x72) + 6xd"4*x*(35%e”3 + 56%e” 2%

f*xx + 3bkexf72xx72 + 8*f73%x73) - 12*d"6*xx"3*(35%xe”3 + 84%e 2*f*x + TO*xexf™

2%xx"2 + 20%f"3%x73))) + 105%d* (2*xC*d~2*e”3 + 8*A*d"4*e”3 + 6*%Bxd"2%e " 2*f +
3*Ckexf~2 + 6xAxd"2xexf~2 + B*xf~3)*ArcSin[d*x])/(1680*%d"6)

Maple [C] time = 0.029, size = 959, normalized size = 2.3

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e) 3% (Ckx~2+Bxx+A)* (-d*x+1)~(1/2)*(d*x+1)~(1/2),x)

[Out] 1/1680%(-d*x+1)~(1/2)*(d*x+1)~(1/2)*(630*A*arctan(csgn(d)*d*x/(-d"2*xx~2+1)~
(1/2))*d~3*xexf~2+630*B*arctan(csgn(d) *d*x/ (-d"2*x"2+1) " (1/2) ) *d"3*e~2xf+315
*xCxarctan(csgn(d) *d*x/ (-d"2xx"2+1) ~(1/2) ) *d*e*xf~2-560*B*csgn (d) * (-d"2*x~2+1
)" (1/2)*d"4*e”3-224xA*csgn (d) * (-d"2*x"2+1) 7 (1/2) *d~2*£~3+240*C*csgn (d) *x~ 6%
d76*f 3% (-d"2*x"2+1) 7 (1/2) +280*B*csgn (d) *x~5*d~6*f 3% (-d"2*x"2+1) 7 (1/2) +336
xAxcsgn (d) *x~4*xd"6*f 3% (-d"2*x72+1) " (1/2) +420*C*xcsgn (d) *x~3*xd~6*e~3* (-d~2*x
~2+1)7(1/2)+560*B*csgn (d) *x~2*d"6*e 3% (-d~2*x"2+1) " (1/2) -48*C*csgn(d) *(-d~2
*x"2+1) 7 (1/2) *x~4*xd~4*£73-70*B*csgn (d) * (-d"2*x"2+1) 7 (1/2) *x"3*d"4*f~3-112%A
xcsgn(d)* (-d™2xx"2+1) ~(1/2) *x"2%d~4*f~3-1680*A*csgn (d) * (-d"2*x~2+1) ~(1/2) *d
“4xe”2%xf-64*Ckcsgn(d) * (-d72xx72+1) 7 (1/2) *x72xd"2*f " 3-672*B*csgn (d) * (-d~2*x”
2+1) 7 (1/2) *d"2*xe*xf~2-672*%Cxcsgn(d) * (-d"2*x"2+1) " (1/2) *d~2*e~2*f+840*%A*csgn (
d)*(=d"2*%x72+1) " (1/2) *x*d~6%e~3-210*%Cxcsgn (d) * (-d~2*x~2+1) " (1/2) *x*d"4*e~3-
105*%Bxcsgn(d) * (-d~2*x~2+1) = (1/2) *x*d~2xf ~3+840*Axarctan (csgn(d) *d*x/ (-d~2*x
~2+1)7(1/2))*d"5*e~3-128*C*csgn(d) * (-d~2*x~2+1) = (1/2) *f~3+210*C*arctan(csgn
(d)*xd*x/(-d"2%xx"2+1) " (1/2) ) *d"3*e~3+1056*B*arctan (csgn(d) *d*x/ (-d"2*xx~2+1) " (
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1/2) ) *d*£73-630*A*csgn(d) * (-d"2xx"2+1) 7 (1/2) *x*d"4*e*xf~2-630*B*csgn (d) * (-d~
2xx72+1) 7 (1/2) *x*d"4*xe”2xf-315%C*csgn (d) * (-d"2xx"2+1) 7 (1/2) *x*d~2*e*xf ~2+840
*xCxcsgn (d) *x~5*xd~6*xexf "2 (-d~2*x"2+1) " (1/2) +1008*B*csgn (d) *x~4*d "~ 6*xe*xf ~2x (-
d72%x72+1) 7 (1/2) +1008*C*csgn (d) *x~4*d~6%e”2xf* (-d~2*x"2+1) " (1/2) +1260*A*csg
n(d)*x"3*d"6*e*xf 2% (-d"2*%x"2+1) " (1/2) +1260*B*csgn (d) *x~3*d~6xe~2*f* (-d~2*x"
2+1) 7 (1/2)+1680*Axcsgn (d) *x~2%d~6*e”2xf* (-d"2*x"2+1) 7 (1/2) -210*C*csgn(d) * (-
d72xx72+1) 7 (1/2) *x"3*d"4*e*xf~2-336*B*xcsgn (d) * (-d"2*%x72+1) 7 (1/2) *x"2%d"4*ex*f
~2-336%C*xcsgn(d) * (-d™2%x72+1) ~(1/2) *x72xd"4*e~2*f) xcsgn(d) /d~6/(-d"2*x"2+1)
~(1/2)

Maxima [A] time = 1.99422, size = 644, normalized size = 1.55

3 2 3 3

- 3 . ﬂ — -
_(—d2x2 +1)2Cf3x4 . 1 mAe3x+ Ae arcsm(\/ﬁ) ) (_dzxz +1)zBe3 ) (—d2x2 +1)2Aezf . 4(—d2x2 4
7 d? 2 22 3d? d? 35

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e) 3% (Cxx~2+B*x+A)* (~d*x+1)~(1/2)*(d*x+1)~(1/2),x, algorithm
="maxima"

[Out] -1/7*(-d"2%x72 + 1)7(3/2)*C*f~3*x"4/d"2 + 1/2%sqrt(-d"2*x"2 + 1)*A*xe”3*x +
1/2*%Axe~3*%arcsin(d~2*x/sqrt(d~2))/sqrt(d~2) - 1/3*%(-d"2*x"2 + 1)7(3/2)*B*e”
3/d72 - (=d72*x72 + 1)7(3/2)*xA*xe"2*xf/d"2 - 4/35%(-d"2xx"2 + 1)~ (3/2)*Cxf 3%
X72/d74 - 1/6%(3*%Cxexf~2 + Bxf~3)*x(-d"2*x"2 + 1)7(3/2)*x73/d"2 - 1/5%(3*Cxe
"2%f + 3*%Bxexf”2 + Axf73)*(-d"2*x72 + 1)7(3/2)*x72/d"2 - 1/4%(Cxe”3 + 3*Bx*e
T2%f + 3kAxexfT2)x(-d72xx72 + 1)7(3/2)*x/d"2 + 1/8%(Cxe”3 + 3*Bxe”2*xf + 3%A
xexf72)*xsqrt (-d"2*x"2 + 1)*xx/d"2 - 8/105%(-d"2*xx"2 + 1)~ (3/2)*Cx£~3/d"6 - 1
/8% (3*%Cxexf~2 + Bxf~3)*(-d"2*x"2 + 1)7(3/2)*x/d"4 + 1/8+(C*e”3 + 3*Bxe~2xf
+ 3xAxexf~2)*arcsin(d~2*x/sqrt(d~2))/(sqrt(d~2)*d"2) - 2/15%(3*Cxe~2*f + 3%
Bxexf~2 + Axf~3)*(-d"2*x"2 + 1)7(3/2)/d"4 + 1/16%(3*xCkxexf~2 + B*f~3)*sqrt(-
d"2*x72 + 1)*x/d”4 + 1/16%(3*Cxexf~2 + Bxf~3)*arcsin(d™2*x/sqrt(d~2))/(sqrt
(d72)*d~4)

Fricas [A] time = 1.10033, size = 888, normalized size = 2.14

(240 Cd® £3x® — 560 Bd*e® — 672 Bd%ef? + 280 (3 Cd%e 2 + Bd® f3)x° + 48 (21 Cd®e?f + 21 Bd®ef? + (7 Ad® — Cd*) f°

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((f*xx+e) 3% (Cxx™2+B*x+A)* (~d*x+1)~(1/2)*(d*x+1)~(1/2) ,x, algorithm
="fricas")

[Out] 1/1680% ((240*%C*d"6*xf~3*x"6 - 560*%B*d"4*xe~3 — 672%Bxd~2*exf~2 + 280% (3*C*xd~6
xexf~2 + Bxd"6*f73)*x"5 + 48*%(21xC*xd"6xe”2*xf + 21*Bxd"6*exf~2 + (7*A*d"6 -
Cxd~4)*f~3)*x"4 - 336%(5%xA*d~4 + 2*xCxd~2)*e"2*f — 32*%(7*A*d"2 + 4*C)*xf~3 +

T0* (6%Cxd~6*xe”~3 + 18*%Bxd~6%e”2+f - B*d"4*f~3 + 3% (6*xA*xd~6 - C*xd~4)*e*f~2)*x

3 + 16*%(35*B*d"6*%e”3 — 21*Bxd"4*e*xf”2 + 21k (5xA*d"6 — Cxd~4)*xe”2+xf - (7*A*

d"4 + 4*xCxd"2)*f~3)*x"2 - 105*%(6*%Bxd"4*xe " 2*xf + Bxd"2*xf~3 - 2% (4*A*d"6 - Cxd
“4)*e”3 + 3% (2+A*d”4 + Cxd"2)*exf"2)*x)*sqrt(d*x + 1)*sqrt(-d*x + 1) - 210%
(6%B*d~3*e~2*f + B*xd*f~3 + 2% (4*A*d"5 + Cxd"3)*e”3 + 3*(2xA*d~3 + Cxd)*exf”
2)*arctan((sqrt(d*x + 1)*sqrt(-d*x + 1) - 1)/(d*x)))/d"6

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)**3x (Ckxx*2+Bxx+A)* (—d*xx+1)**(1/2)* (d*x+1)**(1/2) ,%)

[Out] Timed out

Giac [B] time = 3.14709, size = 1122, normalized size = 2.7

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e) 3% (Cxx~2+B*x+A)* (-d*x+1)~(1/2)*(d*x+1)~(1/2),x, algorithm
="giac")

[Out] 1/1680%(112x((d*x + 1)*(3x(d*x + 1)*((d*x + 1)/d"3 - 4/d"3) + 17/d"3) - 10/

d73)x(d*x + 1)7(3/2)*sqrt(-d*x + 1)*A*xf~3 + 16%((3*x((d*x + 1)*(5x(d*x + 1)*

((d*x + 1)/d”5 - 6/d75) + 74/d75) - 96/d75)*(d*x + 1) + 203/d"5)*(d*x + 1)

- 70/d75)*(d*x + 1)7(3/2)*sqrt(-d*x + 1)*C*f~3 + 336+ ((d*x + 1)*(3x(d*x + 1

)*((d*x + 1)/d”3 - 4/d73) + 17/d73) - 10/d73)x(d*x + 1)7(3/2)*sqrt(-d*x + 1

)*¥Bxf~"2%e + 336%((d*x + 1)*(3x(d*x + 1)*((d*x + 1)/d"3 - 4/d"3) + 17/d"3) -
10/d73)*(d*x + 1)~ (3/2)*sqrt(-d*x + 1)*Cxf*xe”2 + 35x(((2*%((d*x + 1)*(4x*(d*
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x + 1)x((d*x + 1)/d™4 - 5/d74) + 39/d74) - 37/d74)*(d*x + 1) + 31/d74)*(d*x
+ 1) - 3/d74)*sqrt(d*x + 1)*sqrt(-d*x + 1) + 6*arcsin(1/2*sqrt(2)*sqrt(d*x
+ 1))/d"4)*B*£73 + 1680*(d*x + 1)~ (3/2)*(d*x - 1)*sqrt(-d*x + 1)*xAxfxe~2/d
+ 630 (((d*x + 1)*(2+(d*x + 1)*((d*x + 1)/d"2 - 3/d”2) + 5/d72) - 1/d"2)*s

grt(d*x + 1)*sqrt(-d*x + 1) + 2*arcsin(1/2*sqrt(2)*sqrt(d*x + 1))/d~2)*A*f"

2xe + 106%(((2x((d*x + 1)*(4*(d*x + 1)*((d*x + 1)/d"4 - 5/d"4) + 39/d74) -

37/d74)*(d*x + 1) + 31/d74)*(d*x + 1) - 3/d"4)*sqrt(d*x + 1)*sqrt(-d*x + 1)
+ 6*arcsin(1/2xsqrt(2)*sqrt(d*x + 1))/d"4)*Cxf~2%xe + 560*(d*x + 1)~ (3/2)*(

dxx - 1)*sqrt(-d*x + 1)*B*e~3/d + 630*(((d*x + 1)*(2*(d*x + 1)*((d*x + 1)/d

72 - 3/d72) + 5/d72) - 1/d"2)*sqrt(d*x + 1)*sqrt(-d*x + 1) + 2*arcsin(1/2xs

qrt (2)*sqrt(d*x + 1))/d"2)*Bxfxe”2 + 840x*(sqrt(d*x + 1)*sqrt(-d*x + 1)*d*x

+ 2%arcsin(1/2*sqrt(2)*sqrt(d*x + 1)))*Axe”3 + 210*x(((d*x + 1)*(2*(d*x + 1)

x((dxx + 1)/d72 - 3/d”2) + 5/d72) - 1/d"2)*sqrt(d*x + 1)*sqrt(-d*x + 1) + 2

xarcsin(1/2*sqrt(2)*sqrt(d*x + 1))/d"2)*C*e”3)/d
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3.2 f V1 - dxV1 + dx(e + fx)? (A + Bx + sz) dx

Optimal. Leaf size=286

3/2

(1-d2x)" (8(C (a2 - 4ef?) — 2f (5Ad2ef + B (d2e® + f2))) - 3fx (5f2 (2Ad? + C) - 2d%(Ce - 2Bf))) xV1-d
+

12044 f

[Out] ((C*x(2*%d"2%e”2 + £72) + 2xd~2*(2*Bxe*xf + A*x(4*d"2*e”2 + £72)))*x*Sqrt[l - d
~2%x72])/(16*d"4) + ((Cxe — 2%Bxf)*(e + f*x)"2x(1 - d™2*xx72)~(3/2))/(10*d"2

*f) - (Cx(e + f*xx)73*%(1 - d™2*x72)7(3/2))/(6*%d"2xf) + ((8%(Cx(d"2*e”3 - 4xe

*£72) - 2kfk(BkAxd"2xexf + Bx(d"2%e”2 + £72))) - 3*xf*x(5x(C + 2%A*d"2)*f"2 -
2xd"2%e*x (Cxe - 2xBxf))*x)*(1 - d™2*x72)7(3/2))/(120%d"4x*f) + ((Cx(2*d"2%e”

2 + £72) + 2xd72x(2xBxexf + A*x(4+%d"2%e”2 + £72)))*ArcSin[d*x])/(16*d"5)

Rubi [A] time = 0.563279, antiderivative size = 286, normalized size of antiderivative

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 37, e .

0.162, Rules used = {1609, 1654, 833, 780, 195, 216}

integrand size

(1-d22)"" (8(C (#2¢° - def?) - 2f (5Ad%ef + B (#2¢% + f2))) - 3fx (52 (2Ad? + C) - 282e(Ce ~ 2Bf)))  xV1—d
120d%f "

Antiderivative was successfully verified.

[In] Int[Sqrt[l - d*x]*Sqrt[l + d*xx]*(e + fxx)~2%(A + B*x + C*x~2),x]

[Out] ((C*x(2*d"2%e”2 + £72) + 2xd~2*(2*Bxexf + A*(4*d"2*e”2 + £72)))*x*Sqrt[l - d
~2%x72])/(16%d"4) + ((Cxe - 2«B*xf)*(e + f*x)7"2x(1 - d™2*xx72)7(3/2))/(10*d"2

*f) - (Cx(e + £*x)73x(1 - d72%x72)7(3/2))/(6xd"2*xf) + ((8*x(Cx(d"2%e"3 - 4*e

*£72) — 2%F*x(5kAxd"2xexf + Bx(d"2xe”2 + £72))) - 3xf*x(5x(C + 2xA*d"2)*f"2 -
2%d"2%e* (Cxe - 2xBxf))*x)*(1 - d™2*x72)7(3/2))/(120%d"4*f) + ((Cx(2*d~2xe”

2 + £72) + 2%d" 2% (2*Bkxexf + Ax(4%d"2*e"2 + £72)))*ArcSin[d*x])/(16*d”5)

Rule 1609

Int[(Px_)*((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_D)*x(x_))"(n_.)*x((e_.) + (f
_)x(x_))"(p_.), x_Symbol] :> Int[Pxx(a*c + b*d*x~2) m*(e + f*x)7p, x] /; F
reeQ[{a, b, ¢, d, e, f, m, n, p}, x] && PolyQ[Px, x] && EqQ[b*c + axd, 0] &
& EqQ[m, n] && (IntegerQ[m] || (GtQ[a, O] && GtQlc, 0]))

Rule 1654
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Int[(Pq )*((d_) + (e_.)*(x_)) " (m_.)*x((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :
> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]1}, Simp[(f*x(d + ex*x
)>(m + g - Dx(a + cxx"2)7(p + 1))/(c*e”(q - D)*(m + g + 2%p + 1)), x] + Di
st[1/(cxe”gx(m + q + 2%p + 1)), Int[(d + e*x) m*(a + c*x~2) p*ExpandToSum[c
xe“qx(m + q + 2%p + 1)*Pq - cxf*(m + q + 2%p + 1)x(d + exx)"q - £x(d + exx)
“(q - 2)*%(axe™2x(m + q - 1) - cxd™2x(m + q + 2%xp + 1) - 2%c*d*ex(m + q + p)
*x), xJ, x], x] /; GtQlq, 1] && NeQ[m + q + 2*p + 1, 011 /; FreeQl{a, c, d,
e, m, p}r, x] && PolyQ[Pq, x] && NeQ[c*d~2 + axe~2, 0] && !(EqQ[d, 0] && T
rue) && !(IGtQ[m, O] && RationalQ[a, c, d, e] && (IntegerQ[p] || ILtQ[p +
1/2, 01))

Rule 833

Int[((d_.) + (e_.)*(x_))"(m_)*((f_.) + (g_.)*(x_))*((a_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Simp[(g*(d + exx)"m*(a + c*x"2)7(p + 1))/(c*x(m + 2%p + 2)
), x] + Dist[1/(cx(m + 2%xp + 2)), Int[(d + e*xx)"(m - 1)*(a + c*x72) p*Simp[
cxd*fx(m + 2%p + 2) - akxexgkm + ck(exfx(m + 2%p + 2) + d*g*m)*x, x], x], x]
/; FreeQ[{a, c, d, e, f, g, p}, x] && NeQ[cxd"2 + a*e”2, 0] && GtQ[m, 0] &
& NeQ[m + 2xp + 2, 0] && (IntegerQ[m] || IntegerQ[p] || IntegersQ[2+#m, 2x*p]
) && ! (IGtQ[m, 0] && EqQ[f, 0])

Rule 780

Int[((d_.) + (e_)*x_))*x((f_.) + (g_)*x&x_))*((a_) + (c_)*(xx_)"2)"(p_), x
_Symbol] :> Simp[(((exf + dxg)*x(2xp + 3) + 2*kexg*(p + 1L)*xx)*(a + c*xx"2) " (p
+ 1))/ (2%cx(p + 1)*(2%p + 3)), x] - Dist[(axexg - ckxd*fx(2xp + 3))/(c*x(2*p
+ 3)), Int[(a + c*x"2)7p, x], x] /; FreeQ[{a, c, 4, e, £, g, p}, x] & !Le
Qlp, -1]

Rule 195

Int[((a ) + (b_)*(x )" (n_))"(p_), x_Symbol] :> Simp[(x*x(a + b*x"n) p)/(n*p
+ 1), x] + Dist[(a*n*p)/(n*p + 1), Int[(a + b*xx™n)~(p - 1), x], x] /; Free
Ql{a, b}, x] & IGtQ[n, 0] && GtQlp, 0] && (IntegerQ[2*p] || (EqQln, 2] &
IntegerQ[4*xpl) || (EqQ[n, 2] &% IntegerQ[3x*p]) || LtQ[Denominator([p + 1/n],
Denominator [pl])

Rule 216
Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr

t[all/Rt[-b, 2], x] /; FreeQ[{a, b}, x] & GtQ[a, 0] && NegQ[b]

Rubi steps
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f\ll —dxV1 +dx(e + fx)? (A +Bx + sz) dx = f(e + fx)? (A +Bx + sz) V1 - d2x2 dx

Cle+ fxP (1-d22)"  [(e+ fx2 (-3 (C +24d) f2 + 38f(C

— 6d2f - 642 f2

(Ce-2Bf)e+ fo2(1-d2)"  Cle+ fP(1-d2)"  [(en
B 10821 B 62 f i

(Ce-2Bf)e + fxP (1-d22)"  Cle+ frp (1-d22)"  (8(C
- 1042f - 6d2f

(C (222 + f2) + 24 (2Bef + A (4d%? + f2))) xV1 - 222 (Ce-
- 164 "

(C (2d2¢2 + £2) + 242 (2Bef + A (4d%e + f2))) xV1 - d222  (Ce-
B 164 i

Mathematica [A] time = 0.325953, size = 244, normalized size = 0.85

dV1 - d222 (10Ad? (12d%¢2x + 16ef (d2x2 — 1) + 3f2x (24242 — 1)) + 4B (2d*x2 (10¢2 + 15efx + 6f2x?) — d2 (20¢? + 15

Antiderivative was successfully verified.

[In] Integrate[Sqrt[l - d*x]*Sqrt[l + d*x]*(e + f*x)72x(A + B*xx + Cxx"2),x]

[Out] (d*Sqrt[1l - d~2*xx"2]*(10%A*d"2%(12%xd"2*e"2%x + 16*exf*x(-1 + d™2%x72) + 3*f~
2%xk (=1 + 2*%d"2*x72)) + 4xB*(-8*xf~2 - d72x(20%e”2 + 15kexfxx + 4xf~2*xx"2) +
2%d74*x72*% (10%e”2 + 15xexf*x + 6xf72*%x72)) + Cx(30*%d"2xe”2*x* (-1 + 2*xd~2*x
T2) + 32kexfx (-2 - d72*%x72 + 3*%d74*x74) + BkFT2xx* (=3 - 2%d72*x72 + 8*xd"4x*x
~4))) + 16k (Cx(2*xd"2*e”2 + £72) + 2*xd" 2% (2*Bkxexf + A*x(4*xd"2%e”2 + £72)))*Ar

cSin[d*x])/(240%d"5)

Maple [C] time = 0.013, size = 652, normalized size = 2.3

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*xx+e) ~2% (Cxx~2+B*x+A)* (—~d*x+1) ~(1/2)*(d*x+1) ~(1/2) ,%)
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[Out] 1/240%(-d*x+1)~(1/2)*(d*x+1)~(1/2)*(-15%Cxcsgn(d) *d* (-d~2*x"2+1) 7 (1/2) *x*f~
2+40*%C*csgn (d) *x~5xd~b*f " 2% (-d"2%x72+1) ~(1/2) +48*B*csgn (d) *x~4*d~5*f "2 (-d~
2%x72+1) 7 (1/2)+60*A*xcsgn (d) *x~3*d"5*f " 2% (-d"2%x72+1) ~(1/2) +60*C*xcsgn (d) *x~3
*xd"B*xe 2% (-d"2*x"2+1) " (1/2) +80*B*csgn (d) *x~2*xd " 5*e” 2% (-d"2*x"2+1) " (1/2) -10%
Cxcsgn(d) *d~3* (-d~2*x"2+1) ~(1/2) *x~3*f~2-16*B*csgn (d) *d~3* (-d"2xx~2+1) ~(1/2
) *x”2%£72-160%A*csgn (d) *d"3% (-d"2+x"2+1) 7 (1/2) *e*xf-30*C*csgn (d) *d~3* (-d~2*x
"2+1) 7 (1/2) *x*e”2-30*%A*csgn (d) *d"3% (-d"2*x72+1) 7 (1/2) *x*xf "2+120*A*csgn (d) *d
Bk (-d72%x72+1) 7 (1/2) *x*xe”2-80*B*csgn (d) *d"3*% (-d"2*x"2+1) " (1/2) *e~2+120*A*a
rctan(csgn(d) *d*xx/ (-d"2%x72+1) ~(1/2) ) *d~4*e~2+30*Axarctan(csgn(d) *d*x/ (-d~2
*x"2+1) 7 (1/2) ) *d~2*%f~2+30*Cxarctan (csgn(d) *d*x/ (-d"2*x~2+1) ~(1/2) ) *d~2*e" 2+
15%Cxarctan(csgn(d)*d*x/(-d"2*x"2+1) 7 (1/2) ) *£"2+60*B*arctan(csgn(d) *d*x/ (-d
T2%x72+1) 7 (1/2) ) *d"2*%exf-32xB*xcsgn (d) *d* (-d~2*x"2+1) 7 (1/2) *f~2-64*C*csgn(d)
xd* (-d"2*%x72+1) " (1/2) *exf-60*Bxcsgn (d) *d~3* (-d"2*x"2+1) = (1/2) *x*e*f+96*C*cs
gn(d) *x~4*xd b*xexf* (-d~2*x72+1) " (1/2) +120*B*csgn (d) *x~3*d"5*xe*xf* (-d~2*x~2+1)
~(1/2)+160xA*csgn (d) *x~2xd " 5*xexf* (-d~2*x"2+1) 7 (1/2) -32*Cxcsgn(d) *d~3* (-4~ 2
x"2+1) 7 (1/2) *x"2*exf) xcsgn(d) / (-d"2*x~2+1)~(1/2) /4”5

Maxima [A] time = 3.75575, size = 459, normalized size = 1.6

3 . d%x 3 3
—d?x%2 +1)2CF2° 1 Ae? arcsin (_) —d?x%2 +1)%Be?  2(-d%x% +1)%Ae —d%x% +
_( )’cf A VCEE Ak ) | ) ( ) Aef

6d2 V2 342 B 342

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e) 2% (Cxx~2+B*x+A)* (-d*x+1)~(1/2)*(d*x+1)~(1/2),x, algorithm
="maxima"

[Out] -1/6%(-d"2*x72 + 1)7(3/2)*C*f~2xx73/d"2 + 1/2*sqrt(-d™2*x"2 + 1)*Axe ™ 2*x +
1/2*%Axe”2*xarcsin(d™2*x/sqrt(d”2))/sqrt(d~2) - 1/3*%(-d"2*x"2 + 1)7(3/2)*B*e”
2/d72 - 2/3%(-d"2*x"2 + 1)7(3/2)*Axexf/d"2 - 1/5*%(-d"2*x"2 + 1)7(3/2)*(2*Cx

exf + Bxf72)*x72/d"2 - 1/4x(-d"2%x72 + 1)7(3/2)*(Cxe~2 + 2*Bkexf + A*xf~2)*x

/d”2 - 1/8x(=d"2xx72 + 1)~ (3/2)*Cxf~2*x/d"4 + 1/8xsqrt(-d~2xx"2 + 1)*(Cxe”2

+ 2*Bxexf + A*f72)*x/d72 + 1/16%sqrt(-d"2*x"2 + 1)*Cxf~2*x/d"4 + 1/8%(Cxe”

2 + 2*Bxexf + A*xf~2)*arcsin(d”2*x/sqrt(d~2))/(sqrt(d~2)*d~2) + 1/16*%Cxf~2*a
rcsin(d™2*x/sqrt(d™2))/(sqrt(d~2)*d"4) - 2/15%(-d"2*xx"2 + 1)7(3/2) *(2*Ckexf

+ Bxf~2)/d"4
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Fricas [A] time = 1.10435, size = 617, normalized size = 2.16

(40 Cdf® f2x5 — 80 Bd®e? + 48 (2 Cddef + Bdd® f2)x* — 32 Bdf2 +10 (6 Cd%¢? + 12 Bdef + (6 Ad® — Cd®) f2)x® - 32 (5 A

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e) 2% (Cxx~2+B*x+A)* (-d*x+1)~(1/2)*(d*x+1)~(1/2),x, algorithm
="fricas")

[Out] 1/240*%((40*Cxd~5*xf~2%x~5 - 80*B*d"3*e”2 + 48*%(2*xCxd~5xexf + B*d"5*xf~2)*x"4
- 32*B*d*f~2 + 10*(6+%Cxd~5%e”2 + 12*Bxd~5*exf + (6*xA*d”5 - C*d~3)*f~2)*x"3

- 32x(5*A*d~3 + 2*C*d)*exf + 16*(5*%Bxd"5*e”2 - Bxd"3*f~2 + 2x(5xA*d"5 - Cxd
“3)*xexf)*x"2 - 15%(4*Bxd"3xexf - 2% (4*A*d”5 - Cxd~3)*e”2 + (2xA*d~3 + Cx*d)*
£72)*xx)*sqrt (d*xx + 1)*sqrt(-d*x + 1) - 30%(4*Bxd~2xe*xf + 2% (4*Axd~4 + C*xd~2
)*e”2 + (2xAxd"2 + C)*f~2)*arctan((sqrt(d*x + 1)*sqrt(-d*x + 1) - 1)/(d*x))
)/d”5

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)**2% (Ckx**2+Bkx+A)* (—~d*x+1)*x(1/2) * (d*x+1)**(1/2) ,x)

[Out] Timed out

Giac [B] time = 1.65372, size = 772, normalized size = 2.7
result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e) 2% (Cxx~2+B*x+A)* (-d*x+1)~(1/2)*(d*x+1)~(1/2),x, algorithm
="giac")

[Out] 1/240%(16x((d*x + 1)*(3*(d*x + 1)*((d*x + 1)/d"3 - 4/d73) + 17/d"3) - 10/d~
3)x(dxx + 1)7(3/2)*sqrt(-d*x + 1)*B*f72 + 32x((d*x + 1)*(3*x(d*x + 1)*((d*x
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+1)/d73 - 4/d73) + 17/d73) - 10/d73)*(d*x + 1)7(3/2)*sqrt(-d*x + 1)*Cxfxe
+ 160*%(d*xx + 1)7(3/2)*(d*x - 1)*sqrt(-d*x + 1)*Axfxe/d + 30*x(((d*x + 1)* (2%
(d*x + 1)*((d*x + 1)/d"2 - 3/d72) + 5/d72) - 1/d"2)*sqrt(d*x + 1)*sqrt(-d*x
+ 1) + 2xarcsin(1/2*sqrt(2)*sqrt(d*x + 1))/d"2)*A*£72 + 5x(((2x((d*x + 1)*
(4x(d*x + 1)*((d*x + 1)/d"4 - 5/d74) + 39/d74) - 37/d"4)x(d*x + 1) + 31/d74
)k(d*x + 1) - 3/d74)*sqrt(d*x + 1)*sqrt(-d*x + 1) + 6*arcsin(1/2*sqrt(2)*sq
rt(dxx + 1))/d74)*C*x£~2 + 80*(d*x + 1)7(3/2)*(d*x - 1)*sqrt(-d*x + 1)*B*xe~2
/d + 60%(((d*xx + 1)*(2x(d*x + 1)*((d*x + 1)/d"2 - 3/d72) + 5/d"2) - 1/d72)*
sqrt(d*x + 1)xsqrt(-d*x + 1) + 2%arcsin(1/2*sqrt(2)*sqrt(d*x + 1))/d"2)*B*f
xe + 120*%(sqrt(d*x + 1)*sqrt(-d*x + 1)*d*x + 2%arcsin(1/2*sqrt(2)*sqrt(d*x

+ 1)))*Axe”2 + 30%(((d*x + 1)*(2+(d*x + D)*((d*x + 1)/d"2 - 3/d"2) + 5/d"2)
- 1/d72)*sqrt(d*x + 1)*sqrt(-d*x + 1) + 2xarcsin(1/2*sqrt(2)*sqrt(d*x + 1)
)/d"2)*C*xe”2)/d



50

3.3 f V1 —dxV1 + dx(e + fx) (A + Bx + sz) dx

Optimal. Leaf size=168

(1-a22) " (4 (5aF(Af + Be) - C (3262 — 2f2)) - 32 fx(3Ce ~ 5Bf))  xV1— 2 (4Ad%e + Bf + Ce) sin™\(d
- + +
60d f 82

[Out] ((Ckxe + 4*xAxd~2*xe + Bxf)x*x*Sqrt[l - d72*x72])/(8%d"2) - (Cx(e + f*xx)"2x(1 -
d"2*x72)7(3/2))/(5%d"2+f) - ((4x(5xd"2*xf*(Bxe + Axf) - C*x(3*d"2%e”2 - 2*f~

2)) - 3%d"2xf*(3xCke — 5*Bxf)*x)*(1 - d"2%x"2)~(3/2))/(60%d"4*f) + ((Cxe +
4xA*d"2%e + B*f)*ArcSin[d*x])/(8*d"3)

Rubi [A] time = 0.250389, antiderivative size = 170, normalized size of antiderivative =

1.01, number of steps used = 5, number of rules used = 5, integrand size = 35, number of rules

= 0.143, Rules used = {1609, 1654, 780, 195, 216}

integrand size

(1-d22)"” (4 (5d2 F(Af +Be) - 1C (12422 - 8 fz)) ~ 3¢ fx(3Ce - 5B f)) VTP (4Ad%e + Bf 4. C)  sin”
B 60d%f " 82 "

Antiderivative was successfully verified.

[In] Int[Sqrt[l - d*x]*Sqrt[l + d*x]*(e + fxx)*(A + Bxx + C*x72),x]

[Out] ((Cke + 4xAxd"2*e + B*f)*x*Sqrt[1 - d"2*x72])/(8+%d"2) - (Cx(e + f*x)72%(1 -
d™2%x72)7(3/2))/(5xd"2xf) - ((4*(5xd~2*f*(Bxe + Axf) - (C*x(12*xd"2*e”2 - 8%
£72))/4) - 3xd"2xfx(3*%Cxe - B*B*f)*x)*(1 - d™2*xx72)7(3/2))/(60*d"4x*xf) + ((C

*e + 4*xA*d"2%e + Bxf)*ArcSin[d*x])/(8+%d"3)

Rule 1609

Int[(Px_)*((a_.) + (b_.)*x(x_))"(m_.)*((c_.) + (d_)*x(x_))"(n_.)*x((e_.) + (£
_O*(x_))"(p_.), x_Symbol] :> Int[Pxx(a*c + b*d*x~2) m*(e + f*x)7p, x] /; F
reeQ[{a, b, ¢, d, e, f, m, n, p}, x] && PolyQ[Px, x] && EqQ[b*c + axd, 0] &
& EqQ[m, n] && (IntegerQ[m] || (GtQla, 0] && GtQ[c, 0]))

Rule 1654

Int [(Pq_)*((d_) + (e_.)*x(x_)) " (m_.)*x((a_) + (c_.)*(x_)"2)"(p_), x_Symbol]
> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]1}, Simp[(f*(d + e*x
)>(m + g - D*x(a + cxx"2)"(p + 1))/(c*e”(q - D)*(m + g + 2%p + 1)), x] + Di
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st[1/(cxe"gx(m + q + 2%p + 1)), Int[(d + e*x) m*x(a + c*x~2) p*ExpandToSuml[c
xe"qx(m + q + 2%p + 1)*Pq - c*xf*(m + q + 2%p + 1)*x(d + exx)"q - f*x(d + exx)
“(q - 2)*%(a*e”2%(m + q - 1) - c*d™2*%(m + q + 2%xp + 1) - 2*cxd*ex(m + q + p)
*x), x], x], x1 /; GtQlq, 1] && NeQ[m + q + 2*p + 1, 0]] /; FreeQ[{a, c, d,
e, m, pr, x] && PolyQ[Pq, x] && NeQ[c*d"2 + axe”2, 0] && !(EqQ[d, 0] && T
rue) && !(IGtQ[m, O] && RationalQ[a, c, d, e] && (IntegerQlp] || ILtQ[p +
1/2, 01))

Rule 780

Int[((d_.) + (e_)*xx_))*x((f_.) + (g_)*xx_))*((a_) + (c_)*(x_)"2)"(p_), x
_Symbol] :> Simp[(((exf + d*xg)*(2xp + 3) + 2*exg*x(p + 1)*x)*(a + c*x~2) " (p
+ 1))/ (2xcx(p + 1)*(2xp + 3)), x] - Dist[(axe*xg - ckxd*xf*(2*p + 3))/(c*x(2*p
+ 3)), Int[(a + c*x”2)7p, x], x] /; FreeQ[{a, c, d, e, f, g, p}, x] && !'Le
Qlp, -1]

Rule 195

Int[((a_) + (b_.)*(x_ )" (n_))"(p_), x_Symbol] :> Simp[(xx(a + b*x"n) p)/(n*p
+ 1), x] + Dist[(a*n*p)/(n*p + 1), Int[(a + bxx™n)~(p - 1), x], x] /; Free
Q[{a, b}, x] && IGtQ[n, 0] &% GtQ[p, 0] && (IntegerQ[2xp] || (EqQ[n, 2] &&
IntegerQ[4*xpl) || (EqQ[n, 2] &% IntegerQ[3=*p]) || LtQ[Denominator([p + 1/n],
Denominator [p]])

Rule 216
Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr

tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] & GtQ[a, 0] && NegQ[bl

Rubi steps
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f\ll —dxV1 + dx(e + fx) (A + Bx + sz) dx = f(e + fx) (A +Bx + sz) V1 - d2x2 dx

Cle+ o2 (1-d2)"  [(e+ fx)(~(2C +5A®) f2 + d2f(3Ce -

- 5d2 f 5d2f2
Cle + f2 (1 - dtx?) " (4 (5d2 f(Be + Af) - 1C (124%2 - 8 f2))
- 5d2f ) 60d%f
(Ce+4Ad? + Bf)xV1 - d2x2  Cle+ fx)? (1 - d2x2)3/2 (4 (5d2 f

_ — _ 7 _
(Co+ 4Ae + BF)xVI— B2 Cle+ frp (1-a22)™ (456

_ — _ - _

Mathematica [A] time = 0.170314, size = 141, normalized size = 0.84

V1 - d222 (60 Ad*ex + 40Ad?f (d?x2 — 1) + 5Bd? (8d%ex? + 642 fx° — 8e — 3fx) + 15Cd%ex (2d%x? — 1) + 8Cf (3d*x* -
12044

Antiderivative was successfully verified.

[In] Integrate[Sqrt[l - d*x]*Sqrt[l + d*x]*(e + f*x)*(A + B*x + C*x72),x]

[Out] (Sqrtl[1l - d72*x"2]*(60*%Axd~4*exx + 40*xA*d~2*f* (-1 + d72*x"2) + 15*%Cxd~2%exx
*(-1 + 2%d72*x72) + b*Bxd"2x(-8%e - 3*f*x + 8kxd"2*%e*xx"2 + 6xd"2*%f*x"3) + 8%
Cxf*x(-2 - d72*x72 + 3*d"4*x"4)) + 15%d*(Cxe + 4*Axd"2*e + B*f)*ArcSin[d*x])
/(120%d"4)

Maple [C] time = 0.01, size = 377, normalized size = 2.2

csgn (d)
12044

V—dx + 1Vdx +1 (24 Cesgn (d) x*d* fV-d2x2 + 1 + 30 Besgn (d) x3d* fV—-d2x2 + 1 + 30 Cesgn (d) Xd*eV—d?;

Verification of antiderivative is not currently implemented for this CAS.

[In] int((fxx+e)*(C*xx"2+B*x+A)*x(—d*x+1)~(1/2)*(d*x+1)~(1/2) ,x%)

[Out] 1/120%(-d*x+1)~(1/2)*(d*x+1)~(1/2)*(24*C*csgn(d) *x"4*xd~4*f* (-d"2*x"2+1) " (1/
2)+30*Bxcsgn (d) *x~3*d~4*f* (-d"2%x"2+1) 7 (1/2) +30*Cxcsgn (d) *x~3*d ~4*e* (-d~2*x



53

"2+1) 7 (1/2)+40%A*csgn (d) *x~2*%d"4*xfx (-d"2*x72+1) 7 (1/2) +40*B*csgn (d) *x~2%d "4
ex(—d"2xx"2+1) 7 (1/2) +60*A*csgn(d) * (~d™2xx"2+1) 7 (1/2) *x*d"4*e-8*C*xcsgn (d) * (-
d72%x72+1) 7 (1/2) *x72xd"2xf-15*%B*csgn (d) * (-d"2*x"2+1) = (1/2) *x*d~2*f-15%C*csg
n(d)*(=d"2*x72+1) " (1/2) *x*d~2*%e-40*A*csgn (d) * (-d"2%x"2+1) ~(1/2) *d~2xf+60*A*
arctan(csgn(d) *d*x/ (-d~2%x"2+1) ~(1/2) ) *d~3*e-40*Bxcsgn (d) * (-d~2*x~2+1) ~(1/2
) *d~2%e+15*%Bxarctan(csgn(d) *d*x/ (-d"2*xx"2+1) 7 (1/2) ) *d*f-16*C*csgn(d) * (-d~2x
x"2+1) 7 (1/2)*f+16*Cxarctan (csgn(d) *d*x/ (-d"2*xx~2+1) " (1/2) ) *d*e) *csgn(d) /d"4
/(-d~2*x"2+1)7(1/2)

Maxima [A] time = 3.29509, size = 263, normalized size = 1.57

3 3

2

3 . d“x 2 3 2
—d2x% +1)?Cfx? Aearcsm(—) —d%x2 +1)?Be  (-d%x2 +1)%A —d%x? +1)?(Ce -
e PP )ofe ) | )?Be VAf )*(
2 5 &2 NGB 32 32 42

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)* (Cxx~2+B*x+A)* (-d*x+1)~(1/2)*(d*x+1)~(1/2),x, algorithm="
maxima")

[Out] 1/2*sqrt(-d~2*x72 + 1)*Axe*xx - 1/5x(-d"2%x72 + 1)~ (3/2)*Cxf*x72/d"2 + 1/2%A
xexarcsin(d™2xx/sqrt(d~2))/sqrt(d~2) - 1/3%(-d"2*x"2 + 1)7(3/2)*Bxe/d"2 - 1

/3% (=d"2*%x"2 + 1)7(3/2)*Axf/d"2 - 1/4x(-d"2%x"2 + 1)7(3/2)*(Cxe + B*f)*x/d”

2 + 1/8%sqrt(-d~2*x"2 + 1)*(Cxe + Bxf)*x/d"2 - 2/15%x(-d"2*x"2 + 1)~ (3/2)*Cx

f/d"4 + 1/8x(Cxe + Bxf)*arcsin(d™2*x/sqrt(d~2))/(sqrt(d~2)*d~2)

Fricas [A] time = 1.08591, size = 386, normalized size = 2.3

(24 Cd* fx* - 40 Bd2%e + 30 (Cete + Bd*f)x* + 8 (5 Bd*e + (5 Ad* — Cd?) f)x? - 8 (5 Ad? + 2C) f — 15 (Bd2f — (4 Ad*
120 44

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)* (Ckx~2+B*x+A)* (-d*x+1)~(1/2)*(d*x+1)~(1/2),x, algorithm="
fricas")

[Out] 1/120%((24*C*d~4*fxx"4 - 40%Bxd"2*e + 30*%(Cxd"4xe + Bxd~4x*xf)*x~3 + 8*x(5xBx*d
“4xe + (5xA*d"4 - Cxd"2)*f)*x"2 - 8% (5xA*d~2 + 2%C)*f - 15%x(B*d~2%f - (4*Ax
d™4 - Cxd"2)*e)*x)*sqrt(d*x + 1)*sqrt(-d*x + 1) - 30%(B*d*f + (4*Axd~3 + Cx
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d)*e)*arctan((sqrt(d*x + 1)*sqrt(-d*x + 1) - 1)/(d*x)))/d"4

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)* (Ckxx*2+Bkx+A)* (~d*x+1)**(1/2)* (d*x+1)**(1/2) ,x)

[Out] Timed out

Giac [B] time = 3.04403, size = 429, normalized size = 2.55

3 3
3 2 — - 2 — -
dx+1 i) g) 3 %)(dx +1)EMC]‘ + 40 (dx+1) 2 (dx-1)V-dx+1Af + 40 (dx+1)2 (dx—1)V-dx+1Be 4

8((dx+1)(3(dx+1)( o) - ;

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*(Cxx~2+B*x+A)* (-d*x+1)~(1/2)*(d*x+1)~(1/2),x, algorithm="
giac")

[Out] 1/120%(8*%((d*x + 1)*(3*(d*x + 1)*((d*x + 1)/d"3 - 4/d"3) + 17/d"3) - 10/d"3
)k (d*x + 1)7(3/2)*sqrt(-d*x + 1)*C*xf + 40*(d*x + 1)7(3/2)*(d*x - 1)*sqrt(-d

*x + 1)xAxf/d + 40*%(d*x + 1)7(3/2)*(d*x - 1)*sqrt(-d*x + 1)*Bxe/d + 15x(((d

xx + 1)*x(2x(d*x + 1)*x((d*x + 1)/d"2 - 3/d”"2) + 5/d72) - 1/d"2)*sqrt(d*x + 1
)*sqrt(-d*x + 1) + 2*arcsin(1/2*sqrt(2)*sqrt(d*x + 1))/d~2)*Bxf + 60*(sqrt(

dxx + 1)*sqrt(-d*x + 1)*d*x + 2*arcsin(1/2*sqrt(2)*sqrt(d*x + 1)))*A*xe + 15
*(((d*x + D) *(2*%(d*x + 1)*((d*x + 1)/d"2 - 3/d72) + 5/d"2) - 1/d"2)*sqrt(dx*

x + D*sqrt(-d*x + 1) + 2xarcsin(1/2*sqrt(2)*sqrt(d*x + 1))/d~2)*Cxe)/d
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3.4 f V1 — dxV1 + dx (A + Bx + sz) dx

Optimal. Leaf size=95

VI @2 (A2 +C) (44 +C)sin'(dx)  B(1-d22)"”  Cx(1-d22)”
82 ’ 87 T e A

[Out] ((C + 4xA*d™2)*x*Sqrt[1 - d™2*x72])/(8*%d"2) - (B*(1 - d72*x72)7(3/2))/(3*d"~
2) - (C*x*x(1 - d™2*%x72)7(3/2))/(4xd~2) + ((C + 4xA*d~2)*ArcSin[d*x])/(8*d"3
)

Rubi [A] time = 0.0729961, antiderivative size = 95, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 30, e e =

integrand size
0.167, Rules used = {899, 1815, 641, 195, 216}

3/2 3/2

xV1 - 22 (4Ad? + C)  (4Ad? +C)sin”'(dx) B(1-d22)"  Cx(1-d%2)
8d2 " 85 - 3d2 - 42

Antiderivative was successfully verified.

[In] Int[Sqrt[l - d*x]*Sqrt[l + d*x]*(A + B*x + C*x72),x]

[Out] ((C + 4%Axd~2)*x*Sqrt[1 - d™2xx72])/(8*%d"2) - (B*(1 - d™2xx72)7(3/2))/(3*d”
2) - (Cxx*x(1 - d72%x72)7(3/2))/(4%xd"2) + ((C + 4%Axd~2)*ArcSin[d+*x])/(8%d"3
)

Rule 899

Int[((d_) + (e_.)*(x_))"(m_)*x((f_) + (g_.)*(x_))"(n_)*((a_.) + (b_.)*(x_) +

(c_)*(x_)"2)"(p_.), x_Symbol] :> Int[(d*f + exg*x”™2) m*x(a + b*x + c*x"2)~
p, x] /; FreeQ[{a, b, ¢, d, e, f, g, m, n, p}, x] & EqQ[m - n, 0] && EqQ[e
*f + d*g, 0] && (IntegerQ[m] || (GtQ[d, O] && GtQ[f, 01))

Rule 1815

Int[(Pq_ )*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{q = Expon[Pq, x],
e = Coeff[Pq, x, Expon[Pq, x]1}, Simp[(exx~(q - 1)*(a + b*x~2)~(p + 1))/ (bx
(g + 2xp + 1)), x] + Dist[1/(bx(q + 2*p + 1)), Int[(a + b*x"2) “p*ExpandToSu
m[bx(q + 2*p + 1)*Pq - axex(q - 1)*x7(q - 2) - bxex(q + 2*p + 1)*x"q, x], X
1, x]1]1 /; FreeQ[{a, b, p}, x] && PolyQ[Pq, x] && !'LeQ[p, -1]
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Rule 641

Int[((d_) + (e_.)*(x_))*((a_) + (c_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[(ex*(
a+ cxx”2)7(p + 1))/ (2%cx(p + 1)), x] + Dist[d, Int[(a + c*x"2)7p, x], x] /
; FreeQ[{a, c, d, e, p}, x] && NeQ[p, -1]

Rule 195

Int[((a_) + (b_.)*(x_ )" (n_))"(p_), x_Symbol] :> Simp[(x*x(a + b*x"n) p)/(n*p
+ 1), x] + Dist[(a*n*p)/(n*p + 1), Int[(a + b*xx™n)~(p - 1), x], x] /; Free
Q[{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2xp]l || (EqQ[n, 2] &&
IntegerQ[4*pl) || (EqQ[n, 2] &% IntegerQ[3*p]) || LtQ[Denominator([p + 1/n],
Denominator [p]])

Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rubi steps

fVl—de1+dx(A+Bx+Cx2) dx:f(A+Bx+Cx2)\/1—d2x2dx

_ Cx (1 - d2x2)3/2 f(—C —4Ad% - 4Bd2x) V1 — d2x2 dx

4P 4P
B(1-a22)” cx(1-d2)"  (-C-44d?) [VI- P2 dx
382 47 ¥
(C+4Ad?)xv1-d2x2  B(1- deZ)S/ > Cx (1- d2x2)3/ ? o (Craad) [
- 842 V7 R ¥/ " 842
(C+aad@)xi-d2 B(1-#2)" cx(1-@22)" (C+4ad)si
B 872 TT 32 i * F¥E

Mathematica [A] time = 0.0622698, size = 71, normalized size = 0.75

dV1 - 232 (12Ad%x + 8Bd?x2 — 8B + 6Cd?x> — 3Cx) + 3 (4Ad? + C) sin ™" (dx)
2443

Antiderivative was successfully verified.

[In] Integrate[Sqrt[l - d*x]*Sqrt[1 + d*x]*(A + B*x + C*x~2),x]
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[Out] (d*Sqrtl[1l - d™2%x72]*(-8%B - 3*C*xx + 12*%Axd~2%x + 8*B*d"2*x"2 + 6*Cxd”~2%x"3
) + 3%(C + 4*Axd~2)*ArcSin[d*x])/(24*d"3)

Maple [C] time = 0.011, size = 185, normalized size = 2.

d
csgn )\/—dx +1Vdx +1 (6 Cesgn (d) x3d®V—d2x2 + 1 + 8 Besgn (d) x2d®V—d2?x2 + 1 + 12 Acsgn (d) d3V—-d?x2 + 1x

2443
Verification of antiderivative is not currently implemented for this CAS.

[In] int ((Ckx~2+B*x+A)*(-d*x+1)~(1/2)*(d*x+1)~(1/2),%)

[Out] 1/24%(-d*x+1)~(1/2)*(d*x+1)~(1/2)* (6*Cxcsgn(d)*x~3*d"3*(-d"2*x"2+1)~(1/2)+8
*Bxcsgn (d) *x”2xd"3* (-d"2*%x"2+1) " (1/2) +12xA*csgn(d) *d~3* (-d~2*xx"2+1) " (1/2) *x
—-3*%Cxcsgn(d) *d* (-d~2*x"2+1) " (1/2) *x+12*A*arctan(csgn (d) *d*x/ (-d"2*x~2+1) ~ (1
/2))*d~2-8*Bx (-d~2*x"2+1) " (1/2) *csgn(d) *d+3*C*xarctan(csgn(d) *d*x/ (-d~2*x~2+
1)7(1/2)) ) *csgn(d) /(-d"2*x"2+1)~(1/2) /d"3

Maxima [A] time = 4.04605, size = 154, normalized size = 1.62

3

3 . & 3 . [ d?
(—d2x2 + 1)2Cx Aarcsin (\/_diz) (—d2x2 + 1)2B N V-d?2x2 +1Cx N Carcsin (\/_diz)

442 T Ve 34d? 8d2 8 Vid2d?

1
> V-d?x? +1Ax -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)*(-d*x+1)~(1/2)*(d*x+1)~(1/2),x, algorithm="maxima"

[Out] 1/2*sqrt(-d~2*x"2 + 1)*Axx - 1/4*%(-d"2%x"2 + 1)7(3/2)*C*x/d"2 + 1/2*A*arcsi
n(d"2*x/sqrt(d~2))/sqrt(d~2) - 1/3x(-d"2*x"2 + 1)~ (3/2)*B/d"2 + 1/8xsqrt(-d
T2%x72 + 1)*Cxx/d"2 + 1/8*Cxarcsin(d~2*x/sqrt(d~2))/(sqrt(d~2)*d"2)

Fricas [A] time = 1.04244, size = 224, normalized size = 2.36

(6Cx® + 8 Bdx2 — 8 Bd + 3 (4 Ad® — Cd)x)Valx + 1v=dx + 1 - 6 (4 Ad? + C) arctan (—de“ Vd‘””‘“‘l)

2443

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((Cxx~2+B*x+A)*(-d*x+1)~(1/2)*(d*x+1)~(1/2),x, algorithm="fricas")

[Out] 1/24%((6%C*d~3%x~3 + 8*Bxd~3*x"2 - 8*Bxd + 3*x(4xA*d~3 - Cxd)*x)*sqrt(d*x +
Dxsqrt(-d*x + 1) - 6%(4*%A*d"2 + C)*arctan((sqrt(d*x + 1)*sqrt(-d*x + 1) -

1)/(d*x)))/d"3

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Ckxx**2+B¥x+A)* (—d*x+1)**(1/2)* (d*x+1)**(1/2),x)

[Out] Timed out

Giac [A] time = 1.89606, size = 198, normalized size = 2.08

dx+1

3
Bxrl)2 (- Vdxt1B | 45 (\/dx +1V—-dx + 1dx + 2 arcsin (% V2Vdx + 1))A +3

d

((dx + 1)(2 (dx + 1)(11—2 -

3 5
2|tz
/

24d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)*(-d*x+1)~(1/2)*(d*x+1)~(1/2),x, algorithm="giac")

[Out] 1/24%(8x(d*x + 1)7(3/2)*(d*x - 1)*sqrt(-d*x + 1)*B/d + 12*%(sqrt(d*x + 1)*sq

rt(-d*x + 1)*d*x + 2*xarcsin(1/2*sqrt(2)*sqrt(d*x + 1)))*A + 3*x(((d*x + 1)*(
2x(d*x + 1)*((d*x + 1)/d"2 - 3/d72) + 5/d72) - 1/d"2)*sqrt(d*x + 1)*sqrt(-d
*x + 1) + 2¥arcsin(1/2*sqrt(2)*sqrt(d*x + 1))/d"2)*C)/d
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A+Bx+Cx?
3.5 f V1—dxV1+dx(e+fx) ax

Optimal. Leaf size=122

2 5 1 d2ex+f
(Af Bef + Ce )tan (—m dZeZ—fZ) ) sin_l(dx)(Ce ~ Bf) ) CV1 — d2x2
2 (7202 _ 72 df? af

[Out] -((CxSqrt[1 - d72%x72])/(d"2xf)) - ((Cxe - Bxf)xArcSin[dx*x])/(d*f~2) + ((Cx
e”2 - Bxexf + A*xf"2)xArcTan[(f + d~2xex*x)/(Sqrt[d~2*e”2 - £72]xSqrt[1 - d72
*xx72]1)]) /(£ 2%Sqrt [d"2%e~2 - £72])

Rubi [A] time = 0.310779, antiderivative size = 122, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 37, e -

integrand size
0.162, Rules used = {1609, 1654, 844, 216, 725, 204}

2
A 2 B 2 t -1 d ex+f
(Af? = Bef + Ce%) tan (\/—1—d2x2 22 72) sin \(dx)(Ce-Bf) CV1- @22
fz /dzez _fz dfz d2f

Antiderivative was successfully verified.

[In] Int[(A + Bxx + C*x72)/(Sqrt[l - d*x]*Sqrt[1 + d*x]*(e + f*x)),x]

[Out] -((CxSqrt[1 - d™2*x"2])/(d"2xf)) - ((Cxe - Bxf)*ArcSin[d*x])/(d*f~2) + ((Cx
e”2 - Bxexf + Axf72)xArcTan[(f + d™2xe*x)/(Sqrt[d~2*e”2 - £72]*Sqrt[1 - d72
*x72]1)]) /(£ 2*Sqrt [d"2*e”2 - £72])

Rule 1609

Int [(Px_)*((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*x(x_))"(n_.)*x((e_.) + (£
_D)*(x_))"(p_.), x_Symbol] :> Int[Pxx(a*c + b*d*x~2) m*(e + f*x)7p, x] /; F
reeQ[{a, b, ¢, d, e, £, m, n, p}, x] && PolyQ[Px, x] && EqQ[b*c + axd, 0] &
& EqQ[m, n] && (IntegerQ[m] || (GtQ[a, 0] && GtQl[c, 01))

Rule 1654

Int[(Pq )*((d_) + (e_.)*x(x_)) " (m_.)*((a_) + (c_.)*x(x_)"2)"(p_), x_Symbol]
> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]1}, Simp[(f*(d + e*x
)7(m + g - Dx*(a + cxx"2)"(p + 1))/(c*xe”(q - )*(m + q + 2%xp + 1)), x] + Di



60

st[1/(cxegx(m + q + 2*xp + 1)), Int[(d + exx) " mx(a + c*x~2) p*ExpandToSum[c
xe"qx(m + q + 2%p + 1)*Pq - cxf*(m + q + 2%p + 1)x(d + exx)"q - f*x(d + exx)
“(q - 2)*%(axe”2%(m + q - 1) - c*d™2*%(m + q + 2%xp + 1) - 2*cxd*ex(m + q + p)
*x), x], x], x1 /; GtQlq, 1] && NeQ[m + q + 2*p + 1, 0]] /; FreeQ[{a, c, d,
e, m, pr, x] && PolyQ[Pq, x] && NeQ[c*d"2 + axe”2, 0] && !(EqQ[d, 0] && T
rue) && !(IGtQ[m, O] && RationalQ[a, c, d, e] && (IntegerQlp] || ILtQ[p +
1/2, 01))

Rule 844

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_)*xx_))*((a) + (c_.)*x(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*(a + c*xx"2)7p, x], x] + D
ist[(exf - d*g)/e, Int[(d + exx) mx(a + c*xx"2)7p, x], x] /; FreeQ[{a, c, d,
e, £, g, m, p}, x] && NeQ[cxd"2 + a*e”2, 0] && !'IGtQ[m, O]

Rule 216

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
t[all/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQla, 0] && NegQ[bl

Rule 725

Int[1/(((d_) + (e_.)*(x_))*Sqrtl(a_) + (c_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(c*d™2 + a*xe”™2 - x72), x], x, (a*xe - c*d*x)/Sqrtla + c*x"2]] /; FreeQ
[{a, c, 4, e}, x]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rtl-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rubi steps
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A + Bx + Cx?

f A + Bx + Cx? P f p
X = X
V1 —dxV1 + dx(e + fx) (e + fx)V1 — d%x?
Ad? f2+d2 f(Ce-Bf)x

_CVI-d2% J (et fr)VI-22

de d2f2

1 2 _ 2 BRI
— _C V1 — d*x® _ (Ce-Bf) f Vi-d2x? * + (Ce P+ 4 ) f (e+fx)V1-d?x? ax
- d%f fz fz

1
_ CVI—®2  (Ce-Bf)sin\(dx) (Ce? ~ Bef + Af?) Subst (f e X
- A2 f - df? B Iz
2 2 -1 f+d2ex
CVI -2 (Ce~Bf)sin” (dx) (Ce? - Bef + Af?) tan (\/—dzez—fz\/—l—dez)

&2f df? i N

Mathematica [A] time = 0.145378, size = 117, normalized size = 0.96

2
f(Af-Be)+Ce? tan_l[ﬁ]
( ) VimdZ2 22 p2 | s @)Bf-Co VI
V-2 d @
72

Antiderivative was successfully verified.

[In] Integrate[(A + B*x + Cxx~2)/(Sqrt[1 - d*x]*Sqrt[1 + d*x]*(e + f*x)),x]

[Out] (-((C*fxSqrt[1 - d~2xx72]1)/d"2) + ((-(C*e) + Bxf)*ArcSin[d*x])/d + ((Cxe”2
+ fx(-(Bxe) + Axf))*ArcTan[(f + d™2*exx)/(Sqrt[d™2*e”2 - £72]*Sqrt[1 - d72%
x72])])/Sqrt[d~2%e”2 - £72])/f"2

Maple [C] time = 0.04, size = 373, normalized size = 3.1

—Acsgn (d) In [2 jﬁ [dzex + —dzejf—z_fz\/—dzxZ +1f + f]J d?f? + Besgn (d) In [2 ﬁ [dzex + \[

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((C*x~2+B*x+A)/(fxx+e)/(~d*x+1)~(1/2)/(d*x+1)~(1/2),x)

[Out] (-A*csgn(d)*1n(2*(d"2xe*xx+(-(d"2*%e"2-£72)/£72) " (1/2)*(-d"2*%x"2+1) " (1/2) *xf+f
)/ (f*xx+e) ) *d~2*x£~2+B*csgn (d) *1n (2% (d"2*e*xx+ (- (d"2%xe"2-£72) /£72) " (1/2) *(-d"2
*x"2+1) " (1/2) *f+£) / (f*x+e) ) *d~2*e*f-Cxcsgn(d) *1n (2% (d"2*e*xx+(-(d"2xe"2-£72)
/£72)7(1/2) % (-d"2xx"2+1) " (1/2) xf+f) / (f*x+e) ) *d"2*e " 2+B*arctan (csgn (d) *d*x/ (
—-d72%x72+1) 7 (1/2) ) *d*£72% (- (d"2%e"2-£72) /£72) 7 (1/2) -C*csgn (d) *£ ~2* (-d"2xx"2
+1)7(1/2) % (-(d"2%e"2-£72) /£72) ~(1/2) -C*xarctan(csgn (d) *d*x/ (-d"2*xx~2+1) ~(1/2
))*xd*xexf* (- (d"2%e”2-£72) /£72) 7 (1/2) ) * (~d*x+1) ~(1/2) * (d*x+1) " (1/2) *csgn(d) / (
-(d"2%e"2-£72) /£72) " (1/2) /£73/(-d"2*x"2+1) " (1/2) /d"2

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(f*x+e)/(-d*x+1)~(1/2)/(d*x+1)"(1/2),x, algorithm="
maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 29.8818, size = 1019, normalized size = 8.35

Ny Nar ey OB Ware ey e

fx+e

2 2_[—42,2, £2(42 _
(Ca2e? = BaPef + Ad2f2)\-B + 2 log(d Chad i AT Gaci )+ (a2

d4€2f2 _ d2f4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(f*x+e)/(-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm="
fricas")

[Out] [-((C*d"2xe”2 - B*d 2*xexf + Axd"2*f"2)*sqrt(-d"2*e”2 + £72)*log((d~2*e*f*x
+ £72 - sqrt(-d"2*xe”2 + £72)*(d"2*xe*xx + f) - (sqrt(-d~2*e”2 + £72)*sqrt(-dx*
x + 1)*xf + (d72%e”2 - £72)*sqrt(-d*x + 1))*sqrt(d*x + 1))/(f*x + e)) + (Cxd
“2%e”72xf - C*f73)*sqrt(d*x + 1)*sqrt(-d*x + 1) - 2%x(Cxd~3*%e”3 - Bxd~3xe”2x%f

- Cxd*xexf~2 + Bkxdxf~3)*arctan((sqrt(d*x + 1)*sqrt(-d*x + 1) - 1)/(d*x)))/(
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d74*e2xf72 - d72xf74), (2%(C*xd"2%e”2 - Bxd"2*exf + Axd"2xf"2)*sqrt(d~2*e”2

- f72)*arctan(-(sqrt(d™2*e”2 - £72)*sqrt(d*x + 1)*sqrt(-d*x + 1)*e - sqrt(
d™2%e”2 - £72)x(fxx + e))/((d"2*%e"2 - £72)*x)) - (Cxd"2*e”2xf - C*f~3)*sqrt
(d*x + 1)*sqrt(-d*x + 1) + 2%(C*d"3*e”3 - B*d"3*e"2+f - Ckdxe*f~2 + Bxd*f~3
)*arctan((sqrt(d*x + 1)*sqrt(-d*x + 1) - 1)/(d*x)))/(d"4*e”2*xf~2 - d~2*xf~4)
]

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

f A+ Bx +Cx?
(e +fx) V-dx +1Vdx +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxx**2+Bxx+A)/(f*x+e)/(~d*xx+1)*x(1/2)/(d*x+1)**(1/2),x)

[Out] Integral((A + B*x + Cxx*x2)/((e + f*x)*sqrt(-d*x + 1)*sqrt(d*x + 1)), x)

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(f*x+e)/(-dxx+1)~(1/2)/(d*x+1)"(1/2),x, algorithm="
giac")

[Out] Exception raised: TypeError
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A+Bx+Cx?
3.6 f Vi—dxVi+dx(e+fx)2 ax

Optimal. Leaf size=163

T (Af? - Bef + CY) tan ™! (—Vﬁjzj’;;f;__fz) (~Ad%ef? + Bf® + Cd?e® - 2Cef?) C sin” (00
f(dzez _fz) (e + fx) B 1 (d2e2 _f2)3/2 + df?

[Out] ((C*xe”2 - Bxexf + A*f~2)*Sqrt[1 - d™2*x72])/(£f*(d"2*xe”2 - £72)*(e + f*x)) +
(C*ArcSin[d*x])/(d*f72) - ((Cxd"2*%e~3 - 2%Ckexf~2 - A*d"2%exf~2 + B*xf~3)*A
rcTan[(f + d™2*ex*x)/(Sqrt[d~2*e”2 - £72]xSqrt[1 - d™2xx72])])/(£72x(d"2*e"2

- £72)7(3/2))

Rubi [A] time = 0.330582, antiderivative size = 163, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 37, e -

0.162, Rules used = {1609, 1651, 844, 216, 725, 204}

integrand size

VITEE (AP - Bef +C2) A0 (vl—diwf—f) (ZAPef? + B+ CHE -2Cef?) (g
f (dzez _ fz) (e + fx) - Iz (dzez _ f2)3/2 T df?

Antiderivative was successfully verified.

[In] Int[(A + Bxx + C*x~2)/(Sqrt[1 - d*xx]*Sqrt[l + dxx]*(e + f*x)72),x]

[Out] ((C*xe”2 - Bxexf + Axf~2)xSqrt[l - d™2*x72])/(f*(d"2%xe”2 - £72)*(e + f*x)) +
(CxArcSin[d*x])/(A*f~2) - ((Cxd~2xe”3 - 2%Ckxe*xf~2 - Axd"2xexf~2 + B*xf~3)*A
rcTan[(f + d"2*ex*x)/(Sqrt[d~2*e”2 - £72]*Sqrt[1 - d~2*x"2])])/(£f72*(d"2*e"2

- £72)7(3/2))

Rule 1609

Int[(Px_)*((a_.) + (b_)*x(x_))"(m_.)*x((c_.) + (d_)*xxD))"(n_.)*x((e_.) + (f
_)*(x )" (p_.), x_Symbol] :> Int[Px*(a*xc + b*d*x~2) mx(e + f*x)7p, x] /; F
reeQ[{a, b, ¢, d, e, f, m, n, p}, x] && PolyQ[Px, x] && EqQ[b*c + axd, 0] &
& EqQ[m, n] && (IntegerQ[m] || (GtQ[a, 0] && GtQ[c, 0]))

Rule 1651
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Int[(Pg )*((d_) + (e_.)*(x_)) " (m_)*x((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :>
With[{Q = PolynomialQuotient[Pq, d + e*x, x], R = PolynomialRemainder [Pq,

d + exx, x]}, Simp[(exR*x(d + exx)"(m + 1)*(a + c*x"2)7(p + 1))/((m + 1)*(cx
d"2 + axe”™2)), x] + Dist[1/((m + 1)*(c*xd"2 + a*e”2)), Int[(d + e*x)"(m + 1)
*x(a + cxx72) "p*ExpandToSum[(m + 1)*(cxd™2 + a*e™2)*Q + cxd*R*(m + 1) - c*ex
Rx(m + 2xp + 3)*x, x], x], x]1] /; FreeQ[{a, c, d, e, p}, x] && PolyQ[Pq, x]
&% NeQ[c*d™2 + axe”2, 0] && LtQ[m, -1]

Rule 844

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_)*xx))*((a) + (c_.)*x(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*(a + c*xx"2)7p, x], x] + D
ist[(exf - d*g)/e, Int[(d + exx) mx(a + c*xx"2)7p, x], x] /; FreeQ[{a, c, 4,
e, £, g, m, p}, x] && NeQ[cxd"2 + a*e”2, 0] && 'IGtQ[m, O]

Rule 216

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
t[all/Rt[-b, 21, x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[bl

Rule 725

Int[1/(((d_) + (e_.)*(x_))*Sqrtl(a_) + (c_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(c*d™2 + a*xe”™2 - x72), x], x, (a*xe - c*d*x)/Sqrtla + c*x"2]] /; FreeQ
[{a, c, 4, e}, x]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rubi steps
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f A + Bx + Cx? dx—f A+ Bx + Cx? i
V1 —dxV1 + dx(e + fx)? (e + fx)?>V1 — d%x?
Ce+Ad?e-B f+C(¥— f)x
_ (Ce? - Bef + Af2) V1 - 22 . J ooV dx
f (262 - f2) (e + f) d2e? — f2
Cd?e3
B (Cez — Bef +Af2) V1 = d2x2 . Cf‘/ﬁdx . (2C€+Ad26— 72 —Bf) f ofe
f (@262 = f2) (e + f) 2 d2e? ~ f2
Cd?e3
(CeZ — Bef + Afz) V1 — 422 Csin_l(dx) (ZCE + Ad%e - e Bf) Subst (f
= + —
f (d2e2 - f2) (e + f) df? d2e? ~ f2
2, _ CPS _ -1
_(CEBef + AP)VI- B Coinlan) (ZCH Ad%e =5 Bf) ran (\/E
£ (@ = f2) (e + fx) af? (a2e2 - 2"

Mathematica [A] time = 0.442404, size = 211, normalized size = 1.29

fﬂ/l—dzxz(f(Af—BeHCez) log(\/1—d2x2\/f2—d262+dzex+f)(—Adzefz+Bf3+Cd2€3—2Cef2) log(e+fx)(—Ad26f2+Bf3+Cd233—2Cef2) Csin_l(d
- - + +
(f2-d2e?)(e+fx) ( fz_dzez)3/2 ( fz_dzez)3/2 d

fZ

Antiderivative was successfully verified.

[In] Integrate[(A + B*xx + Cxx"2)/(Sqrt[l - d*x]*Sqrt[l + d*xx]*(e + f*x)~2),x]

[Out] (-((fx(Cxe”2 + f*x(-(Bxe) + Axf))*Sqrt[l - d"2*x"2])/((-(d"2%e”2) + £f72)*(e
+ fxx))) + (CxArcSin[d*x])/d + ((C*d"2*e”~3 - 2*Ckexf~2 — A*d"2xexf~2 + B*f~
3)*Logle + f*xx])/(-(d"2%e”2) + £72)7(3/2) - ((Cxd"2*e~3 - 2%Ckexf~2 - A*d~2
xexf"2 + Bxf~3)*Log[f + d"2%exx + Sqrt[-(d"2*e”2) + £72]*Sqrt[l - d~2xx"2]]

)/ (-(d"2%e”2) + £72)7(3/2))/f"2

Maple [C] time = 0.041, size = 899, normalized size = 5.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((Cxx~2+Bxx+A)/(f*x+e) 2/ (-d*x+1)~(1/2)/(d*x+1)"(1/2),x)

[Out] (-A*csgn(d)*1n(2*(d™2xexx+(-(d"2%e™2-£72)/£72) " (1/2)* (-d"2%x"2+1) " (1/2) £ +f
)/ (f*x+e) ) *x*xd~3xe*xf~3+C*xcsgn(d) *1n (2% (d"2xe*x+(-(d"2*e"2-£72) /£72) ~(1/2) *(
—d72%x72+1) 7 (1/2) *£+£) / (fxx+e) ) ¥x*d"3xe " 3*f-Axcsgn(d) ¥1n (2% (A" 2xexx+ (- (d72%
e”2-172)/£72) " (1/2) % (=d"2%x"2+1) " (1/2) *f+£) / (£*x+e) ) *d"3*e " 2*f ~2+C*csgn (d) *
1n (2% (d"2xexx+ (- (d"2%e™2-F72) /£72) " (1/2) * (~d~2%x~2+1) ~(1/2) *f+£) / (fxx+e) ) *d
~3%e"4+Cxarctan(csgn(d) *d*x/ (-d"2xx72+1) 7 (1/2) ) *x*d"2%e”2%f "2x (- (d"2%e™2-f"
2)/£72) " (1/2) +Axcsgn(d) *d*f~4* (- (d"2%e”2-£72) /£72) " (1/2) * (-d"2%x"2+1) " (1/2)
+B*csgn (d) *1n (2% (d™2xe*xx+ (- (d"2*e~2-£72) /£72) " (1/2) * (-d"2*x"2+1) " (1/2) xf+f)
/ (fxx+e) ) xx+xd*f~4-B*csgn(d) xdxexf ™3+ (- (d"2%e™2-£72) /£72) " (1/2) * (-d"2*%x~2+1)
~(1/2)-2%C*xcsgn(d) *1n (2% (d"2%exx+ (- (d"2*e™2-£72) /£72) " (1/2) * (-d"2*x~2+1) ~ (1
/2)*f+£) / (fxx+e)) *X*d*e*f"3+C*csgn(d) *dxe " 2xf 2% (- (d"2%e"2-f72) /£f72) " (1/2) *
(-d~2xx~2+1) " (1/2) +C*arctan (csgn (d) *d*x/ (-d"2%x~2+1) ~ (1/2) ) *d~2%e~3*f* (- (d~
2xe~2-£72) /£72) " (1/2) +Bkcsgn (d) *1n (2% (d~2*exx+ (- (d~2%e~2-£72) /£72) " (1/2) * (-
d72xx72+1) " (1/2) *f+£f) / (f*x+e) ) *xd*e*f~3-2xCxcsgn(d) *1n (2 (d"2*xexx+ (- (d"2*e™2
-£72)/£72) 7 (1/2) % (=d"2xx"2+1) ~(1/2) *f+£f) / (f*x+e) ) *d*xe~2*f ~2-Cxarctan(csgn(d
)xdkx/ (-d72xx72+1) 7 (1/2) ) *x*f "4 (- (d"2*%e"2-£72) /£72) " (1/2) -C*arctan(csgn(d)
kd*x/ (~d"2%x"2+1) " (1/2) ) xe*xf 3% (- (d"2%e~2-£72) /£72) " (1/2) ) *csgn (d) * (d*x+1) "
(1/2) % (~d*x+1) 7 (1/2) / (-d"2*x72+1) " (1/2) / (d*e+f) / (d*e-£) / (f*x+e) /d/ (- (d"2xe”
2-£72)/£72)~(1/2)/£73

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(f*x+e) 2/ (-d*x+1)~(1/2)/(d*x+1)"(1/2),x, algorithm
="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 118.982, size = 2082, normalized size = 12.77

result too large to display

Verification of antiderivative is not currently implemented for this CAS.



68

[In] integrate((Ckx~2+Bxx+A)/(f*x+e) 2/ (-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm
="fricas")

[Out] [(C*d~3*e”5xf - B*xd"3xe”4*f~2 + Bxd*e 2*f~4 - Axd*exf~5 + (A*d~3 - Cxd)*e”3
*xf~3 - (C*d"3*e”5 + Bxd*e 2*xf~3 - (Axd"3 + 2*Cxd)*e”3*f"2 + (Cxd~3*e”4x*f +
Bxd*exf~4 - (A*d”3 + 2%Cxd)*e”2xf~3)*x)*sqrt(-d"2*e"2 + £72)*log((d"2*exf*x
+ £72 + sqrt(-d™2xe”2 + £72)*(d"2xe*x + f) + (sqrt(-d~2*e”2 + £72)*sqrt(-d
xx + 1)xf - (d72%e”2 - £72)*sqrt(-d*x + 1))*sqrt(d*x + 1))/(f*x + e)) + (Cx
d~3*e"b*xf - B*d"3*e”4*f"2 + Bxd*e 2+xf~4 - Axd*exf~5 + (A*d"3 - Cxd)*e 3*f~3
)*xsqrt(d*x + 1)*sqrt(-d*x + 1) + (C*d~3*%e"4xf"2 - Bxd"3%e”3*f~3 + Bxd*e*xf~5
- Axd*f~6 + (A*d"3 - Cxd)*e”2*xf~4)*x — 2% (Ckd"4*xe”6 - 2*Cxd~2%e”"4*f~2 + Cx
e"2xf74 + (Cxd~4xe”bxf - 2xC*xd"2%e”3*f"3 + Ckxexf~5)*x)*arctan((sqrt(d*x + 1
Y*ksqrt(-d*x + 1) - 1)/(d*x)))/(d"b*e"6*f"2 - 2xd"3*e"4*xf"4 + dxe”2xf"6 + (d
“Bxe"b*xf"3 — 2%d"3%e"3*f"5 + dxexf"7)*x), (Cxd"3*ke"bxf - Bxd"3*e"4xf"2 + Bx
dxe”2xf~4 - Axd*exf~5 + (A*d”~3 - C*xd)*e”3*f~3 - 2% (C*d"3xe”5 + Bkdxe ™ 2*xf"3
- (A*d”3 + 2*%Cxd)*e”3*f"2 + (Cxd~3*e"4*xf + Bkxdxexf~4 - (Axd~3 + 2%Cxd)*e” 2%
£73)*x)*sqrt (d"2*e”2 - f~2)xarctan(-(sqrt(d™2*e”2 - £72)*sqrt(d*x + 1)*sqrt
(-d*xx + 1)*e - sqrt(d™2*xe”2 - £72)*x(f*x + e))/((d"2%e”2 - £72)*x)) + (C*d~3
xe”bxf — Bxd"3%e"4*f"2 + Bxdke"2+f"4 - Axdxexf~5 + (Axd"3 - C*d)*e"3*f~3)x*s
qrt(d*x + 1)*sqrt(-d*x + 1) + (Cxd~3*e”"4*f~2 - B*d"3xe”3*f~3 + Bxd*e*xf”5 -
Axd*xf~6 + (A*d”™3 - Cxd)*e 2xf74)*x - 2x(C*d"4*e”6 - 2xCkxd"2xe”4xf~2 + Cxe~2
xf74 + (C*xd~4*e”b*xf - 2*xCxd"2%e”3*f~3 + Cxexf~5)*x)*arctan((sqrt(d*x + 1)x*s
grt(-d*x + 1) - 1)/(d*x)))/(d"5*e"6*f~2 - 2xd"3xe"4*f~4 + dxe”2xf"6 + (d~bx
e"b5xf7"3 - 2xd"3*e”"3*f"5 + dkexf~7)*x)]

Sympy [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Ckx**2+Bxx+A)/(fxx+e)**2/(-d*x+1)**(1/2)/(d*x+1)**(1/2),x)

[Out] Exception raised: ValueError

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((Ckx~2+Bxx+A)/(f*x+e) 2/ (-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm
="giac")

[Out] Exception raised: TypeError
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A+Bx+Cx?
3.7 f Vi—dxVi+dx(e+fx)3 ax

Optimal. Leaf size=248

-1 d2ex+f
V1- 232 (Af? - Bef + Ce?)  V1-d2x2 (-3Ad%f2 + Bd?e2f + 2Bf> + Cd%e® - 4Cef?) tan (—m s fz) (
- +

2f (dzez - fz) (e+ fx)? 2f (dze2 - f2)2 (e + fx)

[Out] ((C*xe™2 - Bxexf + A*f~2)xSqrt[1 - d™2%x72])/(2*f*(d"2%e”2 - £72)x(e + f*x)~
2) - ((Cxd"2%e”3 + Bxd"2%e”2*f - 4*Cxe*xf~2 - 3xA*xd™2xe*xf~2 + 2xB*xf~3)*Sqrt[

1 - d72%x72]) /(2*%fx(d"2%e”2 - £72)72*%(e + fx*x)) + ((C*x(d"2%e”2 + 2xf~2) - d

“2% (3*%Bxexf - A*x(2*d"2%e”2 + £72)))*ArcTan[(f + d"2*exx)/(Sqrt[d~2xe”2 - £~
2]1*Sqrt[1 - d"2*x72])1)/(2*%(d"2*e™2 - £72)7(5/2))

Rubi [A] time = 0.355188, antiderivative size = 248, normalized size of antiderivative

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 37, fomer o e

0.135, Rules used = {1609, 1651, 807, 725, 204}

integrand size

-1 d2ex+f
VI @22 (Af? - Bef + C2) V1232 (-3Ad%ef? + B f + 2Bf3 + Cd2e® — 4Cef?)  '7 (—mm) (
+

of (22— f2) (e + fx2 2f (d2e? - f2)2 (e + fx)

Antiderivative was successfully verified.

[In] Int[(A + B*x + C*x72)/(Sqrt[1 - d*x]*Sqrt[l + dxx]*(e + fx*x)73),x]

[Out] ((C*e”2 - Bxexf + A*f~2)xSqrt[l - d™2xx72])/(2*f*(d"2%e”2 - £72)x(e + f*x)~
2) - ((Cxd"2*e”3 + B*d 2*xe " 2*xf - 4*Ckexf~2 - 3*%A*d"2*%e*xf~2 + 2*¥B*f~3)*Sqrt[

1 - d™2%x72])/(2xfx(d"2*%e”2 - £72)72*x(e + f*x)) + ((Cx(d"2*e”2 + 2%f72) - d

“2x% (3*Bxexf - Ax(2%d"2xe”2 + £72)))*ArcTan[(f + d"2xex*x)/(Sqrt[d~2*e”2 - £~
2]1*Sqrt[1 - d™2*x72])1) /(2% (d"2%e”™2 - £72)7(5/2))

Rule 1609

Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*x((c_.) + (d_)*(x_))"(n_.)*((e_.) + (£
_D*(x_))"(p_.), x_Symbol] :> Int[Pxx(a*c + b*d*x~2) m*(e + f*x)7p, x] /; F
reeQ[{a, b, ¢, d, e, £, m, n, p}, x] && PolyQ[Px, x] && EqQ[b*c + axd, 0] &
& EqQ[m, n] && (IntegerQ[m] || (GtQ[a, 0] && GtQ[c, 0]))
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Rule 1651

Int[(Pq )*((d_) + (e_.)*x(x_)) " (m_)*((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :>
With[{Q = PolynomialQuotient[Pq, d + e*x, x], R = PolynomialRemainder [Pq,

d + exx, x]}, Simp[(exR*x(d + exx)"(m + 1)*(a + c*x"2)"(p + 1))/((m + 1)*(c*
d"2 + a*e”™2)), x] + Dist[1/((m + 1)*(c*xd"2 + a*e”2)), Int[(d + e*x)"(m + 1)
x(a + c*x72) p*ExpandToSum[(m + 1)*(c*d"2 + a*e”2)*Q + cxd*R*(m + 1) - cxex
R¥x(m + 2xp + 3)*x, x], x], x]] /; FreeQ[{a, c, d, e, p}, x] && PolyQ[Pq, xI]
&& NeQ[c*xd™2 + axe”2, 0] && LtQ[m, -1]

Rule 807

Int[((d_.) + (e_.)*(x_))"(m)*x((f_.) + (g_.)*x(x_))*((a_) + (c_.)*x(x_)"2)"(p
_.), x_Symbol] :> -Simp[((exf - dxg)*(d + exx)"(m + 1)*(a + c*x"2)"(p + 1))
/(2x(p + 1)*(cxd™2 + a*xe”2)), x] + Dist[(c*xd*f + axexg)/(c*d”2 + axe”2), In
t[(d + exx)"(m + 1)*(a + c*x"2)7p, x], x] /; FreeQl{a, c, d, e, £, g, m, p}
, x] && NeQlc*xd™2 + axe”2, 0] && EqQ[Simplify[m + 2xp + 3], 0]

Rule 725

Int[1/(((d_) + (e_.)*(x_))*Sqrtl[(a_) + (c_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(c*xd™2 + a*xe™2 - x72), x], x, (ake - cxd*x)/Sqrt[a + c*x"2]] /; FreeQ
[{a, ¢, d, e}, x]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rubi steps
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f A + Bx + Cx? dx:f A+ Bx + Cx? N
V1 —dxV1 + dx(e + fx)3 (e + fx)3V1 — d?x?
2(Ce+Ad2e-B f)+(Bd23+%2€2—2c f-Ad? f)x
B (Ce? - Bef + Af?) V1 - 22 N J TSy N e dx
2f (42 - f2) (e + fx)? 2(d2e2 - f2)
_ (CP-Bef + Af)N1-d2x?  (Cd2® + BdPef - 4Cef? - BAd%ef? + 2Bf%) V1 -
2f (d2e2 _ fz) (e + fx)? 2f (d2e2 _ fz)z e+ fx)
_ (CP-Bef + Af)N1-d2x?  (Cd%® + BdPef - 4Cef? - 3Ad%ef? + 2Bf%) V1 -
2f (dzez _ fz) (e + fx)? 2f (d2e2 _ fz)z e+ fx)

_(CA—Bef + Af) V122 (CdP¢® + Baéf —4Cef? ~ 3BAd%ef* + 2Bf*) V1 -
2f (d2e? - 2) (e + fx)? 2f (262 - f2)2 e+ fx)

Mathematica [A] time = 0.395583, size = 273, normalized size = 1.1

V1 - 22 (- AdPef (4e + 3fx) + Af® + Bd%?(2e + fx) + Bf2(e + 2fx) + Ce (d%%x — 3ef — 4f%x)) 108 (Vl -2
(f2 - d262)2 (e + fx)?

N| =

Antiderivative was successfully verified.

[In] Integrate[(A + B*x + Cxx72)/(Sqrt[l - d*x]*Sqrt[1l + d*x]*(e + f*x)~3),x]

[Out] (-((Sqrt[1l - d~2*x"2]*(A*xf~3 + B*xd"2*e”"2%(2%e + f*x) + B*xf"2x(e + 2xfx*x) -
Axd"2xexfx (4xe + 3*xf*x) + Ckex(-3*xexf + d™2xe"2*x - 4*f72%x)))/((-(d"2*e"2)

+ £72)72x(e + fxx)72)) + ((Cx(A"2*e”2 + 2xf~2) + d™2%(-3*Bke*xf + A*x(2*xd"2x*

e™2 + £72)))*Logle + f*x])/(-(d"2xe”2) + £72)7(5/2) - ((C*x(d"2%e”2 + 2*f"2)

+ d72x (=3*Bkexf + A*x(2xd"2*e”2 + £72)))*Logl[f + d"2%e*x + Sqrt[-(d~2*e”2)

+ £72]*%Sqrt[1 - d™2*x72]])/(-(d"2*e"2) + £72)7(5/2))/2

Maple [C] time = 0.045, size = 1449, normalized size = 5.8

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((Cxx~2+B*xx+A)/(f*x+e) 3/ (-d*x+1)~(1/2)/(d*xx+1)~(1/2),x)

[Out] -1/2%(A*1n(2%(d"2xexx+(-(d"2%e"2-£72)/£72) " (1/2) *(~d"2*x~2+1) ~(1/2) *f+£f) / (£
*x+e) ) ¥x"2xd "2+ f T4-3x Axx*xd " 2kexf 3% (- (d"2%e”2-£72) /£72) T (1/2) ¥ (-d"2*x"2+1) "~
(1/2) +Bkx*d~2%e 2% f ~2% (- (d"2%e~2-£~2) /£72) ~ (1/2) % (~d~2%x~2+1) = (1/2) +C*x*d "2
xe " 3xf* (- (d"2%e”2-f72) /£72) " (1/2) % (~d"2%x"2+1) " (1/2) -6*B*x1n (2% (d"2*e*xx+(-(d
"2%e72-f72) /£72) T (1/2) % (—d"2xx72+1) T (1/2) *f+f) / (fxx+e) ) *x*xd " 2%e 2+ f "2+2%C*1
n (2% (d"2xexx+(-(d"2%e"2-£72) /£72) " (1/2) % (=d"2*x"2+1) ~(1/2) *£+£) / (£*x+e) ) *x*
d"2%e 3k f-4xA*xd"2%e 2% f 2% (- (d"2%e"2-f"2) /£72) " (1/2) * (-d"2*x"2+1) " (1/2)+2*B
*d"2%e 3k fx (- (d72%e"2-£72) /£72) " (1/2) ¥ (-d"2%x72+1) " (1/2) +Bxexf "3 (- (d"2*e"2
-£72)/£72) 7 (1/2) % (-d"2%x72+1) ~(1/2) +A*x1n (2% (d"2*exx+ (- (d"2*%e”~2-f"2) /£72) " (1
/2) % (=47 2*%x72+1) " (1/2) *f+f) / (£*x+e) ) *d"2*%e " 2xf ~2-3*B*1n (2% (d"2*e*x+ (- (d"2*e
"2-£72) /£72) 7 (1/2) * (-d"2xx72+1) ~(1/2) *£+£) / (f*x+e) ) ¥d"2%e " 3*xf+4xCx1n (2% (d"2
*exx+(-(d"2%e"2-f72) /£72) " (1/2) * (A" 2*x"2+1) ~(1/2) *f+f) / (f*x+e) ) *x*e*f ~3-3*
Cxe™2+f 2% (- (d"2*e"2-f72) /£72) ~(1/2) * (A" 2*x"2+1) ~(1/2) +2*B*xx*f ~4* (- (d"2%e”~
2-£72)/£72) " (1/2) % (—d"2%x"2+1) " (1/2) -4*Ckxkexf 3% (- (d"2%e~2-£72) /£72) ~(1/2)
*(=d"2%x72+1) 7 (1/2) +2%A*1n (2% (4" 2xexx+ (- (d"2%e™2-£72) /£72) " (1/2) * (-d"2%x "2+
1) (1/2) *£+£) / (£*x+e) ) #x72%d " 4*e 2+ ~2+4%A*1n (2% (A" 2%e*x+ (- (d"2*e"2-f"2) /£~
2)"(1/2) % (-d"2%x"2+1) ~(1/2) *f+£) / (fxx+e) ) *x*d " 4*e~3*f-3*B*1n (2% (d"2*e*xx+ (- (
d"2xe"2-f72) /£72) " (1/2)* (A" 2*x"2+1) ~(1/2) *f+f) / (f¥x+e) ) *x~2*d " 2*e*xf~3+C*1n
(2% (d"2%e*x+ (- (d"2%e™2-f72) /£72) " (1/2) % (-d"2*x"2+1) "~ (1/2) *f+£f) / (f*x+e) ) *x~2
*dQ"2%e 2% F T2+ 2% Ax1n (2% (A" 2%exx+ (- (A" 2%e™2-f72) /£72) ~(1/2) * (-4~ 2*xx"2+1) " (1/2
Yxf+E) [ (£xx+e) ) kxkd™2%exf " 3+A*xf ~4x (- (d"2%e"2-f72) /£72) " (1/2) * (-d"2*x"2+1) ~(
1/2) +2xAx1n (2% (d"2xe*xx+ (- (d"2*xe"2-f72) /£72) " (1/2) * (=d"2*x"2+1) "~ (1/2) *f+f) / (
fxx+e) ) xd"4*e"4+2+C*x1n (2% (A" 2*xexx+ (- (d"2%e"2-£72) /£72) " (1/2) ¥ (-d"2*x"2+1) ~(
1/2)*f+£) / (f*x+e) ) #x72+f ~4+C+1n (2% (A" 2%e*x+ (- (d"2*e”2-f72) /£72) ~(1/2) *(-d"2
*x72+1) T (1/2) %f+£) / (£xx+e) ) *d"2%xe"4+2*xCx1n (2% (A" 2*xexx+ (- (d"2*%e"2-f72) /£f~2) "
(1/2)*(-d~2%x"2+1) ~ (1/2) *f+£) / (fkx+e) ) *e~2xf~2) *csgn (d) ~2* (d*x+1) ~ (1/2) *(-d
*xx+1)7(1/2)/(-d"2*x72+1) " (1/2) / (dxe+f) / (d*e-£) / (d"2*e"2-£72) / (fxx+e) "2/ (- (d
~2xe"2-£72)/£72)"(1/2)/f

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+B*x+A)/(f*x+e) 3/ (-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm
="maxima"
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[Out] Exception raised: ValueError

Fricas [B] time = 1.44776, size = 3105, normalized size = 12.52

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(f*xx+e) 3/ (-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm
="fricas")

[Out] [-1/2*%(2*Bxd~4*e”~7 - B*d"2%e”5*f~2 - (4*xA*d~4 + 3xCxd"2)*e”6*f + (5xAxd~2 +
3*C)*xe"4*xf~3 — Bxe"3*f"4 - Axe"2xf"5 + (2*Bxd"4*e"5*xf"2 — Bxd"2%e"3*f"4 -
(4%A*d~4 + 3*%Ckd"2)*e”4*xf~3 + (5xA*d™2 + 3*C)*e " 2*f"5 — Bxexf~6 — A*xf~7)*x"
2 - (3*%B*d"2*e”5*xf - (2*xA*d"4 + C*xd"2)*e”6 - (A*xd"2 + 2*xC)*e~4xf~2 + (3*Bx*d
“2%e”3%f73 - (2%A*d"4 + Cxd"2)*e"4*f72 - (A*d"2 + 2%xC)*e”2xf74)*x"2 + 2% (3%
Bxd"2xe"4*xf"2 - (2xA*d"4 + Cxd~2)*e”"bxf - (Axd"2 + 2*C)*e”3*f~3)*x)*sqrt(-d
“2%e72 + £72)xlog((d"2%exfxx + £72 - sqrt(-d™2xe”2 + £f72)*(d"2%e*xx + f) - (
sqrt(-d"2%e”2 + £72)*sqrt(-d*x + 1)*f + (d"2*e”2 - £72)*sqrt(-d*x + 1))*sqr
t(d*x + 1))/ (f*x + e)) + (2*%Bxd"4*e”7 — Bxd"2%e”5+xf"2 - (4*A*d"4 + 3*C*xd~2)
*e76xf + (5xA*d”2 + 3*C)*e"4*f~3 - Bxe"3*%f"4 - A*xe"2xf"5 + (C*d"4*e”7 + Bxd
“4xe”6*f + Bkd"2xe"4*xf"3 - (3%A*d"4 + B5*xC*d"2)*e”"5xf72 + (3%Axd"2 + 4x%C)*e”
3xf~4 - 2+Bxe”2*xf75)*x)*sqrt(d*x + 1)*sqrt(-d*x + 1) + 2% (2+«Bxd~4*e"6+xf - B
*d"2%e"4*f"3 - (4*A*d"4 + 3*%Cxd"2)*e"5*xf"2 + (5kA*d”2 + 3*C)*e"3%f~4 - B*e~
2%f75 - Axexf"6)*x)/(d"6%e”10 - 3*%d"4*xe"8*f"2 + 3xd"2%e"6xf"4 - e 4*xf"6 + (
d"6%e"8*f"2 - 3xd"4d*xe"6xf"4 + 3*%d"2%e”4*f"6 - e 2xf"8)*x"2 + 2% (d"6xe”9xf -
3*%d"4*e " 7T*f"3 + 3xd"2xe"5*f75 - e”3*f7T7)*x), —-1/2%(2*xBxd"4%e”7 - B*d"2*e”5
*f72 - (4*A*d"4 + 3*Cxd~2)*xe"6xf + (5xA*d"2 + 3*C)*e~4*xf~3 - Bxe"3*xf"4 - Ax
e 2xf75 + (2%B*d"4xe"5xf"2 — Bxd"2%e”"3xf"4 - (4%Axd"4 + 3*xCxd"2)*e"4xf"3 +
(5%A*d"2 + 3*C)*e " 2*f"5 — Bxexf~6 — A*f77)*x"2 + 2% (3*Bxd"2xe"5xf - (2%A*d”
4 + Cxd~"2)*e”6 - (A*d™2 + 2*xC)*e”4*xf~2 + (3*%B*d™2%e”3*xf~3 - (2%¥A*d~4 + Cxd~
2)*e"4xf7"2 — (A*d™2 + 2*xC)*e”2xf74)*x"2 + 2% (3*%B*d"2%e”4*xf~2 - (2%A*d™4 + C
xd"2) *e"b*xf - (A*d"2 + 2%C)*e”3*xf~3)*x)*sqrt(d~2*e”2 - f~2)*arctan(-(sqrt(d
"2%e72 - £72)xsqrt(dxx + 1)*sqrt(-d*x + 1)*e - sqrt(d™2*e”2 - £72)*(f*x + e
))/((d72%e72 - £72)*x)) + (2*¥Bxd~4*e”7 - B*d"2%e"5*xf"2 - (4*xA*d~4 + 3*C*xd"2
Y*ke"6xf + (5%A*d"2 + 3*C)*e~4*f~3 - Bxe"3*xf"4 - Axe”2%f"5 + (Cxd~4*e”7 + Bx
d"4*xe”6*xf + Bxd"2xe"4*xf"3 - (3*%A*d"4 + 5xCxd"2)*e"5*xf72 + (3*%A*d”2 + 4x*(C)*e
"3%xf74 - 2xBxe”2%f75)*x)*sqrt(d*x + 1)*sqrt(-d*x + 1) + 2% (2*Bxd"4xe"6*f -
Bxd"2*xe"4*xf~3 - (4%A*d"4 + 3*Cxd~2)*e"5*xf~2 + (5%A*d"2 + 3*C)*e " 3*f~4 - Bxe
“2%f75 - AxexfT6)*x)/(d"6%e”10 - 3*%d"4xe"8*xf"2 + 3xd"2%e"6xf"4 - e"4xf"6 +
(d"6*%e"8*f"2 — 3*d"4xe"6*xf"4 + 3xd"2%e"4xf"6 - e 2*xf"8)*x"2 + 2% (d"6*xe”9*f
- 3%d74*e”7*xf"3 + 3*%d"2*%e"5*f"5 - e 3%f"7)*x)]
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Sympy [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Ckx*¥2+B*x+A)/(frx+e)**3/ (~d*x+1)**(1/2)/(d*x+1)**(1/2),x)

[Out] Exception raised: ValueError

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+B*x+A)/(f*x+e) 3/ (-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm

="giac")

[Out] Exception raised: TypeError
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3.8

J«@+fxﬁ4A+Bx+Cx)
X

V1-dxV1+dx

Optimal. Leaf size=340

V1 - 242 (@ fx (~100Adef? - 30Bd2e? f — 45Bf° + 6Cd2%> — 71Cef?) + 4 (C (-52422 2 + 3d*e* — 16f*) - 5d2f (4
120d6

[Out] -((4%(4%C + B*Axd"2)*f~2 - 3%d"2%ex(Cxe - b*Bxf))*(e + f*x) 2xSqrt[l - d~2x%
x72])/(60%d~4*xf) + ((Cxe - 5xBxf)*(e + f*x)73*Sqrt[l - d~2*xx"2])/(20%d~2*f)

- (Cx(e + f*xx)74xSqrt[1 - d72*x72])/(5*d~2*f) + ((4*x(Cx(3*xd"4*e~4 - 52xd"2
xe"2xf72 — 16%xf74) - bkd72xf* (AxAxf* (4*d"2%e”2 + £72) + 3*Bx(d"2%e”3 + 4xex
£72))) + d72xf*(6%C*xd"2%e”3 - 30*B*d"2xe"2*f - 71xCxexf~2 - 100*A*d~2%exf”2

- 45xB*xf~3)*x)*Sqrt[1 - d™2*x72])/(120%d"6*f) + ((4*Cxd~2*e”3 + 8*A*xd 4*e”

3 + 12#Bxd"2*e"2*f + O9*Cxexf~2 + 12%Axd~2%exf~2 + 3*Bxf~3)*ArcSin[d*x])/ (8%
d~5)

Rubi [A] time = 0.632967, antiderivative size = 340, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 37, e .

0.135, Rules used = {1609, 1654, 833, 780, 216}

integrand size

V —d222(e + fx)? (5f (4Af +3Be) - C (3 2_ 1 )) V1 - 242 (@2 fx (~100Adef? - 30Bd%e? f — 45Bf° + 6Cd%°
+
602 f

Antiderivative was successfully verified.

[In] Int[((e + f*x)~3*%(A + B*x + C*x72))/(Sqrt[1 - d*x]*Sqrt[1 + d*x]),x]

[Out] -((6xf*(3*Bxe + 4xAxf) - Cx(3xe”2 - (16%x£72)/d"2))*(e + f*x)“2*%Sqrt[1l - d72
*xx72]) /(60%d"2*%f) + ((Cxe - B*Bxf)*(e + f*x) " 3xSqrt[1 - d~2xx72])/(20%d~2*f

) - (Cx(e + f*xx)74xSqrt[1l - d72%x72])/(5*d~2*f) + ((4*x(Cx(3*xd"4*e”4 - 52%d~
2%e”2+xf72 — 16*%f74) — Bxd"2xf* (4*xA*xf*(4*xd"2*%e”2 + £72) + 3xBx(d"2%e”3 + 4x*e
*£72))) + A72xF*(6xCxd"2*xe”3 - 30*%B*d"2%e”2*f - T71*Ckxexf~2 — 100%A*d"2%e*f”

2 - 45*%B*f~3)*x)*Sqrt[1 - d72xx72])/(120%d"6%f) + ((4*C*d"2*xe~3 + 8*xAxd 4xe

"3 + 12%B*xd"2%e”2*%f + 9*kCkexf"2 + 12xAxd"2xe*xf~2 + 3*Bxf~3)*ArcSin[d*x])/(8

*d75)

Rule 1609

Int [(Px_)*((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_)*x(x_))"(n_.)*x((e_.) + (£
_D*(x_))"(p_.), x_Symbol] :> Int[Pxx(a*c + b*d*x~2) m*(e + f*x)7p, x] /; F
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reeQ[{a, b, ¢, d, e, f, m, n, p}t, x] && PolyQ[Px, x] && EqQ[b*c + axd, 0] &
& EqQ[m, n] && (IntegerQ[m] || (GtQ[a, 0] && GtQ[c, 0]))

Rule 1654

Int[(Pq_)*((d_) + (e_.)*(x_)) " (m_.)*((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :
> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]1]}, Simp[(fx(d + e*x
)>(m + g - Dx(a + cxx"2)"(p + 1))/(cxe”(q - D)*(m + g + 2%p + 1)), x] + Di
st[1/(cxegx(m + q + 2%p + 1)), Int[(d + exx) m*(a + c*x~2) p*ExpandToSum[c
xe"qx(m + q + 2%p + 1)*Pq - cxf*(m + q + 2%p + 1)x(d + exx)"q - £x(d + exx)
“(q - 2)*%(axe™2x(m + q - 1) - cxd™2x(m + q + 2%xp + 1) - 2%c*d*ex(m + q + p)
*xx), x], x], x] /; GtQlq, 1] && NeQ[m + q + 2*p + 1, 0]] /; FreeQ[{a, c, d,
e, m, pr, x] && PolyQ[Pq, x] && NeQ[c*d~2 + axe~2, 0] && !(EqQ[d, O] && T
rue) && !(IGtQ[m, O] && RationalQ[a, c, d, e] && (IntegerQ[p] || ILtQ[p +
1/2, 01))

Rule 833

Int[((d_.) + (e_.)*(x_))"(m_)*((f_.) + (g_.)*(x_))*((a_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Simp[(g*(d + exx)"m*x(a + c*x"2)7(p + 1))/(c*x(m + 2%p + 2)
), x] + Dist[1/(cx(m + 2%xp + 2)), Int[(d + e*xx)"(m - 1)*(a + c*x72) p*Simp[
ckdxf*x(m + 2%p + 2) - akxexgkm + ckx(exfx(m + 2xp + 2) + dxgxm)*x, x], x], x]
/; FreeQ[{a, c, d, e, f, g, p}, x] && NeQ[c*d"2 + a*e”2, 0] && GtQ[m, 0] &
& NeQ[m + 2xp + 2, 0] && (IntegerQ[m] || IntegerQ[p] || IntegersQ[2+*m, 2x*p]
) && ! (IGtQ[m, 0] && EqQ[f, 0])

Rule 780

Int[((d_.) + (e_)*x_))*x((f_.) + (g_)*x&x_))*((a_) + (c_)*(x_)"2)"(p_), x
_Symbol] :> Simp[(((exf + dxg)*x(2xp + 3) + 2*kexg*(p + 1)*xx)*(a + c*xx"2) " (p
+ 1))/ (2%cx(p + 1)*(2%p + 3)), x] - Dist[(axexg - c*d*xfx(2+p + 3))/(c*x(2*p
+ 3)), Int[(a + c*xx"2)7p, x], x] /; FreeQ[{a, ¢, 4, e, £, g, p}, x] & !Le
Qlp, -1]

Rule 216
Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr

tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[bl

Rubi steps
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dx

f (e + fx)? (A +Bx + sz) ; f (e + fx)? (A +Bx + sz)
x =

V1 —dxvV1 +dx V1 — d?x?
(e+fx)3(~(4C+5Ad?) f2+d2 f (Ce-5Bf)x)
_ Cle+ f0)*V1 - d2x? J Nrwrv dx
T 542 f - 5d2 f2
(e+fx)(d2 f2(13Ce+20 Ad%e+15t
_ (Ce-5Bf)(e+ fx)°V1—d?x?  Cle+ fx)*V1 - d?x? J
B 2002f B 52 "
(4 (4C + 5Ad?) f2 - 3d%e(Ce - 5Bf)) (e + fx)*V1 = d222  (Ce—5Bf)(e + fx)*VI
- 60d%f " 2042f
B (4 (4C +5Ad2) f2 - 3d%e(Ce - 5Bf)) (e + fx?V1 = d2x  (Ce-5Bf)(e + fx)*VI
. 60 f " 20d2f
~ (4 (4C + SAaZZ)f2 — 3d%e(Ce — SBf)) (e+ fXPV1-d%x2  (Ce-5Bf)(e + fx)*V1
o 60d%f i 2042f

Mathematica [A] time = 0.37035, size = 241, normalized size = 0.71

15d sin”" (dx) (8Ad*e® + 12Ad2ef? + 12Bd2e2 f + 3Bf® + 4Cd%e® + 9Cef?) - V1 - d2x2 (20Ad? f (d? (1862 + 9efx + 2f

Antiderivative was successfully verified.

[In] Integrate[((e + f*x)"3*(A + B*x + Cxx72))/(Sqrt[1 - d*x]*Sqrt[1 + d*x]),x]

[Out] (-(Sqrt[l - d"2*xx"2]*(20%A*d"2*f*(4*f72 + d"2%x(18%e™2 + Oxexf*xx + 2%xf"2%x"2
)) 4+ 15xBx(d72+f" 2% (16%e + 3*f*xx) + 2%d"4*(4*e”3 + 6xe " 2xf*xx + 4dxexf " 2xx~2

+ £73*%x73)) + Cx(64*xf~3 + d"2*f*(240*%e”2 + 13b5*xexfxx + 32+%f72%x"2) + 6xd~4x*
x*(10%e”3 + 20%e”2+f*x + 15%exf™2*x"2 + 4*xf~3%x73)))) + 15xd*(4*xCxd"2*xe”~3 +
8xAxd~4*e”3 + 12*Bxd"2%e"2*f + O9*Ckexf~2 + 12%Axd"2xexf”~2 + 3*xBxf~3)*ArcSi
n[d*x])/(120%d"6)

Maple [C] time = 0.025, size = 643, normalized size = 1.9

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((f*x+e) 3% (Ckxx"2+Bxx+A)/(-d*x+1)~(1/2)/(d*x+1)~(1/2) ,x)

[Out] -1/120%(-d*x+1)~(1/2)*(d*x+1)~(1/2)*(24*Cxcsgn(d) * (-d"2*%x"2+1) " (1/2) *x~4*d~
4xf~3+30*B*xcsgn (d) * (-d"2%x72+1) ~(1/2) *x~3*d~4*£f ~3+90*Cxcsgn (d) * (-d~2*x~2+1)
~(1/2) *x~3*d"4*xexf~2+40%A*xcsgn (d) * (-d"2%x72+1) 7 (1/2) *x~2*d~4*f~3+120*B*csgn
(@) *(—d72%x72+1) 7 (1/2) *x~2xd~4*exf~2+120*%C*csgn (d) * (-d~2*xx"2+1) 7 (1/2) *x~2*d
“4xe”2xf+180*Axcsgn (d) * (-d"2*x72+1) " (1/2) *x*d~4*exf~2+180*Bxcsgn (d) * (-d~2*x
“2+1) 7 (1/2) *xxd"4*xe”2xf+60*Cxcsgn (d) * (-d"2*x72+1) ~(1/2) *x*d~4*e~3+360*A*csg
n(d)*(-d"2*x72+1) " (1/2) *d"4*e~2xf-120*A*arctan(csgn (d) *d*x/ (-d"2xx~2+1) ~(1/
2) ) *d"5xe”3+120*Bxcsgn (d) * (-d"2%x"2+1) " (1/2) *d~4*e~3+32*C*xcsgn (d) * (-d~2*x"2
+1) 7 (1/2) *x72%d"2%f "3+45%B*csgn (d) * (-d™2%x72+1) 7 (1/2) *x*d~2*f ~3+135*C*csgn (
d) % (-d"2*xx72+1) 7 (1/2) *x*d"2xe*f "2+80*A*csgn (d) * (-d"2*x"2+1) " (1/2) *d"2*f~3-1
80*Axarctan(csgn(d) *d*x/ (-d"2*x"2+1) ~(1/2) ) *d~3*e*f ~2+240*B*csgn (d) * (-d~2*x
~2+1) 7 (1/2)*d"2*exf~2-180*B*arctan(csgn(d) *d*x/ (-d"2%x"2+1) ~(1/2) ) *d~3*e~2x
£+240%C*csgn(d) * (-d~2*x~2+1) " (1/2) *d~2*e”~2xf-60*C*arctan (csgn(d) *d*x/ (-d~ 2%
x72+1)7(1/2))*d"3%e”3-45*B*arctan(csgn(d) *d*x/ (-d"2*xx"2+1) 7 (1/2) ) xd*f ~3+64*
Cxcsgn(d) *(-d"2*%x~2+1) " (1/2) *£~3-136*C*xarctan(csgn(d) *d*x/ (-d"2*xx"2+1) ~(1/2
))*d*xexf~2)*csgn(d)/d~6/(-d"2xx"2+1) " (1/2)

Maxima [A] time = 3.19919, size = 524, normalized size = 1.54

3 . d2x
V=d2x2 + 1Cf3x* s Ae” arcsin (ﬁ) V-d2x2 +1Be®> 3 V-d2x2 +1Ae*f 4 V-d2x2 + 1Cf3x? (3 Cef>+B
S V2 2 iz 154

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e) 3% (Cxx~2+B*x+A)/(-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm
="maxima"

[Out] -1/5*sqrt(-d"2*x"2 + 1)*C*f~3*x"4/d"2 + Axe”3*arcsin(d”~2*x/sqrt(d~2))/sqrt(
d”2) - sqrt(-d72%x72 + 1)*Bxe”3/d"2 - 3*sqrt(-d"2*x72 + 1)*Axe”2xf/d"2 - 4/
16xsqrt (-d"2*x"2 + 1)*C*f73%x72/d"4 - 1/4%(3*Ckexf~2 + B*f~3)*sqrt(-d~2xx"2

+ 1)*x73/d72 - 1/3%(3*C*xe”2xf + 3*Bkexf~2 + A*f~3)xsqrt(-d~2xx"2 + 1)*x72/

d™2 - 1/2*%(C*xe~3 + 3xBxe”2*f + 3xAxe*xf~2)*sqrt(-d~2*x"2 + 1)*x/d"2 + 1/2%(C

xe”3 + 3*Bxe”2*xf + 3xAxexf~2)*arcsin(d”2*x/sqrt(d~2))/(sqrt(d"2)*d"2) - 8/1
Bksqrt (-d~2*x72 + 1)*Cxf73/d"6 - 3/8%(3xCxe*xf~2 + B*f~3)*sqrt(-d"2*x"2 + 1)
xx/d"4 - 2/3%(3*%Cxe~2*%f + 3*xBxexf~2 + Axf~3)*sqrt(-d~2*x"2 + 1)/d"4 + 3/8x%(
3xCxexf~2 + Bxf~3)*arcsin(d™2*x/sqrt(d”2))/(sqrt(d~2)*d~4)
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Fricas [A] time = 1.14323, size = 644, normalized size = 1.89

(24 Ca* f3x* + 120 Bd*e® + 240 Bd2e f2 +120 (3 Ad* + 2 Cd?)e2f +16 (5 Ad? + 4 C) f> + 30 (3 Cdef2 + Bd* £3)x® + ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) ~3x(C*x~2+B*x+A)/(-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm
="fricas")

[Out] -1/120*%((24*Cxd~4*xf~3%x~4 + 120*%B*d"4*e”3 + 240*Bxd"2%e*xf~2 + 120*(3*A*xd"4
+ 2xCkd"2) *e"2xf + 16%(5%A*d"2 + 4*C)*f~3 + 30*(3*Cxd~4*e*xf~2 + Bkd"4*f~3)*

X733 + 8% (15*%Cxd~4*e”2xf + 15%B*xd " 4d*exf~2 + (5kA*d~4 + 4xC*xd~2)*f"3)*x"2 + 1

5% (4*%C*d"4*e”3 + 12*Bxd~4*xe"2%f + 3*B*d"2*f~3 + 3% (4*xAxd~4 + 3*%C*d~2) *e*f~2
)*x)*sqrt (d*x + 1)*sqrt(-d*x + 1) + 30%(12%B*d~3xe”2xf + 3*xB*xd*f~3 + 4x*(2*A

xd"5 + C*d"3)*e”3 + 3*%(4*Axd~3 + 3*Cxd)*e*f~2)*arctan((sqrt(d*x + 1)*sqrt(-

d*x + 1) - 1)/(d*x)))/d"6

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)**3* (Cxx**2+B*x+A) / (~d*x+1)**(1/2)/ (d*x+1)**(1/2) ,x)

[Out] Timed out

Giac [A] time = 2.27081, size = 551, normalized size = 1.62

(360 Ad?° fe* ~180 Ad®® f2e +120 Ad? f* + 120 Bd?¢® ~ 180 Bd?® fe? + 360 Bd? f2e — 75 Bd?® > — 60 Cd?¢ + 360 ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) ~3*(Cxx~2+B*xx+A)/(-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm
="giac")
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[Out] -1/2211840%((360*%A*xd~29%f*e”2 - 180%Axd~28*f 2%e + 120%A*d~27*f~3 + 120%*Bxd
T29%e”3 - 180%Bxd"28*f*e”2 + 360%B*d"27*f "2%e - T75xBxd"26%xf"3 - 60*C*d”~28*e
~3 + 360*%Cxd”27xf*e”2 — 225xC*d~26*f " 2*%e + 120%C*d~25*f~3 + (180*%A*xd~28*f~2
*e - 80*Axd"27*xf73 + 180%Bxd"28xf*xe”2 - 240%Bxd"27*f"2%e + 135%Bxd"26*f"3 +
60*Cxd~28%e”3 - 240%Cxd~27+f*e”2 + 405*Cxd~26*f"2%xe - 160*Cxd~25*f73 + 2x(
20%A*d"27*xf73 + 60*%Bxd"27*f"2%e - 45*%Bxd"26*f"3 + 60*C*xd~27*xf*e”2 - 135%Cxd
"26%f"2%e + 88*%Cxd"25*%f73 + 3x(4x(d*x + 1)*C*kd"25%xf~3 + B*kBxd~26*f~3 + 15%C
*xd"26*%f"2%e - 16%C*kd"25%xf73)*(d*x + 1))*(d*x + 1))*(d*x + 1))*sqrt(d*x + 1)
xsqrt (—d*x + 1) - 30%(8xA*d~30%e”3 + 12%A*d"28xf"2%e + 12*Bxd~28*fxe”2 + 3x
Bxd"26%f73 + 4*Cxd"28*%e”3 + 9*C*xd~26%f~2xe)*arcsin(1/2*sqrt(2)*sqrt(d*x + 1
)))/d
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J«@+fxﬂ4A+Bx+Cx)
V1-dxV1+dx

Optimal. Leaf size=228

3.9 X

V1 - @222 (4(C (% — 8ef?) — 4f (3Ad%ef + B (d?e® + f2))) - fx (3% (4Ad? + 3C) - 2d%¢(Ce - 4Bf)))  sin™"(dx) (
24%F "

[Out] ((Ckxe - 4*xBxf)x(e + fxx)~2*Sqrt[l - d"2*x"2])/(12*d"2*f) - (Cx(e + f*x)~3%S
qrt[1 - d72*x72])/(4xd~2*f) + ((4*%(C*x(d"2%e”3 - 8xexf~2) - 4*xf*x(3*%Axd~2xexf

+ Bx(d"2*%e”2 + £72))) - £*x(3%(3*%C + 4xA*d"2)*f72 - 2xd"2xex(Cxe - 4xBxf))x*
x)*Sqrt[1 - d72*x72])/(24*xd~4*xf) + ((Cx(4*d"2*%e"2 + 3*f72) + 4*d~2*(2xBkxexf

+ Ax(2%d"2xe"2 + £72)))*ArcSin[d*x])/(8%d"5)

Rubi [A] time = 0.4926006, antiderivative size = 228, normalized size of antiderivative
1., number of steps used = 5, number of rules used = 5, integrand size = 37, number of rules _

integrand size
0.135, Rules used = {1609, 1654, 833, 780, 216}

V1 - d222 (4(C (d2° — 8ef?) - 4f (3Ad%ef + B (d?e® + f2))) - fx (3% (4Ad? + 3C) - 2d%¢(Ce - 4Bf)))  sin™"(dx) (
2445F "

Antiderivative was successfully verified.

[In] Int[((e + f*x)"2*%(A + B*x + C*x72))/(Sqrt[1 - d*x]*Sqrt[1 + d*x]),x]

[Out] ((Cxe - 4xBxf)*(e + fxx)~2*Sqrt[l - d72*x"2])/(12*d"2*f) - (Cx(e + f*x)~3%S
grt[1 - d™2xx72])/(4*%d"2xf) + ((4*(C*x(d"2*%e”3 - 8*exf~2) - 4xf*(3*kAxd~2%exf

+ Bx(d™2%e”2 + £72))) - £*x(3%(3*xC + 4xA*d"2)*f"2 - 2%d"2*ex(Cxe — 4xBx*f))x*
x)*Sqrt[1 - d72%x72])/(24*d"4*f) + ((Cx(4*d"2xe”2 + 3*f72) + 4xd~2*(2+B*exf

+ Ax(2%d"2%e”2 + £72)))*ArcSin[d*x])/(8*d"5)

Rule 1609

Int[(Px_)*((a_.) + (b_.)*x(x_))"(m_.)*((c_.) + (d_)*x))"(n_.)*x((e_.) + (f
_)*(x ))"(p_.), x_Symbol] :> Int[Px*(a*xc + b*d*x"2) m*(e + f*x)7p, x] /; F
reeQ[{a, b, ¢, d, e, f, m, n, p}, x] && PolyQ[Px, x] && EqQ[b*c + axd, 0] &
& EqQ[m, n] && (IntegerQ[m] || (GtQ[a, 0] && GtQ[c, 0]))

Rule 1654

Int[(Pq )*((d_) + (e_.)*x(x_))"(m_.)*((a_) + (c_.)*x(x_)"2)"(p_), x_Symbol]
> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]1}, Simp[(f*x(d + ex*x



83

)"(m + g - Dx(a + cxx™2)7(p + 1))/(cxe”(q - D*(m + q + 2%p + 1)), x] + Di
st[1/(cxe”q*(m + q + 2%xp + 1)), Int[(d + e*xx) mk(a + c*x~2) p*xExpandToSum[c
*e"q*(m +.q + 2%p + 1)*Pq - c*xfx(m + q + 2%p + Px(d + e*X)"q - fx(d + exx)
“(q - 2)*(a*e”2%(m + g - 1) - c*d™2*%(m + q + 2%xp + 1) - 2*cxd*ex(m + q + p)
*x), x], x], x] /; GtQlq, 1] && NeQ[m + q + 2*p + 1, 0]] /; FreeQ[{a, c, d,
e, m, pY, x] && PolyQ[Pq, x] && NeQ[c*d™2 + axe™2, 0] && !'(EqQ[d, 0] && T
rue) && !(IGtQ[m, O] && RationalQ[a, c, d, e] && (IntegerQlp] || ILtQ[p +
1/2, 01))

Rule 833

Int[((d_.) + (e_)*x_D) (@ )*((£f_.) + (g_.)*(x_))*x((a_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Simp[(g*(d + exx)"m*(a + c*x"2)7(p + 1))/(c*x(m + 2%p + 2)
), x] + Dist[1/(cx(m + 2*p + 2)), Int[(d + e*x)"(m - 1)*(a + c*xx"2) p*Simp[
ckdxfx(m + 2xp + 2) - akxexg*m + ckx(exfx(m + 2xp + 2) + dxgxm)*x, x], x], x]
/; FreeQ[{a, c, 4, e, f, g, p}, x] && NeQ[c*d"2 + axe”2, 0] && GtQ[m, 0] &
& NeQ[m + 2%xp + 2, 0] && (IntegerQ[m] || IntegerQ[p] || IntegersQ[2+*m, 2x*p]
) && ' (IGtQ[m, O] &% EqQ[f, 0])

Rule 780

Int[((d_.) + (e_)*x(x_))*((f_.) + (g_.)*(x_))*((a_) + (c_.)*(x_)"2)"(p_), x
_Symbol] :> Simp[(((exf + dxg)*(2*p + 3) + 2xexg*(p + 1)*x)*x(a + c*xx"2) " (p
+ 1))/ (2xcx(p + 1)*(2xp + 3)), x] - Dist[(axe*xg - cxd*xf*(2*p + 3))/(c*x(2*p
+ 3)), Int[(a + c*x”2)7p, x], x] /; FreeQ[{a, c, d, e, f, g, p}, x] && !'Le
Qlp, -1]

Rule 216
Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr

tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[bl]

Rubi steps
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f(e+fx)2 A+Bx+Cx)d f(e+fx)2(A+Bx+Cx2)
x =

d
VI —dxV1 +dx V1 — d?x? !
(e+fx)2(~(3C+4Ad?) f2+d2 f (Ce-4Bf)x)
Cle + fx)3V1 — d2x2 J Nemrw: dx
- 42 f B 42 f?

(e+fx)(d?f2(7Ce+12Ad?e+8Bf )
_ (Ce—4Bf)(e+ fX)PV1=d?2  Cle+ fx)°V1 - d2x2 J N
1242f 4d2f 1
 (Ce—4Bf)e+ NI —B2  Cle+ fxpVi—d2@  (4(C (e -8ef?) - 4f (3.

N 12d2f } ad2f "
_ (Ce—4Bf)(e+ fx)2V1—d%x?  Cle+ fx)*V1 - d?x? (4 (C (d263 - 8@f2) —4f (34

- 1242f i} ad2f "

Mathematica [A] time = 0.207138, size = 160, normalized size = 0.7

3sin” (dx) (4d2 (A (24%¢2 + f2) + 2Bef) + C (4d%¢ + 3f2)) - dV1 — d2x2 (12Ad> f (4e + fx) + 8B (d2 (3e? + 3efx + f2
2445

Antiderivative was successfully verified.

[In] Integrate[((e + f*xx)"2x(A + B*x + Cxx72))/(Sqrt[1 - d*x]*Sqrt[1 + d*x]),x]

[Out] (-(d*Sqrt[1l - d~2*xx"2]*(12%A*xd~2*xf*(4*e + fxx) + C*x(12%d"2xe"2*x + 16*exfx*(
2 4+ d72%x72) + 3kFT2#xk(3 + 2%d72%x72)) + 8*xBx(2*f72 + d72%(3*e”2 + 3kexf*x

+ £72%x72)))) + 3% (Cx(4xd"2%e”2 + 3*f72) + 4xd"2x(2xBxexf + A*x(2xd"2*e”2 +
£72)))*ArcSin[d*xx])/(24*d"5)

Maple [C] time = 0.024, size = 423, normalized size = 1.9

d
_CZindg )\/ dx +1Vdx +1 (6 Cesgn (d) d3V-d2x2 + 1x3 2 + 8 Besgn (d) d®V-d2x? + 1x2 f2 + 16 Cesgn (d) d®V—d2x2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*xx+e) 2% (Cxx~2+B*x+A)/(-d*x+1)~(1/2)/(d*x+1)~(1/2) ,x)
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[Out] -1/24*%(-d*x+1)~(1/2)*(d*x+1)~(1/2)*(6%C*xcsgn(d)*d~3* (-d"2*xx"2+1) "~ (1/2) *x~ 3%
£72+8*B*csgn (d) *d~3* (-d™2*x72+1) 7 (1/2) *x"2*xf"2+16*C*csgn (d) *d~3* (-d"2*x"2+1
)~ (1/2) *x"2*%exf+12*%Axcsgn (d) *d~3* (-d"2*x72+1) ~(1/2) *x*f ~2+24*B*csgn (d) *d~3*
(=d72%x72+1) " (1/2) *x*exf+12*Cxcsgn (d) *d~3* (-d~2*x"2+1) ~ (1/2) *x*e~2+48*A*csg
n(d)*d~3*(-d"2*x"2+1) " (1/2) *e*xf-24*A*arctan(csgn(d) *d*xx/(-d~2*x~2+1)~(1/2))
*xd~4*e”2+24*Bxcsgn (d) *d " 3% (-d"2+x72+1) " (1/2) *e"2+9*C*kcsgn (d) *d* (-d"2%x"2+1)
~(1/2) *x*xf72-12xAxarctan(csgn(d) *d*x/ (-d"2*x"2+1) ~(1/2) ) *d~2*f~2+16*B*csgn (
d) *d* (-d"2%x72+1) ~(1/2) *f~2-24*B*arctan (csgn(d) *d*x/ (-d"2*x"2+1) " (1/2) ) *d~2
xe*xf+32xCxcsgn (d) *d* (-d~2*x72+1) ~(1/2) *exf-12*C*xarctan(csgn (d) *d*x/ (-d~2*x"
2+1)~(1/2) ) *d~2*xe~2-9*C*xarctan(csgn(d) *d*x/ (-d~2*x~2+1) " (1/2) ) *£~2) *csgn(d)
/d"5/ (-d~2xx~2+1) ~(1/2)

Maxima [A] time = 4.34213, size = 356, normalized size = 1.56

. d2x
V=d2x2 + 1Cf2x3 A arcsin (ﬁ) V-d2x2 +1Be?  2V-d2x2 +1Aef V—d*x® + 1(2 Cef + sz)xz V-
pe TR iz 72 38

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e) 2% (Cxx~2+B*x+A)/(-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm
="maxima"

[Out] -1/4xsqrt(-d"2xx"2 + 1)*C*f~2xx~3/d"2 + Axe"2*arcsin(d”~2*x/sqrt(d~2))/sqrt(
d™2) - sqrt(-d72*x72 + 1)*Bxe”2/d"2 - 2*sqrt(-d"2*x72 + 1)*Axexf/d"2 - 1/3%

sqrt (-d72%x72 + 1)*(2*%Cxe*xf + B*f72)*x"2/d"2 - 1/2*%sqrt(-d~2*x"2 + 1)*(Cxe”

2 + 2*Bxexf + A*f72)*x/d"2 - 3/8*sqrt(-d"2*x72 + 1)*Cxf~2*xx/d~4 + 1/2%(Cxe”

2 + 2xBxexf + Axf~2)*arcsin(d™2*x/sqrt(d~2))/(sqrt(d~2)*d~2) + 3/8%Cxf~2*ar
csin(d™2*x/sqrt(d”™2))/(sqrt(d~2)*d"4) - 2/3*%sqrt(-d~2*x"2 + 1)*(2xCkxexf + B
*x£72)/d"4

Fricas [A] time = 1.14281, size = 435, normalized size = 1.91

(6 Cd® 223 + 24 Bd®e? + 16 Bdf2 +16 (3 Ad® + 2 Cd)ef + 8 (2 CdPef + Bdf2)x? + 3 (4 Cd®¢ + 8 Bdef + (4 Ad® +
24 5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 2% (Cxx~2+B*x+A)/(-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm
="fricas")
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[Out] -1/24%((6*%Cxd~3*f~2*%x"3 + 24*B*d"3*e”2 + 16*Bxd*f~2 + 16%(3*%A*d~3 + 2*Cxd)*
exf + 8x(2xCxd~3xexf + Bxd"3*f72)*x"2 + 3% (4*Cxd~3*%e”2 + 8*Bxd 3*xexf + (4*A
xd"3 + 3*%Cxd)*f"2)*x)*sqrt(d*x + 1)*sqrt(-d*x + 1) + 6% (8*Bxd 2xe*xf + 4* (2%
Axd~4 + Cxd~2)*e”2 + (4*Axd"2 + 3*C)*f~2)*arctan((sqrt(d*x + 1)*sqrt(-d*x +

1) - 1)/(d*x)))/d"5

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)**2% (Ckx**2+B*xx+A)/(~d*x+1)**(1/2)/(d*x+1)**(1/2) ,x)

[Out] Timed out

Giac [A] time = 2.82415, size = 352, normalized size = 1.54

(48 Ad™ fe ~12 Ad'S f2 + 24 Bd'%¢? — 24 Bd'® fe + 24 Bd'7 f2 ~12 Cd'8e? + 48 Cd" fe — 15 Cd'6 f2 + (12 Ad'3 2 + 24

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 2% (Cxx~2+B*xx+A)/(-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm

="giac")

[Out] -1/86016*%((48*xA*xd~19*f*e - 12%A*d"18*f~2 + 24*Bxd~19*e”2 - 24%B*d"18*fx*e +
24xBxd~17*f"2 - 12%C*xd"18*e"2 + 48*Cxd~17*f*xe - 15%xCxd"16%f~2 + (12%Axd~18%
72 + 24x%B*xd"18%f*e - 16*%B*xd"17*xf"2 + 12*%Cxd"18%e”2 - 32*%Cxd"17xf*e + 27*Cx
d716%f72 + 2% (3x(d*x + 1)*Cxd~16*f"2 + 4*Bxd~17*f"2 + 8*xCxd~17*xfxe - 9*Cxd~
16%f72)*(d*x + 1))*(d*x + 1))*sqrt(d*x + 1)*sqrt(-d*x + 1) - 6% (8xA*d~20*e”
2 + 4xA*d718*%f72 + 8*Bxd~18xfxe + 4*C*xd~18*e”2 + 3*Cxd~16*xf~2)*arcsin(1/2*s

qrt (2)*sqrt(d*x + 1)))/d
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3.10

f (e+fx) A+Bx+Cx )
X

V1-dxV1+dx

Optimal. Leaf size=130

V1 - 232 (2 (32 f(Af + Be) - C (d2e? - 2f2)) - d2fx(Ce — 3Bf))  sin~"(dx) (2Ad% + Bf + Ce)  CV1 - d22(e
6% f " 2P B 3 f

[Out] -(Ckx(e + f*x)~2xSqrt[l - d™2*x72])/(3*xd"2xf) - ((2%(3*d"2xf*(Bxe + Axf) - C
x(d72%e”2 - 2xf72)) - d72*f*x(Cxe — 3*B*f)*x)*Sqrt[l - d~2*x"2])/(6%d~4*f) +
((Cxe + 2xAxd~2%e + Bxf)*ArcSin[d*x])/(2%d~3)

Rubi [A] time = 0.229777, antiderivative size = 133, normalized size of antiderivative =

. . f rul
1.02, number of steps used = 4, number of rules used = 4, integrand size = 35, number of rules

= 0.114, Rules used = {1609, 1654, 780, 216}

integrand size

N (2 (3d2 f(Af +Be) - 1C (22 -4 f2)) _ dfx(Ce - 3B f)) sin” (@) (2Ad%e + B + Co) VI~
B 6 " 28 B 3

Antiderivative was successfully verified.

[In] Int[((e + fxx)*(A + B*x + Cxx72))/(Sqrtl[l - d*x]*Sqrt[1 + d*x]),x]

[Out] -(Cx(e + f*xx) 2*xSqrt[l - d™2%x72])/(3*d™2xf) - ((2%(3*xd"2*f*(Bxe + Axf) - (
Ckx(2*d"2xe”2 - 4*xf~2))/2) - d"2*xf*(Ckxe - 3*B*f)*x)*Sqrt[1 - d~2*x"2])/(6*d"
4xf) + ((Cxe + 2*%Axd~2%e + Bxf)*ArcSin[dx*x])/(2xd~3)

Rule 1609

Int [(Px_)*((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_)*x(x_))"(n_.)*x((e_.) + (£
_)*(x )" (p_.), x_Symbol]l :> Int[Px*(a*xc + b*d*x~2) mx(e + f*x)°p, x] /; F
reeQ[{a, b, ¢, d, e, £, m, n, p}, x] && PolyQ[Px, x] && EqQ[b*c + axd, 0] &
& EqQ[m, n] && (IntegerQ[m] || (GtQ[a, 0] && GtQl[c, 01))

Rule 1654

Int[(Pq )*((d_) + (e_.)*(x_))"(m_.)*((a_) + (c_.)*(x_)"2)"(p_), x_Symbol]

> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]1}, Simp[(f*(d + ex*x
)"(m + g - Dx(a + cxx"2)"(p + 1))/(c*e”(q - D)*(m + g + 2%p + 1)), x] + Di
st[1/(cxegx(m + q + 2*xp + 1)), Int[(d + exx) " mx(a + c*x~2) p*ExpandToSum[c
xe"qx(m + q + 2%p + 1)*Pq - c*xf*x(m + q + 2%p + 1)x(d + exx)"q - f*x(d + exx)
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“(qg - 2)*%(axe™2x(m + q - 1) - cxd™2x(m + q + 2%xp + 1) - 2%c*d*ex(m + q + p)
*x), xJ, x], x] /; GtQlq, 1] && NeQ[m + q + 2*p + 1, 011 /; FreeQl{a, c, d,
e, m, pr, x] && PolyQ[Pq, x] && NeQ[c*d~2 + axe~2, 0] && !(EqQ[d, O] && T
rue) && !(IGtQ[m, O] && RationalQ[a, c, d, e] && (IntegerQ[p] || ILtQ[p +
1/2, 01))

Rule 780

Int[((d_.) + (e_.)*(x_))*((f_.) + (g_)*xx_))*((a_) + (c_.)*(x_)"2)"(p_), x
_Symbol] :> Simp[(((exf + dxg)*(2*p + 3) + 2xexg*(p + 1)*x)*x(a + c*xx"2) " (p
+ 1))/ (2%cx(p + 1)*(2%p + 3)), x] - Dist[(axexg — ckdxf*(2xp + 3))/(cx(2*p
+ 3)), Int[(a + c*x"2)7p, x], x] /; FreeQ[{a, c, d, e, f, g, p}, x] && !Le
Qlp, -1]

Rule 216
Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr

tla]l/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rubi steps

f(e+fx)A+Bx+Cx)d f(e+fx)(A+Bx+Cx2)
x =

d
V1 —dxV1 +dx V1 — d2x? :
(e+fx)(~(2C+3Ad?) f2+d2 f (Ce-3Bf)x)
_Cle+ Fx)2V1 - d2x2 ~ f Vi dx
3d2f 3d2f2
Clos oV i—@2  (2(3f(Be+ Af) - 1C (22 ~ 4f%)) - 2 F(Ce - 3Bf)x)
- 3d2f - 6dif
Clos forVi—d2  (2(3f(Be+ AP - 1C (220 ~ 45%)) - F(Ce - 3Bf)x)
- 3d2f - 6 f

Mathematica [A] time = 0.100861, size = 88, normalized size = 0.68

3dsin ™ (dx) (2Ad%e + Bf + Ce) — V1 — d%x? (6 Ad? f + 3Bd?(2¢ + fx) + C (3d2ex + 2d2 fx2 + 4f )
6d

Antiderivative was successfully verified.

[In] Integratel[((e + fxx)*(A + Bxx + C*x"2))/(Sqrt[l - d*x]*Sqrtl[l + d*x]),x]
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[Out] (-(Sqrtl[1l - d™"2*xx72]*(6*xAxd"2*f + 3*Bxd~2x(2%e + f*x) + Cx(4*f + 3*xd"2%exx
+ 2%d72xf*x72))) + 3xd*(Cxe + 2%Axd"2*e + Bxf)*ArcSin[d*x])/(6*d"4)

Maple [C] time = 0.018, size = 235, normalized size = 1.8

d
_ngl;f )\/—dx +1Vdx +1 (2 Cesgn (d) V=d2x2 + 1x?d? f + 3 Besgn (d) V—=d2x2 + 1xd? f + 3 Cesgn (d) V-d2x2 + 1x

Verification of antiderivative is not currently implemented for this CAS.

[In] int((fxx+e)*x(C*xx"2+B*x+A)/(-d*x+1)~(1/2)/(d*x+1)"(1/2) ,x%)

[Out] -1/6%(-d*x+1)~(1/2)*(d*x+1)~(1/2)*(2*%C*xcsgn(d) * (-d~2*x"2+1) ~(1/2) *x~2*d~2*f
+3*%Bxcsgn (d) * (—d"2*xx"2+1) 7 (1/2) *x*d~2*xf+3*%Cxcsgn(d) * (-d~2*x"2+1) 7 (1/2) *x*d”
2xe+6*xAxcsgn (d) * (-d"2*x"2+1) " (1/2) *d~2*f-6*A*arctan(csgn(d) *d*x/ (-d"2xx~2+1

)~ (1/2)) *d"3*e+6%B*csgn(d) * (-d"2xx"2+1) ~(1/2) *d~2xe-3*Bxarctan (csgn(d) *d*x/
(=d™2*xx72+1) 7 (1/2) ) *d*f+4*Cxcsgn(d) * (-d"2*x"2+1) ~(1/2) *f-3*C*arctan(csgn(d)

xd*x/ (-d"2%xx"2+1) 7 (1/2) ) *d*e) *csgn(d) /d~4/ (-d"2*xx"2+1) " (1/2)

Maxima [A] time = 3.60375, size = 205, normalized size = 1.58

2

. dcx
 V=d*2 +1Cfx° . Aearcsin (\ﬁ) _ V=d*x? +1Be  V-d?x* +1Af V-d2x? + 1(C€ + Bf)x . (Ce + Bf) arcs
38 NF 7 7 282 NET:

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)* (Cxx~2+B*x+A)/(-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm="
maxima")

[Out] -1/3*sqrt(-d~2*x"2 + 1)*Cxf*x~2/d"2 + Axexarcsin(d~2*x/sqrt(d~2))/sqrt(d~2)
- sqrt(-d"2*xx72 + 1)*Bxe/d"2 - sqrt(-d™2*x72 + 1)*Axf/d"2 - 1/2*%sqrt(-d~2x*

X"2 + 1)*(Cxe + B*xf)*x/d"2 + 1/2%(Cxe + Bxf)*arcsin(d~2*x/sqrt(d~2))/(sqrt(
d"2)*d"2) - 2/3*%sqrt(-d"2*x"2 + 1)*Cxf/d~4

Fricas [A] time = 1.08703, size = 267, normalized size = 2.05

(2Cd2f22 + 6 Bd%e +2 (3 Ad? +2C) f + 3 (CdPe + B2 f)x)Vdx + 1V~dx + 1+ 6 (Bdf + (2 Ad® + Cd)e) arctan (Y
64
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)* (Ckxx~2+B*x+A)/(-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm="
fricas")

[Out] -1/6%((2%xC*xd~2%f*x"2 + 6%B*d"2%e + 2% (3*%Axd~2 + 2*C)*f + 3% (Cxd~2%e + B*d"2
*xf)*x)*sqrt (dxx + 1)*sqrt(-d*x + 1) + 6x(Bxd*f + (2%A*d~3 + Cxd)*e)*arctan(
(sqrt(d*x + 1)*sqrt(-d*x + 1) - 1)/(d*x)))/d"4

Sympy [C] time = 112.876, size = 617, normalized size = 4.75

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)* (Ckx**2+Bxx+A)/(~d*x+1)**(1/2)/(d*x+1)**(1/2) ,%)

[Out] -IxAxe*meijerg(((1/4, 3/4), (1/2, 1/2, 1, 1)), ((o, 1/4, 1/2, 3/4, 1, 0), (
)), 1/(d*x2*x**2)) /(4*pi**(3/2)*d) + Axexmeijerg(((-1/2, -1/4, 0, 1/4, 1/2,
1, O), ((-1/4, 1/4), (-1/2, 0, 0, 0)), exp_polar(-2*I*pi)/(d**2*x**2))/(
Axpix*(3/2)*d) - IxAxfxmeijerg(((-1/4, 1/4), (0, 0, 1/2, 1)), ((-1/2, -1/4,
0, 1/4, 1/2, 0), ), 1/(d*x2xx*%x2))/(4*pix*(3/2)*d**2) - Axfxmeijerg(((-1
, —3/4, -1/2, -1/4, 0, 1), O), ((-3/4, -1/4), (-1, -1/2, -1/2, 0)), exp_po
lar (-2%I*pi) / (d**2*x**2) )/ (4*pi**(3/2)*d**2) - I*Bkxexmeijerg(((-1/4, 1/4),
(0, 0, 1/2, 1)), ((-1/2, -1/4, 0, 1/4, 1/2, 0), ()), 1/(d**2*x**2))/(4*pi**
(3/2)*d**2) - Bxekmeijerg(((-1, -3/4, -1/2, -1/4, 0, 1), O), ((-3/4, -1/4)
, (=1, -1/2, -1/2, 0)), exp_polar(-2*xIx*pi)/(dx*2*x**2))/(4*xpi**(3/2)*d**2)
- I*Bxfxmeijerg(((-3/4, -1/4), (-1/2, -1/2, 0, 1)), ((-1, -3/4, -1/2, -1/4,
0, 0), ), 1/(d**2*x**2))/(4*xpi**(3/2)*d**3) + Bxf*meijerg(((-3/2, -5/4,
-1, -3/4, -1/2, 1), O), ((-5/4, -3/4), (-3/2, -1, -1, 0)), exp_polar(-2*Ix
pi)/ (d**2*xx**2)) / (4*pi** (3/2)*d**3) - I*Cke*meijerg(((-3/4, -1/4), (-1/2, -
1/2, 0, 1)), ((-1, -3/4, -1/2, -1/4, 0, 0), ()), 1/(d**2*x*xx2))/(4d*xpix*(3/2
)*xd**3) + Cxexmeijerg(((-3/2, -5/4, -1, -3/4, -1/2, 1), ), ((-5/4, -3/4),
(-3/2, -1, -1, 0)), exp_polar(-2xIx*pi)/(d**2*x**2))/(4*pi**(3/2)*d**3) - I
*Cxfxmeijerg(((-5/4, -3/4), (-1, -1, -1/2, 1)), ((-3/2, -5/4, -1, -3/4, -1/
2, 0), ), 1/(d*x2%x*%x2))/(4xpix*(3/2)*d**4) - Cxf#meijerg(((-2, -7/4, -3/
2, -5/4, -1, 1, O), ((-7/4, -5/4), (-2, -3/2, -3/2, 0)), exp_polar(-2xI*p
i)/ (d**2%x**2) ) / (4*pi**(3/2) *d**4)
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time = 1.98318, size = 186, normalized size = 1.43

Giac [A]
(6 Ad'f + 6 Bd'le - 3Bd'f - 3Cd % + 6 Cd*f + (2 (dx + 1)Cd°f + 3Bd"f + 3 Cd"% — 4 Cd° f)(dx + 1)) Vdx + 1
3840d

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((f*x+e)*(Cxx~2+B*xx+A)/(-d*x+1)7(1/2)/(d*x+1)~(1/2),x, algorithm="
giac")

[Out] -1/3840%((6%xA*d~11*f + 6xB*d"11lxe - 3*xB*d~10*f - 3*xC*d~10*e + 6xC*d~9*f + (
2% (d*x + 1)*C*d~9*f + 3*Bxd~10%f + 3*C*d~10%e - 4*Cxd~9*f)*(d*xx + 1))*sqrt(
dxx + 1)*sqrt(-d*x + 1) - 6%(2xA*d"12%xe + Bxd~10*f + Cxd~10%*e)*arcsin(1/2x%s

qrt (2)*sqrt(d*x + 1)))/d
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A+Bx+Cx?
3.11 f V1-dxV1+dx dx

Optimal. Leaf size=63

(2Ad2 -+ C) sin'(dx) BVI—d2x2  CxVl - d2x2
243 d? 242

[Out] —((B*Sqrt[l - d72xx"2])/d"2) - (C*X*Sqrt[l - d72xx72])/(2%d"2) + ((C + 2x%Ax
d~2)*ArcSin[dx*x])/(2*d"3)

Rubi [A] time = 0.0608195, antiderivative size = 63, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 30, e -

integrand size
0.133, Rules used = {899, 1815, 641, 216}

(2Ad2 + C)sin'(dx) BVI—d22 CxV1-d2x2
200 P 282

Antiderivative was successfully verified.

[In] Int[(A + B*x + Cxx"2)/(Sqrt[1l - d*xx]*Sqrt[1 + d*x]),x]

[Out] —((B*Sqrt[l - d"2xx"2])/d"2) - (C*X*Sqrt[l - d72xx72])/(2%d"2) + ((C + 2x%Ax
d~2)*ArcSin[dx*x])/(2*d"3)

Rule 899

Int[((d_) + (e_)*(x_))"(m_)*((f_) + (g_)*x_))"(m)*((a_.) + (b_.)*x(x_) +

(c_)*(x_)"2)"(p_.), x_Symbol] :> Int[(d*f + e*xg*x~2) mx(a + b*x + c*xx"2)"
p, x] /; FreeQ[{a, b, ¢, d, e, f, g, m, n, p}, x] & EqQ[m - n, 0] && EqQ[e
xf + dxg, 0] &% (IntegerQ[m] || (GtQ[d, O] && GtQ[f, 0]))

Rule 1815

Int[(Pq )*x((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{q = Expon[Pq, x],
e = Coeff[Pq, x, Expon[Pq, x]1}, Simp[(exx~(q - 1)*(a + bxx"2)"(p + 1))/ (b*
(g + 2xp + 1)), x] + Dist[1/(bx(q + 2*%p + 1)), Int[(a + b*x"2) “p*ExpandToSu
m[bx(q + 2%p + 1)*Pq - a*xex(q - 1)*x7(q - 2) - bxex(q + 2%p + 1)*x7q, x], X
1, x]1]1 /; FreeQ[{a, b, p}, x] && PolyQ[Pq, x] && !'LeQlp, -1]

Rule 641
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Int[((d)) + (e_.)*x(x_))*((a ) + (c_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[(ex(
a + cxx”2)7(p + 1))/ (2%cx(p + 1)), x] + Dist[d, Int[(a + c*x72)7p, x], x] /
; FreeQ[{a, c, d, e, p}, x] && NeQ[p, -1]

Rule 216

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
t[all1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rubi steps
f A + Bx + Cx? fA+Bx+Cx
V1 —dxV1 + dx V1 — d2x2

—C-2Ad?2-2Bd%x

covi—ee | e

22 242
2 1
_ BVI-@2 CxVi-d2 (-C-24d%) [ —=dx
B d2 242 242
BV1-d2x2  CxV1 - d?x? (C + 2Ad2) sin”" (dx)
ST & e 28

Mathematica [A] time = 0.0340787, size = 45, normalized size = 0.71

(2Ad? + C) sin™(dx) - dV1 - d2x2(2B + Cx)
245

Antiderivative was successfully verified.

[In] Integrate[(A + B*x + C*x72)/(Sqrt[l - d*xx]*Sqrt[1l + d*x]),x]

[Out] (-(d*(2#B + C*x)*Sqrt[1 - d~2*x72]) + (C + 2xA*d~2)*ArcSin[d*x])/(2%d~3)

Maple [C] time = 0.016, size = 117, normalized size = 1.9

d dyd
csgn )\/ dx +1Vdx + 1|2 Aarctan csgn (@) dx d? — Cesgn (d) dV—-d2x? + 1x — 2 BV-d?x2 + 1csgn (d) d + C ar
243 V_d2x2 +1

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((Cxx~24B*x+A)/(-d*x+1)~(1/2)/(d*x+1)~(1/2),x)

[Out] 1/2%(-d*x+1)~(1/2)*(d*x+1)~(1/2)/d"3*(2*A*arctan(csgn(d) *d*xx/(-d"2*x"2+1) ~(
1/2))*d"2-Cxcsgn(d) *d* (-d~2*x"2+1) ~(1/2) *x-2*B* (-d"2*x~2+1) " (1/2) *csgn (d) *d
+Cxarctan(csgn(d) *d*x/(-d"2%x"2+1) 7 (1/2)))/ (-d"2*%x~2+1) ~(1/2) *csgn(d)

Maxima [A] time = 3.77625, size = 105, normalized size = 1.67

. A2y . d?x
Aarcsin (\/ﬁ) V-d?x2 +1Cx  V-d?x%2 +1B N Carcsin (\/?)
N 242 a2 2 V22

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+B*x+A)/(-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm="maxima")

[Out] Axarcsin(d~2*x/sqrt(d~2))/sqrt(d™2) - 1/2*%sqrt(-d~2*x"2 + 1)*C*x/d"2 - sqrt
(-d72%x"2 + 1)*B/d"2 + 1/2xC*arcsin(d”~2x*x/sqrt(d~2))/(sqrt(d~2)*d~2)

Fricas [A] time = 1.01916, size = 167, normalized size = 2.65

(Cdx +2 Bd)Vdx +1v=dx +1+ 2 (2 Ad? + C) arctan (—W“ Vd;d“-l )

B 243

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+B*x+A)/(-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm="fricas")

[Out] -1/2%((Cxd*x + 2*Bxd)*sqrt(d*x + 1)*sqrt(-d*x + 1) + 2%x(2xA*d"2 + C)*arctan
((sqrt(d*x + 1)*sqrt(-d*x + 1) - 1)/(d*x)))/d"3

Sympy [C] time = 20.572, size = 282, normalized size = 4.48

13 11 1 1 11 11 1
13 i1 S O ain _Ld 0,0,
. 6,2 ’ 2797 1 2,6 27 4’y g e . 6,2 44 Y
iAGgg| 113 72| AGgs 11 1 22| BGes| 1 1%
0/ ZI E/ 111/0 + _Z/Z _510/0/0 _E/_ZIO/ Z/ E/O
3 3 3
4rzd 4rzd 472d?
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxx**2+Bxx+A)/(-d*x+1)**(1/2)/(d*x+1)**(1/2),%)

[Out] -I*A*meijerg(((1/4, 3/4), (1/2, 1/2, 1, 1)), ((0, 1/4, 1/2, 3/4, 1, 0), )
, 1/ (dx*x2xx*x2)) / (4xpix* (3/2)*d) + A*meijerg(((-1/2, -1/4, 0, 1/4, 1/2, 1),

0O), ((-1/4, 1/4), (-1/2, 0, 0, 0)), exp_polar(-2xIxpi)/(d**2xxx*2))/(4*pi
*x%(3/2)*d) - I*B*meijerg(((-1/4, 1/4), (0, 0, 1/2, 1)), ((-1/2, -1/4, 0, 1/
4, 1/2, 0), ), 1/(d*x*2xx*x2))/(4xpi**(3/2)*d**2) - Bxmeijerg(((-1, -3/4,
-1/2, -1/4, 0, 1), O), ((-3/4, -1/4), (-1, -1/2, -1/2, 0)), exp_polar(-2*I
*pi) / (d**2xx**2)) / (4xpix* (3/2) *d**2) - IxC*meijerg(((-3/4, -1/4), (-1/2, -1
/2, 0, 1)), ((-1, -3/4, -1/2, -1/4, 0, 0), ), 1/(d**2xxx*2))/(4xpi**(3/2)
xd*x3) + Cxmeijerg(((-3/2, -5/4, -1, -3/4, -1/2, 1), O), ((-5/4, -3/4), (-
3/2, -1, -1, 0)), exp_polar(-2*Ix*pi)/(d**2*x**2))/(4*pi**(3/2)*d**3)

Giac [A] time = 3.10339, size = 97, normalized size = 1.54

((@x + 1)CA* + 2 B = Ct) Vil + V= +1 -2 (2 Ad® + Ca ) avesin (§ V2V +1)
1924

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm="giac")

[Out] -1/192%(((d*x + 1)*C*d~4 + 2*B*d"5 - C*xd~4)*sqrt(d*x + 1)*sqrt(-d*x + 1) -
2% (2xA*d”6 + Cxd~4)*arcsin(1/2*xsqrt(2)*sqrt(d*x + 1)))/d
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A+Bx+Cx?
312 [ = Nt

Optimal. Leaf size=122

2 5 1 d2ex+f
(Af Bef + Ce )tan (—m dZeZ—fZ) ) sin_l(dx)(Ce ~ Bf) ) CV1 — d2x2
2 (1202 _ 72 df? af

[Out] -((CxSqrt[1 - d72%x72])/(d"2*xf)) - ((Cxe - Bxf)xArcSin[dx*x])/(d*f~2) + ((Cx
e”2 - Bxexf + A*xf"2)xArcTan[(f + d~2xex*x)/(Sqrt[d~2*e”2 - £72]xSqrt[1 - d72
*xx72]1)])/(£°2%Sqrt [d"2%e~2 - £72])

Rubi [A] time = 0.282661, antiderivative size = 122, normalized size of antiderivative

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 37, e -

integrand size
0.162, Rules used = {1609, 1654, 844, 216, 725, 204}

2
A 2 B 2 t -1 d ex+f
(Af? = Bef + Ce%) tan (\/—1—d2x2 22 72) sin \(dx)(Ce-Bf) CV1-d2x2
fz /dzez _fz dfz d2f

Antiderivative was successfully verified.

[In] Int[(A + Bxx + C*x72)/(Sqrtl[l - d*x]*Sqrt[1 + d*x]*(e + f*x)),x]

[Out] -((CxSqrt[1 - d~2*x"2])/(d"2xf)) - ((Cxe - Bxf)*ArcSin[d*x])/(d*f~2) + ((Cx
e”2 - Bxexf + A*xf72)xArcTan[(f + d™2xex*x)/(Sqrt[d~2*e”2 - £72]*Sqrt[1 - d72
*x72]1)]) /(£ 2*Sqrt [d"2*e”2 - £72])

Rule 1609

Int [(Px_)*((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_)*x(x_))"(n_.)*x((e_.) + (£
_D)*(x_))"(p_.), x_Symbol] :> Int[Pxx(a*c + b*d*x~2) m*(e + f*x)7p, x] /; F
reeQ[{a, b, ¢, d, e, £, m, n, p}, x] && PolyQ[Px, x] && EqQ[b*c + axd, 0] &
& EqQ[m, n] && (IntegerQ[m] || (GtQ[a, 0] && GtQl[c, 01))

Rule 1654

Int[(Pq )*((d_) + (e_.)*x(x_)) " (m_.)*x((a_) + (c_.)*x(x_)"2)"(p_), x_Symbol]
> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]1}, Simp[(f*(d + e*x
)>(m + g - Dx*(a + cxx"2)"(p + 1))/(c*xe”(q - 1)*(m + q + 2%xp + 1)), x] + Di
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st[1/(cxeg*x(m + q + 2*xp + 1)), Int[(d + e*xx) " m*x(a + c*x~2) p*ExpandToSum[c
xe"qx(m + q + 2%p + 1)*Pq - c*xf*(m + q + 2%p + 1)*x(d + exx)"q - f*x(d + exx)
“(q - 2)*%(a*e”2%(m + q - 1) - c*d™2*%(m + q + 2%xp + 1) - 2*cxd*ex(m + q + p)
*x), x], x], x1 /; GtQlq, 1] && NeQ[m + q + 2*p + 1, 0]] /; FreeQ[{a, c, d,
e, m, pr, x] && PolyQ[Pq, x] && NeQ[c*d"2 + axe”2, 0] && !(EqQ[d, 0] && T
rue) && !(IGtQ[m, O] && RationalQ[a, c, d, e] && (IntegerQlp] || ILtQ[p +
1/2, 01))

Rule 844

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_)*xx))*((a) + (c_.)*x(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*(a + c*xx"2)7p, x], x] + D
ist[(exf - d*g)/e, Int[(d + exx) mx(a + c*xx"2)7p, x], x] /; FreeQ[{a, c, 4,
e, £, g, m, p}, x] && NeQ[cxd"2 + a*e”2, 0] && 'IGtQ[m, O]

Rule 216

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
t[all/Rt[-b, 21, x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[bl

Rule 725

Int[1/(((d_) + (e_.)*(x_))*Sqrtl(a_) + (c_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(c*d™2 + a*xe”™2 - x72), x], x, (a*xe - c*d*x)/Sqrtla + c*x"2]] /; FreeQ
[{a, c, 4, e}, x]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rubi steps
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A + Bx + Cx?

f A + Bx + Cx? P f p
X = X
V1 —dxV1 + dx(e + fx) (e + fx)V1 — d%x?
Ad? f2+d2 f(Ce-Bf)x

_CVI-d2% J (et fr)VI-d22

de d2f2

1 2 2 L
— _C V1 — d*x® _ (Ce-Bf) f Vi-d2x? * + (Ce P+ 4 ) f (e+fx)V1-d?x? ax
- d%f fz fz

1
VIS @2 (Ce-Bfysindn) (CF —Bef + Af?) Subst (f R N,
T f?
2 2 -1 f+d2ex
CVI— @ (Ce~Bf)sin” (dx) (Ce~ Bef + Af?) tan (\/—dzez—fz\/—l—dez)

P2f df? " Ny

Mathematica [A] time = 0.127119, size = 117, normalized size = 0.96

2
f(Af-Be)+Ce? tan_l[ﬁ]
( ) V1-d2:2 [ d2e2 2 N sin~}(dx)(Bf-Ce) _ CfV1-d22
VEEf d ~
f2

Antiderivative was successfully verified.

[In] Integrate[(A + B*x + Cxx72)/(Sqrt[1 - d*x]*Sqrtl[1 + d*x]*(e + f*x)),x]

[Out] (-((C*fxSqrtl[1 - d~2xx72]1)/d"2) + ((-(C*xe) + Bxf)*ArcSin[d*x])/d + ((Cxe~2
+ fx(-(Bxe) + Axf))*ArcTan[(f + d™2*exx)/(Sqrt[d™2*e”2 - £72]*Sqrt[1 - d72%
x72])])/Sqrt[d~2%e”2 - £72])/f"2

Maple [C] time = 0., size = 373, normalized size = 3.1

—Acsgn (d) In [2 jﬁ [dzex + —dze;—z_fz\/—dzxZ +1f + f]J d?f? + Besgn (d) In [2 ﬁ [dzex + \/—752

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((C*x~2+B*x+A)/(fxx+e)/(~d*x+1)~(1/2)/(d*x+1)~(1/2),x)

[Out] (-A*csgn(d)*1n(2*(d"2xe*xx+(-(d"2*%e"2-£72)/£72) " (1/2)*(-d"2*x~2+1) " (1/2) *xf+f
)/ (f*xx+e) ) *d~2*x£72+B*csgn (d) *1n (2% (d"2*e*xx+ (- (d"2xe"2-£72) /£72) " (1/2) *(-d"2
*x"2+1) " (1/2) *f+£) / (f*x+e) ) *d"2*e*f-Cxcsgn(d) *1n (2% (d"2*e*xx+(-(d"2xe"2-£72)
/£72)7(1/2) % (-d"2xx"2+1) " (1/2) xf+f) / (f*x+e) ) *d"2*e”~2+B*arctan (csgn (d) *d*x/ (
—-d72%x72+1) " (1/2) ) *d*£72% (- (d"2%e"2-£72) /£72) 7 (1/2) -C*csgn (d) *£ ~2* (-d"2xx~2
+1)7(1/2) % (-(d"2%e"2-£72) /£72) ~(1/2) -C*xarctan(csgn (d) *d*x/ (-d"2*xx~2+1) ~(1/2
))*)dxexf* (- (d"2%e”2-£72) /£72) 7 (1/2) ) * (=d*x+1) ~(1/2) * (d*x+1) " (1/2) *csgn(d) / (
-(d"2%e"2-£72) /£72)~(1/2) /£73/(-d"2*x"2+1) " (1/2) /d"2

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(f*x+e)/(-d*x+1)~(1/2)/(d*x+1)"(1/2),x, algorithm="
maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 30.0132, size = 1019, normalized size = 8.35

(C22 = BaPef + A )= + flog (‘izef i | m i )”_Wd_) +(Ca

fx+e

d4€2f2 _ d2f4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*xx~2+B*x+A)/(f*x+e)/(-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm="
fricas")

[Out] [-((C*d"2xe”2 - B*d 2*xexf + Axd"2*f"2)*sqrt(-d"2*e”2 + £72)*log((d 2*e*f*x
+ £72 - sqrt(-d"2xe”2 + £72)*(d"2*xe*x + f) - (sqrt(-d~2*e”2 + £72)*sqrt(-dx*
x + 1)*xf + (d72%e”2 - £72)*sqrt(-d*x + 1))*sqrt(d*x + 1))/(f*x + e)) + (Cxd
“2%e”"2xf - C*f73)*sqrt(d*x + 1)*sqrt(-d*x + 1) - 2x(Cxd~3*e”3 - Bxd~3xe”2xf

- Cxd*xexf~2 + Bkxdxf~3)*arctan((sqrt(d*x + 1)*sqrt(-d*x + 1) - 1)/(d*x)))/(
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d™4*e”2xf72 - d72xf74), (2%(C*d"2%e”2 - Bkxd"2*exf + Axd"2xf"2)*sqrt(d~2*e”2

- f72)*arctan(-(sqrt(d™2*e”2 - £72)*sqrt(d*x + 1)*sqrt(-d*x + 1)*e - sqrt(
d™2%e”2 - £72)x(fxx + e))/((d"2*%e”2 - £72)*x)) - (Cxd~2*e”"2xf - C*xf~3)*sqrt
(d*x + 1)*sqrt(-d*x + 1) + 2*%(C*d"3*e”3 - B*d"3*e"2+f - Ckdxe*f~2 + Bxd*f~3
)*arctan((sqrt(d*x + 1)*sqrt(-d*x + 1) - 1)/(d*x)))/(d"4*e~2xf~2 - d~2*xf~4)
]

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

f A+ Bx +Cx?
(e +fx) V-dx +1Vdx +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxx**2+Bxx+A)/(f*x+e)/(~d*xx+1)*x(1/2)/(d*x+1)**(1/2),x)

[Out] Integral((A + B*x + Cxx*x2)/((e + f*x)*sqrt(-d*x + 1)*sqrt(d*x + 1)), x)

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(f*x+e)/(-dxx+1)~(1/2)/(d*x+1)"(1/2),x, algorithm="
giac")

[Out] Exception raised: TypeError
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A+Bx+Cx?
313 [— N

Optimal. Leaf size=163

T (Af? - Bef + CY) tan ™! (—Vﬁjzj’;;f;__fz) (-Ad%ef? + Bf® + Cd%e® - 2Cef?) C sin” (00
f(dzez _fz) (e + fx) B 1 (d2e2 _f2)3/2 + df?

[Out] ((C*xe”2 - Bxexf + A*f~2)*Sqrt[1 - d™2*x72])/(f*(d"2*xe”2 - £72)*(e + f*x)) +
(C*ArcSin[d*x])/(d*f72) - ((Cxd"2*%e”3 - 2%Ckexf~2 - A*d"2%exf~2 + B*xf~3)*A
rcTan[(f + d™2*ex*x)/(Sqrt[d~2*e”2 - £72]xSqrt[1 - d™2xx"2])])/(£72x(d"2*e"2

- £72)7(3/2))

Rubi [A] time = 0.295465, antiderivative size = 163, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 37, e -

0.162, Rules used = {1609, 1651, 844, 216, 725, 204}

integrand size

2 (Af2 ~Bef+ Cez) tan™! (—\/Wizz/;ez__ﬂ) (—Aclzef2 + Bf3 + Cd?e - 2Cef2) Csin"L(dx)
f (dzez _ fz) (e + fx) - 72 (d2e2 _ f2)3/2 ’ df?

Antiderivative was successfully verified.

[In] Int[(A + Bxx + C*x~2)/(Sqrt[1l - d*xx]*Sqrt[l + dxx]*(e + f*x)72),x]

[Out] ((C*e”2 - Bxexf + Axf~2)xSqrt[l - d™2*x72])/(f*(d"2%xe”2 - £72)*(e + f*x)) +
(CxArcSin[d*x])/(A*f~2) - ((Cxd~2xe”3 - 2%Ckxe*xf~2 - Axd"2*xexf~2 + B*xf~3)*A
rcTan[(f + d"2*ex*xx)/(Sqrt[d~2*e”2 - £72]*Sqrt[1 - d~2*x~2])])/(£72*(d"2*e"2

- £72)7(3/2))

Rule 1609

Int[(Px_)*((a_.) + (b_)*x(x))"(m_.)*x((c_.) + (d_)*xx))"(n_.)*x((e_.) + (f
_)*(x )" (p_.), x_Symbol] :> Int[Px*(a*xc + b*d*x~2) mx(e + f*x)7p, x] /; F
reeQ[{a, b, ¢, d, e, f, m, n, p}, x] && PolyQ[Px, x] && EqQ[b*c + axd, 0] &
& EqQ[m, n] && (IntegerQ[m] || (GtQ[a, 0] && GtQ[c, 0]))

Rule 1651



102

Int[(Pq )*((d_) + (e_.)*(x_)) " (m_)*x((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :>
With[{Q = PolynomialQuotient[Pq, d + e*x, x], R = PolynomialRemainder [Pq,

d + exx, x]}, Simp[(exR*x(d + exx)"(m + 1)*(a + c*x"2)"(p + 1))/((m + 1)*(cx
d"2 + a*e”™2)), x] + Dist[1/((m + 1)*(c*xd"2 + a*e”2)), Int[(d + e*x)"(m + 1)
*x(a + cxx72) “p*ExpandToSum[(m + 1)*(cxd™2 + a*e™2)*Q + cxd*Rx(m + 1) - c*ex
Rx(m + 2xp + 3)*x, x], x], x]1] /; FreeQ[{a, c, d, e, p}, x] && PolyQ[Pq, x]
&% NeQ[c*d™2 + axe”2, 0] && LtQ[m, -1]

Rule 844

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_)*xx_))*((a) + (c_.)*x(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*(a + c*xx"2)7p, x], x] + D
ist[(exf - d*g)/e, Int[(d + exx) mx(a + c*xx"2)7p, x], x] /; FreeQ[{a, c, d,
e, £, g, m, p}, x] && NeQ[cxd"2 + a*e”2, 0] && !'IGtQ[m, O]

Rule 216

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
t[all/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQla, 0] && NegQ[bl

Rule 725

Int[1/(((d_) + (e_.)*(x_))*Sqrtl(a_) + (c_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(c*d™2 + a*xe”™2 - x72), x], x, (a*xe - c*d*x)/Sqrtla + c*x"2]] /; FreeQ
[{a, c, 4, e}, x]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rtl-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rubi steps
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f A+ Bx + Cx? dx—f A+ Bx +Cx? 0
V1 —dxV1 + dx(e + fx)? (e + f)2V1 - d2x2
Ce+Ad%e-B f+C(¥— f)x
— (Cez ~Bef + Afz) - + f (e+fx)V1-d22 dx
f(d2e2 = f2) (e + fx) 22 - f2
1 Cd%e3
(Ce2 — Bef + Afz) V1 = d2x2 Cf\/ﬁ dx (ZCe + Ad%e - T Bf) f @
) 2¢2 — f2 ¥ 2 - 22— 12
f (#¢ - £2) (e + fx) f 2F
Cd2e3
(Cez - B€f + AfZ) V1 — d2x2 C sin_l (dx) (2C€ + Ad%e - f—ze - Bf) Subst (V
= + _
f(dze2 —f2) (e + fx) df? P22 — f2

2, _ S22 _ ) -1 _
(Cez—Bef+Af2)\/m . Csin_l(dx) . (2C€+Ad e I Bf tan \

f (¢ = f2) e+ fx) af? (22 - 2)"

Mathematica [A] time = 0.412729, size = 211, normalized size = 1.29

fﬂ/l—dzxz(f(Af—BeHCez) log(\/1—d2x2\/f2—d262+dzex+f)(—Adzefz+Bf3+Cd2€3—2Cef2) log(e+fx)(—Ad26f2+Bf3+Cd233—2Cef2) Csin™]
- - + +
(F2-d2e?)(e+fx) ( fz_dzez)3/2 ( fz_dzez)3/2 d

fZ

Antiderivative was successfully verified.

[In] Integrate[(A + B*xx + Cxx"2)/(Sqrt[l - d*x]*Sqrt[l + d*x]*(e + f*x)~2),x]

[Out] (-((fx(Cxe”2 + f*x(-(Bxe) + Axf))*Sqrt[l - d"2*x"2])/((-(d"2%e”2) + £f72)*(e
+ fxx))) + (CxArcSin[d*x])/d + ((C*d"2*e”~3 - 2*Ckexf~2 — A*d"2xexf~2 + B*f~
3)*Logle + f*xx])/(-(d"2%e”2) + £72)7(3/2) - ((Cxd"2*e~3 - 2*Ckexf~2 - A*d~2
xexf~2 + Bxf~3)*Log[f + d"2%exx + Sqrt[-(d"2*e”2) + £72]*Sqrt[l - d~2*x"2]]

)/ (-(d"2%e”2) + £72)7(3/2))/f"2

Maple [C] time = 0., size = 899, normalized size = 5.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((Cxx~2+Bxx+A)/(f*x+e) 2/ (-d*x+1)~(1/2)/(d*x+1)"(1/2),x)

[Out] (-A*csgn(d)*1n(2*(d™2xexx+(-(d"2%e™2-£72)/£72) 7 (1/2)* (-d"2%x"2+1) " (1/2) *f+f
)/ (f*xx+e) ) *xx*xd~3xe*xf~3+C*xcsgn(d) *1n (2% (d"2xe*x+(-(d"2*e"2-£72) /£72) ~(1/2) *(
-d72%x72+1) " (1/2) xf+£) / (fxx+e) ) *x*d~3*e~3*xf-A*xcsgn (d) *1n (2% (d~2*e*xx+ (- (d~2%
e”2-172)/£72) 7 (1/2) % (-d"2*x72+1) " (1/2) *f+£f) / (f*x+e) ) *d " 3*e™2xf"2+C*csgn (d) *
1n (2% (d~2%exx+ (- (d"2%e™2-f72) /£72) ~(1/2) * (-d~2%x"2+1) ~ (1/2) *f+f) / (f*xx+e) ) *d
~3%e~4+Cxarctan(csgn(d) *d*x/ (-d~2*x"2+1) " (1/2) ) *x*kd " 2xe 2*f 2% (- (d"2%e~2-f"
2)/£72)7(1/2) +Axcsgn(d) *d*xf 74 (- (d"2%e"2-£72) /£72) " (1/2) * (-d"2xx"2+1) " (1/2)
+Bxcsgn(d) *1n (2* (d"2xexx+ (- (d"2%e~2-£72) /£72) " (1/2) * (-4~ 2*x"2+1) ~(1/2) *f+f)
/ (£xx+e) ) *x*d*f~4-Bxcsgn(d) *d*xe*xf 3% (- (d"2%xe"2-£72) /£72) “(1/2) * (-d"2%x"2+1)
~(1/2)-2%C*xcsgn(d) *1n (2 (d"2%exx+ (- (d"2*e™2-£72) /£72) " (1/2) * (-d"2*x~2+1) ~ (1
/2)*f+£) / (fxx+e)) *X*d*e*f"3+C*csgn(d) *dxe " 2xf 2% (- (d"2%e"2-f72) /£f72) " (1/2) *
(=d™2*x72+1) " (1/2)+C*xarctan(csgn(d) *d*x/(-d"2*x"2+1) " (1/2) ) *d"2*e~3*f* (- (d~
2%e”2-£72) /£72) " (1/2) +B*csgn (d) ¥1n (2# (4" 2%e*x+ (- (d"2%e~2-£72) /£72) " (1/2) * (-
d~2%x72+1) " (1/2) *f+f) / (fxx+e) ) *dxe*f ~3-2xC*csgn (d) *1n (2 (d~2kexx+ (- (d"2*e"2
-£72)/£72) 7 (1/2) % (=d"2xx72+1) ~(1/2) *f+£f) / (f*x+e) ) xdxe~2*f ~2-Cxarctan(csgn(d
)*d*x/ (=d72%x72+1) " (1/2) ) *x*f~4x (- (d"2%e"2-£72) /£72) " (1/2) -Cxarctan(csgn(d)
kdxx/ (-d"2%x"2+1) " (1/2) ) kexf 3% (- (d"2%e"2-£72) /£72) " (1/2) ) *csgn(d) * (d*x+1) "
(1/2) % (~d*x+1)~(1/2) / (-d"2*x72+1) " (1/2) / (d*e+f) / (d*e-£) / (f*x+e) /d/ (- (d"2%e”
2-£72)/£72)~(1/2)/£73

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(f*x+e) 2/ (-d*x+1)~(1/2)/(d*x+1)"(1/2),x, algorithm
="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 117.112, size = 2082, normalized size = 12.77

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((Ckx~2+Bxx+A)/(f*x+e) 2/ (-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm
="fricas")

[Out] [(C*d~3%e”5xf - B*xd~3xe”4*f~2 + Bxd*e 2*f~4 - Axd*exf~5 + (A*d”~3 - Cxd)*e”3
*xf~3 - (C*d"3*e”5 + Bxd*e 2*xf"3 - (Axd"3 + 2*Cxd)*e”3*f"2 + (Cxd~3*e”4x*f +
Bxd*exf~4 - (A*d”3 + 2*%Cxd)*e”2xf~3)*x)*sqrt(-d"2*e"2 + £72)*1log((d"2*exf*x
+ £72 + sqrt(-d"2xe”2 + £72)*(d"2xe*x + f) + (sqrt(-d~2*e”2 + £72)*sqrt(-d
xx + 1)xf - (d72%e”2 - £72)*sqrt(-d*x + 1))*sqrt(d*x + 1))/(f*x + e)) + (Cx
d"3xe"b*xf - B*d"3*e”4*f"2 + Bxd*e 2+xf~4 - Axd*exf~5 + (A*d"3 - Cxd)*e”3*f~3
)*xsqrt(d*x + 1)*sqrt(-d*x + 1) + (C*d~3*%e"4xf"2 - Bxd"3*e”3*f~3 + Bxd*e*xf~5
- Axd*f"6 + (A*d~3 - Cxd)*e”2*xf~4)*x — 2% (Ckd"4*xe”6 - 2*Cxd"2%e"4*f~2 + Cx
e"2xf74 + (C*xd~4xe”bxf - 2xC*xd"2%e”3*f~3 + Ckexf~5)*x)*arctan((sqrt(d*x + 1
Y*ksqrt(=d*x + 1) - 1)/(d*x)))/(d"b*e”6*f"2 - 2xd"3*e"4*xf"4 + dxe”2*xf"6 + (d
“Bxe"b*xf"3 — 2%d"3%e"3*f"5 + dxexf"7)*x), (Cxd"3*ke"bxf - Bxd"3ke"4xf"2 + Bx
dxe”2xf~4 - Axd*exf~5 + (A*d”~3 - C*xd)*e”3*f~3 - 2% (C*d"3xe”5 + Bkxdxe~2*xf"3
- (A*d”3 + 2*%Cxd)*e”3*f"2 + (Cxd~3*e"4*xf + Bkdxexf~4 - (A*xd~3 + 2%Cxd)*e” 2%
£73)*x)*sqrt (d"2*e”2 - f~2)xarctan(-(sqrt(d™2*e”2 - £72)*sqrt(d*x + 1)*sqrt
(-d*x + 1)*e - sqrt(d™2*e”2 - £72)*x(f*x + e))/((d"2%e”2 - £72)*x)) + (C*d”3
xe”bxf — Bxd"3%e"4*f"2 + Bxd*e"2+f"4 - Axdxexf~5 + (Axd"3 - C*d)*e"3*f~3)x*s
qrt(d*x + 1)*sqrt(-d*x + 1) + (Cxd~3*e”4*xf~2 - B*d"3xe”3*f~3 + Bxd*e*xf”5 -
Axd*xf~6 + (A*d”™3 - Ckxd)*e 2xf74)*x - 2x(C*d"4*e”6 - 2xCxd"2xe”4xf~2 + Cxe™2
xf74 + (Cxd"4*e”b*xf - 2*xCxd"2%e”3*f~3 + Cxexf~5)*x)*arctan((sqrt(d*x + 1)x*s
grt(-d*x + 1) - 1)/(d*x)))/(d"5*xe"6*xf~2 - 2xd"3*e"4*xf~4 + dxe”2xf"6 + (d~bx
e"5xf"3 - 2%d"3*e”"3*f"5 + dkexf~7)*x)]

Sympy [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Ckx*x2+Bxx+A)/(fxx+e)**2/(-d*x+1)**x(1/2)/(d*x+1)**(1/2),%)

[Out] Exception raised: ValueError

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((Ckx~2+Bxx+A)/(f*x+e) 2/ (-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm
="giac")

[Out] Exception raised: TypeError
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A+Bx+Cx?
314 [ — ™

Optimal. Leaf size=248

-1 d2ex+f
VI @22 (Af?  Bef + C2) V1232 (-3Ad2ef? + B f + 2Bf3 + Cd2e® — 4Cef?)  '7 (—,/—1_d2xz Es fz)
- +

2f (dzez - fz) (e+ fx)? 2f (dze2 - f2)2 (e + fx)

[Out] ((C*xe”2 - Bxexf + A*f~2)xSqrt[1 - d™2%x72])/(2*f*(d"2%e”2 - £72)x(e + f*x)~
2) - ((Cxd~2%e”3 + Bxd"2*%e"2*f - 4*Cxe*xf~2 - 3xA*xd™2xe*xf~2 + 2xB*xf~3)*Sqrt[

1 - d72%x72]) /(2*%fx(d"2%e”2 - £72)72*%(e + fx*x)) + ((C*x(d"2%e”2 + 2*xf~2) - d
“2%(3*%Bxexf - A*x(2*d"2%e”2 + £72)))*ArcTan[(f + d"2*exx)/(Sqrt[d™2xe”2 - £~
2]1*Sqrt[1 - d"2*x72])1)/(2*%(d"2*e”™2 - £72)7(5/2))

Rubi [A] time = 0.328948, antiderivative size = 248, normalized size of antiderivative

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 37, e o e

0.135, Rules used = {1609, 1651, 807, 725, 204}

integrand size

-1 d2ex+f
V1- 232 (Af? - Bef + Ce?)  V1-d2x? (-3Ad%f2 + Bd?e2f + 2Bf® + Cd%e® - 4Cef?) tan (—F_dzxzm)
+

of (22— f2) (e + fx2 2f (d2e? - f2)2 (e + fx)

Antiderivative was successfully verified.

[In] Int[(A + B*x + Cxx72)/(Sqrt[1 - d*x]*Sqrt[l + dxx]*(e + f*x)73),x]

[Out] ((C*e”2 - Bxexf + A*f~2)xSqrt[l - d™2xx72])/(2*f*x(d"2%e”2 - £72)x(e + f*x)~
2) - ((Cxd"2*e”3 + B*d"2*e " 2*xf - 4*Ckexf~2 - 3*A*d"2*%e*xf~2 + 2*¥B*f~3)*Sqrt[

1 - d™2%x72])/(2xfx(d"2*%e”2 - £72)72*x(e + f*x)) + ((C*x(d"2*e”2 + 2%f72) - d
“2x%(3*Bxexf - Ax(2*d"2xe”2 + £72)))*ArcTan[(f + d"2xex*x)/(Sqrt[d~2*e”2 - £~
2]1*Sqrt[1 - d™2*x72]1)1) /(2% (d"2%e”™2 - £72)7(5/2))

Rule 1609

Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*x((c_.) + (d_)*(x_))"(n_.)*((e_.) + (£
_D*(x_))"(p_.), x_Symbol] :> Int[Pxx(a*c + b*d*x~2) m*(e + f*x)7p, x] /; F
reeQ[{a, b, ¢, d, e, £, m, n, p}, x] && PolyQ[Px, x] && EqQ[b*c + axd, 0] &
& EqQ[m, n] && (IntegerQ[m] || (GtQ[a, 0] && GtQ[c, 0]))
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Rule 1651

Int[(Pq )*((d_) + (e_.)*x(x_)) " (m_)*((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :>
With[{Q = PolynomialQuotient[Pq, d + e*x, x], R = PolynomialRemainder [Pq,

d + exx, x]}, Simp[(exR*x(d + exx)"(m + 1)*(a + c*x"2)"(p + 1))/((m + 1)*(c*
d"2 + a*e”™2)), x] + Dist[1/((m + 1)*(c*xd"2 + a*e”2)), Int[(d + e*x)"(m + 1)
x(a + c*x72) p*ExpandToSum[(m + 1)*(c*d"2 + a*e”2)*Q + cxd*R*x(m + 1) - c*ex
R¥x(m + 2xp + 3)*x, x], x], x]] /; FreeQ[{a, c, d, e, p}, x] && PolyQ[Pq, xI]
&% NeQ[c*xd™2 + axe”2, 0] && LtQ[m, -1]

Rule 807

Int[((d_.) + (e_.)*(x_))"(m)*x((f_.) + (g_.)*x(x_))*((a_) + (c_.)*x(x_)"2)"(p
_.), x_Symbol] :> -Simp[((exf - d*g)*(d + exx)"(m + 1)*(a + c*x"2)"(p + 1))
/(2x(p + 1)*(cxd™2 + axe”2)), x] + Dist[(c*xd*f + axexg)/(c*d”2 + axe”2), In
tl(d + exx)"(m + 1)*(a + c*x"2)7p, x], x] /; FreeQl{a, c, d, e, £, g, m, p}
, x] && NeQlc*xd™2 + axe”2, 0] && EqQ[Simplify[m + 2xp + 3], 0]

Rule 725

Int[1/(((d_ ) + (e_.)*(x_))*Sqrtl(a_) + (c_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(c*xd™2 + a*xe™2 - x72), x], x, (a*e - cxd*x)/Sqrt[a + c*x"2]] /; FreeQ
[{a, ¢, d, e}, x]

Rule 204

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] Il LtQ[b, 01)

Rubi steps



109

f A + Bx + Cx? dx:f A+ Bx + Cx? N
V1 —dxV1 + dx(e + fx)3 (e + fx)3V1 — d?x?
2(Ce+Ad2e-B f)+(Bd23+%2€2—2c f-Ad? f)x
B (Ce? - Bef + Af?) V1 - d2x2 . J TSy N e dx
2f (422 - f2) (e + fx)? 2(d2e2 - f2)
_ (CP-Bef + Af)N1-d2x?  (Cde® + BdPef - 4Cef? - BAdPef? + 2Bf3) V1 -
2f (dzez _ fz) (e + fx)? 2f (d2e2 _ fz)z e+ fx)
_ (CP-Bef + Af)N1-d2x?  (Cde® + BdPef - 4Cef? - BAdPef? + 2Bf3) V1 -
2f (dzez _ fz) (e + fx)? 2f (d2e2 _ fz)z e+ fx)

_ (C - Bef + Af2) V1 - a2 _ (Cde + BiP f — 4Cef? ~3Ad%ef? + 2Bf°) Vi-
2f (7€ - f2) (e + fx)? 2f (262 - £2) (e + fx)

Mathematica [A] time = 0.178906, size = 273, normalized size = 1.1

V1 - 22 (- AdPef (4e + 3fx) + Af® + Bd%?(2e + fx) + Bf2(e + 2fx) + Ce (d%e?x - 3ef — 4f%x)) 108 (Vl —d
(f2 - d262)2 (e + fx)?

N| =

Antiderivative was successfully verified.

[In] Integrate[(A + B*x + Cxx"2)/(Sqrt[l - d*x]*Sqrt[l + d*x]*(e + f*x)~3),x]

[Out] (-((Sqrt[1l - d~2*x"2]*(A*xf~3 + B*d"2*e”"2%(2%e + f*x) + B*xf"2x(e + 2xfx*x) -
Axd"2xexf*x (4xe + 3*xf*x) + Ckex(-3*xexf + d™2xe"2*x - 4*f72*x)))/((-(d"2*e"2)

+ £72)72x(e + fxx)72)) + ((Cx(A"2*e”2 + 2%xf~2) + d™2%(-3*Bke*xf + A*x(2*%d"2x*

e”2 + £72)))*Logle + f*x])/(-(d"2xe”2) + £72)7(5/2) - ((C*x(d"2%e”2 + 2*f"2)

+ d72x (=3*Bxexf + A*x(2xd"2*e”2 + £72)))*Logl[f + d"2%e*x + Sqrt[-(d~2*e”2)

+ £72]*%Sqrt[1 - d"™2*x72]])/(-(d"2*e"2) + £72)7(5/2))/2

Maple [C] time = 0., size = 1449, normalized size = 5.8

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((Cxx~2+B*xx+A)/(f*x+e)”~3/(-d*x+1)~(1/2)/(d*x+1)~(1/2),x)

[Out] -1/2%(A*1n(2%(d"2xexx+(-(d"2%e"2-£72)/£72) " (1/2) % (-d"2*x~2+1) ~(1/2) *f+£f) / (£
*x+e) ) *xX " 2kd7 24 F T4-3kAxxxd " 2xexf 3% (- (d"2%e”2-f72) /£72) T (1/2) % (-d"2%x"2+1)
(1/2) +Bxx*d~2%e " 2xf ~2% (- (d"2%e~2-f"2) /£72) " (1/2) * (-d~2*x~2+1) ~(1/2) +C*xx*d "2
xe " 3xf* (- (d"2%e”2-f72) /£72) " (1/2) % (~d"2%x"2+1) " (1/2) -6*Bx1n (2% (d"2*e*xx+(-(d
“2xe"2-£72) /£72) T (1/2) * (=d72*x"2+1) T (1/2) xf+£) / (£ *x+e) ) *xxd"2%e” 2% f " 2+2%C*1
n (2% (d"2xexx+(-(d"2%e"2-£72) /£72) " (1/2) % (=d"2*x"2+1) ~(1/2) *£+£) / (£ *x+e) ) *x*
d72%e 3k f-4xA*xd" 2% 2% f 2% (- (d"2%e"2-f"2) /£72) " (1/2) * (-d"2*x"2+1) " (1/2)+2*B
*d"2%e 3k (- (d"2%e"2-72) /£72) " (1/2) * (A" 2*x"2+1) " (1/2) +Bxexf~3* (- (d"2*e"2
-£72)/£72) 7 (1/2) % (—~d"2%x72+1) ~(1/2) +A*x1n (2% (d"2*exx+ (- (d"2%e”2-f"2) /£72) " (1
/2) % (—d"2%x72+1) ~(1/2) *f+£) / (fxx+e) ) *d"2xe 2xf ~2-3*%B*1n (2* (d"2*e*x+ (- (d"2*e
~2-f72)/£72) T (1/2) x(=d"2xx72+1) ~(1/2) *f+£f) / (fxx+e) ) *d"2*xe " 3*xf+4+C*1n (2% (d"2
*exx+(—-(d"2%e"2-f72) /£72) " (1/2) * (-4~ 2*x"2+1) ~(1/2) *f+f) / (£ *x+e) ) *x*e*f ~3-3*
Cre™2x£72% (= (d"2%e™2-172) /£72) " (1/2) * (=47 2%x"2+1) " (1/2) +2*B*x*f ~4* (- (A" 2*e”
2-£72)/£72) " (1/2) % (—d"2%x"2+1) " (1/2) -4*Ckxkexf 3% (- (d"2%e~2-£72) /£72) ~(1/2)
*(—d72%x72+1) " (1/2) +2%Ax1n (2% (d"2*exx+ (- (d"2*xe"2-f"2) /£72) ~(1/2) * (-4~ 2*xx "2+
1) 7 (1/2) xf+£) / (fxx+e) ) ¥x~2%d"4xe 2+ f ~2+4*xA*1n (2% (d"2%e*x+ (- (d"2%e~2-£72) /£~
2)"(1/2) % (4" 2%x~2+1) ~(1/2) xf+f) / (f*x+e) ) *x*d~4*e ~3xf-3%Bx1n (2% (d~2*e*xx+ (- (
d"2*%e”2-f72) /£72) " (1/2) % (A" 2*x"2+1) " (1/2) *f+f) / (fxx+e) ) *x~2%d " 2*e*f ~3+C*1n
(2% (d~2xexx+ (- (d"2%e™2-72) /£72) ~(1/2) * (-d"2*x"2+1) ~(1/2) *f+f) / (f*x+e) ) *x~2
*dQ72%xe 2% F T2+ 2% Ax1n (2% (d"2%exx+ (- (A" 2%e™2-f72) /£72) ~(1/2) * (-4~ 2*xx"2+1) " (1/2
Yxf+f) / (£xx+e) ) ¥xkd " 2%exf " 3+Axf ~4x (- (d"2*%e"2-72) /£72) " (1/2) % (-d"2*x"2+1) ~(
1/2) +2%Ax1n (2% (d~2%exx+ (- (d~2%e™2-£72) /£72) ~ (1/2) * (-d~2%x~2+1) ~ (1/2) x£+£) / (
f*x+e)) *d"4*xe 4+2xCx1n (2% (d"2*e*x+ (- (d"2*e”2-72) /£72) ~(1/2) * (-4~ 2*x~2+1) ~(
1/2) *f+£f) / (f¥x+e) ) *x 2% ~4+C*1n (2% (d"2*e*x+ (- (d"2%xe~2-"2) /£72) ~(1/2) *(-d"2
*X72+1) 7 (1/2) x£+£) / (fxx+e) ) ¥d"2%e™4+2+Cx1n (2+ (A" 2*e*x+ (- (d"2%e"2-£72) /£72) "
(1/2)*(-d~2%x"2+1) ~ (1/2) *f+£) / (fxx+e) ) *e~2xf~2) *csgn (d) ~2 (d*x+1) ~ (1/2) *(-d
*x+1)7(1/2) /(-d"2xx"2+1) ~(1/2) / (d*e+f) / (d*xe-£) /(d"2xe~2-£72) / (f*x+e) "2/ (- (d
~2xe"2-£72)/£72)"(1/2)/f

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+B*x+A)/(f*x+e) "3/ (-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm
="maxima"
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[Out] Exception raised: ValueError

Fricas [B] time = 1.42969, size = 3105, normalized size = 12.52

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(f*xx+e) 3/ (-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm
="fricas")

[Out] [-1/2*%(2*Bxd~4*e”~7 - B*d"2%e”5*f~2 - (4*xA*d~4 + 3xCxd"2)*e"6*f + (5xA*d~2 +
3*C)*xe"4*xf~3 — Bxe"3*f"4 - Axe"2%f"5 + (2*Bxd"4*e"5*xf"2 — Bxd"2%e"3*f"4 -
(4%A*d~4 + 3*%Ckd"2)*e”4*xf~3 + (5xA*d"2 + 3*C)*e " 2*xf"5 — Bxexf~6 — A*xf~7)*x"
2 - (3*%B*d"2*e”5*xf - (2*xA*d"4 + C*xd"2)*e”6 - (A*xd"2 + 2*xC)*e~4xf~2 + (3*Bx*d
“2%e"3%f73 - (2%A*d"4 + Cxd"2)*e"4*f72 - (A*d"2 + 2%xC)*e”2xf74)*x"2 + 2% (3%
Bxd"2xe"4*f"2 - (2xA*d"4 + Cxd"2)*e”"bxf - (Axd"2 + 2*C)*e”3*f~3)*x)*sqrt(-d
“2%e72 + £72)xlog((d"2%exfxx + £72 - sqrt(-d™2xe”2 + £f72)*(d"2%e*xx + f) - (
sqrt(-d"2%e”2 + £72)*sqrt(-d*x + 1)*f + (d"2*%e”2 - £72)*sqrt(-d*x + 1))*sqr
t(d*xx + 1))/(f*x + e)) + (2*B*d"4*e”7 — Bxd"2%e”5+xf"2 - (4*A*d"4 + 3*Cxd~2)
*e76xf + (5xA*d”2 + 3*C)*e"4*f~3 - Bxe"3*%f"4 - A*xe”2xf"5 + (C*d"4*e”7 + Bxd
“4xe”6*f + Bkd"2%e"4*xf"3 - (3%A*d"4 + 5*C*d"2)*e”"5xf72 + (3%A*xd"2 + 4x%C)*e”
3xf~4 - 2+Bxe”2*xf75)*x)*sqrt(d*x + 1)*sqrt(-d*x + 1) + 2% (2+Bxd~4*e"6+f - B
*d"2%e"4*f"3 - (4*A*d"4 + 3*%Cxd"2)*e"5*xf"2 + (5kA*d"2 + 3*C)*e”3%f~4 - B*e~
2%f75 - Axexf~6)*x)/(d"6%e”10 - 3*%d"4*xe"8*f"2 + 3xd"2%e"6xf"4 - e 4*xf"6 + (
d"6%e"8*f"2 - 3xd"4*xe"6xf"4 + 3*%d"2%e"4*f"6 - e 2xf78)*x"2 + 2% (d"6xe”9xf -
3*%d"4*e " 7T*f"3 + 3xd"2xe"5*f75 - e73*f7T7)*x), —-1/2%(2*xBxd"4%e”7 - B*d"2*e”5
*f72 - (4*A*d"4 + 3*Cxd~2)*xe"6xf + (5¥A*d"2 + 3*C)*e~4*xf~3 - Bxe™3*xf~4 - Ax
e 2xf75 + (2%B*d"4xe"5xf"2 — Bxd"2%e”"3xf"4 - (4%Axd"4 + 3*xCxd"2)*e"4*xf"3 +
(5%A*d"2 + 3*C)*e " 2*f"5 — Bxexf~6 — A*f77)*x"2 + 2% (3*Bxd"2xe"5xf - (2%A*d”
4 + Cxd~™2)*e”6 - (Axd™2 + 2*xC)*e”4*xf~2 + (3*%B*d™2%e”3*xf~3 - (2%¥A*d~4 + Cxd~
2)*e"4xf"2 — (A*d™2 + 2*C)*e”2xf74)*x"2 + 2% (3*%B*d"2%e"4*xf~2 - (2%A*d™4 + C
xd"2) *e"b*xf - (A*d™2 + 2*%C)*e”3*xf~3)*x)*sqrt(d~2*e”2 - f~2)*arctan(-(sqrt(d
"2%e72 - £72)xsqrt(dxx + 1)*sqrt(-d*x + 1)*e - sqrt(d™2*e”2 - £ 2)*(f*x + e
))/((d72%e72 - £72)*x)) + (2*¥Bxd~4*e”7 - B*d"2%e"5*xf"2 - (4*xA*d"4 + 3*%C*xd"2
Y*ke"6xf + (5%A*d"2 + 3*%C)*e~4*f~3 - Bxe"3*xf"4 - Axe”2%f"5 + (Cxd~4*e”7 + Bx
d"4*e”6*xf + Bxd"2xe"4*xf"3 - (3*%A*d"4 + 5xCxd"2)*e"5*xf72 + (3*%A*d”2 + 4x*(C)*e
"3%f74 - 2xBxe”2%f75)*x)*sqrt(d*x + 1)*sqrt(-d*x + 1) + 2% (2*%Bxd"4xe”6*f -
Bxd"2*e"4*xf~3 - (4*%A*d"4 + 3*Cxd~2)*e"5*xf~2 + (5%A*d"2 + 3*C)*e " 3*f~4 - Bxe
“2%f75 - AxexfT6)*x)/(d"6x%e”10 - 3*%d"4xe"8*xf"2 + 3xd"2%e"6xf"4 - e"4xf"6 +
(d"6*%e"8*f"2 — 3*d"4xe"6*xf"4 + 3xd"2%e"4xf"6 - e 2*xf"8)*x"2 + 2% (d"6*e”9*f
- 3%d"4*e”7*xf"3 + 3*%d"2%e"5*f"5 - e 3%f77)*x)]
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Sympy [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Ckx**2+B*x+A)/(frx+e)**3/ (~d*x+1)**(1/2)/(d*x+1)**x(1/2),x)

[Out] Exception raised: ValueError

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+B*x+A)/(f*x+e) 3/ (-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm

="giac")

[Out] Exception raised: TypeError
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a+bx+cx )
3.15 f\/1 dx\/1+dxd

Optimal. Leaf size=79

V1 - d2x? (2 (3ud2 + 2c) + 3bd2x) N bsin™ (dx) V1 -2

6d* 243 3d?

[Out] -(c*x™2%Sqrt[1 - d72%x72])/(3*d"2) - ((2%(2*c + 3*axd~2) + 3*b*xd~2*x)*Sqrt[
1 - d72%x72])/(6*%d"4) + (b*ArcSin[d*x])/(2%d"3)

Rubi [A] time = 0.138713, antiderivative size = 79, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 4, integrand size = 31, number of rules _

0.129, Rules used = {1609, 1809, 780, 216}

_\/1 — d2x? (2 (3ad2 + 2c) + 3bd2x) N bsin~!(dx) ) V1 — 222

6d* 243 3d?

integrand size

Antiderivative was successfully verified.

[In] Int[(x*(a + b*x + c*x72))/(Sqrt[1l - d*x]*Sqrt[1l + d*x]),x]

[Out] -(c*x™2*Sqrt[1 - d72%x72])/(3*d"2) - ((2%(2*c + 3*axd~2) + 3*b*xd~2*x)*Sqrt[
1 - d72%x72])/(6*%d"4) + (b*ArcSin[d*x])/(2%d"3)

Rule 1609

Int[(Px_)*((a_.) + (b_.)*x(x_))"(m_.)*((c_.) + (d_)*xx_))"(n_.)*x((e_.) + (f
_O*(x_))"(p_.), x_Symbol] :> Int[Pxx(a*xc + b*d*x~2) m*(e + f*x)7p, x] /; F
reeQ[{a, b, ¢, d, e, £, m, n, p}, x] && PolyQ[Px, x] && EqQ[b*c + axd, 0] &
& EqQ[m, n] && (IntegerQ[m] || (GtQ[a, 0] && GtQ[c, 0]))

Rule 1809

Int[(Pq )*((c_)*x(x_)) " (m_.)*((a_) + (b_.)*x(x_)"2)"(p_), x_Symbol] :> With[
{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]]}, Simp[(f*(c*x)"(m + q -
Dx(a + bxx"2)"(p + 1))/(b*c™(q - 1)*(m + q + 2%p + 1)), x] + Dist[1/(b*x(m
+ g+ 2xp + 1)), Int[(c*x) " m*x(a + b*x"2) p*ExpandToSum[b*(m + q + 2%p + 1)*
Pq - bxfx(m + q + 2%p + 1)*x"q - a*f*(m + q - 1)*x"(q - 2), x], x], x] /; G
tQlq, 1] && NeQ[m + q + 2*%p + 1, 0]] /; FreeQ[{a, b, c, m, p}, x] && PolyQ[
Pq, x] && ( 'IGtQ[m, 0] || IGtQlp + 1/2, -11)
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Rule 780

Int[((d_.) + (e_)*x_D))*x((f_.) + (g_)*x&x_))*((a_) + (c_)*(xx_)"2)"(p_), x
_Symbol] :> Simp[(((exf + dxg)*x(2xp + 3) + 2*kexg*x(p + 1)*xx)*(a + c*xx"2) " (p
+ 1))/ (2*xcx(p + 1)*x(2xp + 3)), x] - Dist[(axe*xg - cxdxf*(2*p + 3))/(cx(2*p
+ 3)), Int[(a + c*xx"2)7p, x], x] /; FreeQ[{a, c, 4, e, £, g, p}, x] & !Le
Qlp, -11]

Rule 216
Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr

tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[bl

Rubi steps

fx(a+bx+cx2)d fx(a+bx+cx2)
x =
V1 —dxV1 +dx V1 — d2x2

(-2c-3ad?-3bd?x)

cx2V1 d2x2 f T dx
3d2 342
1
_cx2V1 — d2x2 B (2 (ZC + 3ad2) + 3bd2x) V1 — d2x2 . b f Newrore dx
3d? 64 242
cx?V1 — d2x? (2 (ZC + 3ad2) + 3bd2x) V1 — d2x2 N bsin(dx)

3d? 64 243

dx

Mathematica [A] time = 0.0605943, size = 57, normalized size = 0.72

3bd sin~ L (dx) - V1 — d2x2 (3d2(2a +bx) + 2c (d2x2 + 2))
644

Antiderivative was successfully verified.

[In] Integrate[(xx(a + b*x + c*x72))/(Sqrtl[l - d*x]*Sqrt[1 + d*x]),x]

[Out] (-(Sqrt[1l - d~2*x~2]*(3*d~2*%(2*a + bxx) + 2%c*(2 + d™2*x72))) + 3*b*d*ArcSi
n[d*x])/(6%d"4)
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Maple [C] time = 0., size = 139, normalized size = 1.8

d
68234( )\/—dx +1Vdx +1 (2 csgn (d) x?cd>V—d2x2 + 1 + 3 V—d2x2 + 1csgn (d) xbd? + 6 csgn (d) V—d2x2 + 1ad? + 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*x(c*x™2+b*x+a)/(-d*x+1)~(1/2)/(d*xx+1)"(1/2),x%)

[Out] -1/6%(-d*x+1)~(1/2)*(d*x+1)~(1/2)*(2*csgn(d)*x~2xc*d~2* (-d"2*x"2+1) ~(1/2)+3
*x(—d72%x72+1) 7 (1/2) *csgn (d) *x*b*d~2+6*%csgn (d) * (-d"2*x"2+1) = (1/2) *axd~2+4*cs
gn(d)*(-d~2xx"2+1) " (1/2) *c-3*arctan(csgn(d) *d*x/ (-d"2*x~2+1) ~(1/2) ) xb*d) *cs

gn(d)/d~4/(-d"2*x~2+1)~(1/2)

Maxima [A] time = 4.96562, size = 134, normalized size = 1.7

2

. [ dx
V=d?x2 +1cx?  V-d2x2 +1bx  V-d?x2 +1a s barcsin (ﬁ) 2 V-d2x2 +1c

342 242 P2 VT 34t

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(c*x~2+b*x+a)/(-d*x+1)~(1/2)/(d*x+1)~(1/2) ,x, algorithm="maxima
Il)

[Out] -1/3*sqrt(-d~2*x"2 + 1)*c*x~2/d"2 - 1/2*%sqrt(-d~2*x"2 + 1)*b*x/d"2 - sqrt(-
d72%x72 + 1)*a/d"2 + 1/2xb*arcsin(d”~2*x/sqrt(d~2))/(sqrt(d~2)*d~2) - 2/3%sq

rt(-d"2*x"2 + 1)*c/d~4

Fricas [A] time = 1.14215, size = 189, normalized size = 2.39

6 bd arctan (%) + (2 cd?x? + 3bd%x + 6 ad? + 4c)\/dx +1vV-dx +1

6d*
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(c*x~2+b*x+a)/(-d*x+1)~(1/2)/(d*x+1)~(1/2) ,x, algorithm="fricas
n)
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[Out] -1/6*(6*b*d*xarctan((sqrt(d*x + 1)*sqrt(-d*x + 1) - 1)/(d*x)) + (2*c*xd~2*x"2

+ 3%b*d"2%x + 6%axd”2 + 4*c)*sqrt(d*x + 1)*sqrt(-dxx + 1))/d"4

Sympy [C] time = 46.387, size = 313, normalized size = 3.96

11 1 3 1 1 3 1
- = - -1, -2 —= —- ~2in -2 -
. ~62 11 0/0/ 2/1 1 2,6 ]-/ 2’ o’ 4/0/1 e o ~6,2 1 4
aGes|l 1 1% % 1 77| Ges 371 11 |zz | Ges 371 1
_EI_ZIOI ZI E/O _ _Z/_Z _11_51_510 3 - /_ZI_EI_Z/OI
3 3 3
4m242? 4m242? 4nad

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate (x*(c*x**2+bkx+a)/(~d*x+1)**x(1/2)/(d*x+1)**(1/2),x)

[Out] -Ixa*meijerg(((-1/4, 1/4), (0, 0, 1/2, 1)), ((-1/2, -1/4, 0, 1/4, 1/2, 0),

()), 1/(d**2*x**2)) / (4*pi**(3/2)*d**2) - a*meijerg(((-1, -3/4, -1/2, -1/4,

0, 1), O), ((-3/4, -1/4), (-1, -1/2, -1/2, 0)), exp_polar(-2*Ixpi)/(d**2xx
*%2) )/ (4xpi** (3/2)*d**2) - Ixb*meijerg(((-3/4, -1/4), (-1/2, -1/2, 0, 1)),

(-1, -3/4, -1/2, -1/4, 0, 0), ), 1/(d**2xx*%x2))/(4*xpi*x*(3/2)*d**3) + b*m
eijerg(((-3/2, -5/4, -1, -3/4, -1/2, 1), O), ((-5/4, -3/4), (-3/2, -1, -1,
0)), exp_polar(-2*I*pi)/(d**2*x**2))/(4*pi**(3/2)*d**3) - Ixcxmeijerg(((-5
/4, -3/4), (-1, -1, -1/2, 1)), ((-3/2, -5/4, -1, -3/4, -1/2, 0), O), 1/(d*
*x2%x*%*2) ) / (4*%pi**(3/2) *d**4) - c*meijerg(((-2, -7/4, -3/2, -5/4, -1, 1), O
), ((-7/4, -5/4), (-2, -3/2, -3/2, 0)), exp_polar(-2xIx*pi)/(d**2*x**2))/(4*
pix* (3/2)*dx*4)

Giac [A] time = 2.26382, size = 123, normalized size = 1.56

6 ba™ axcsin (3 V2VA +1) = (6ad"" = 3bd"® + 6cd® + (2(dx + ed® + 36" — dd®)(dx + 1)) Vil + V= + 1

3840d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(c*x~2+b*x+a)/(-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm="giac")

[Out] 1/3840*(6*bxd~10*arcsin(1/2*sqrt(2)*sqrt(d*x + 1)) - (6*%a*xd”11 - 3*b*d~10 +

6xckd™9 + (2x(d*x + 1)*c*d™9 + 3*b*d~10 - 4*c*d"9)*(d*x + 1))*sqrt(d*x + 1
)*sqrt(-d*x + 1))/d
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a+bx+cx?
3.16 f\/1 de1+dxd

Optimal. Leaf size=63

(Zadz + C) sin” (dx) by - d2x2 _oxvl- d2x2

243 2 242

[Out] -((bxSqrt[1 - d72%x72])/d"2) - (c*x*Sqrt[l - d~2*xx"2])/(2xd"2) + ((c + 2*ax
d~2)*ArcSin[d*x])/(2%d~3)

Rubi [A] time = 0.060904, antiderivative size = 63, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 4, integrand size = 30, number of rules _

integrand size
0.133, Rules used = {899, 1815, 641, 216}

(211(12 + C) sin”'(dx)  pVI—dB2  cxVl— a2

243 Y 242

Antiderivative was successfully verified.

[In] Int[(a + b*x + c*xx"2)/(Sqrt[1l - d*xx]*Sqrt[1 + d*x]),x]

[Out] -((bxSqrt[1 - d72%x72])/d"2) - (c*x*Sqrt[l - d"2*x"2])/(2xd"2) + ((c + 2*ax
d~2)*ArcSin[d*x])/(2%d~3)

Rule 899

Int[((d_) + (e_)*(x_))"(m_)*x((f_) + (g_)*x_))"(m )*((a_.) + (b_.)*x(x_) +

(c_)*(x_)"2)"(p_.), x_Symbol] :> Int[(d*f + e*xg*x~2) mx(a + b*x + c*xx"2)~
p, x] /; FreeQ[{a, b, ¢, d, e, f, g, m, n, p}, x] & EqQ[m - n, 0] && EqQ[e
xf + dxg, 0] &% (IntegerQ[m] || (GtQ[d, O] && GtQ[f, 0]))

Rule 1815

Int[(Pq )*x((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{q = Expon[Pq, x],

= Coeff[Pq, x, Expon[Pq, x]]}, Simp[(exx~(q - D)*(a + b*x"2)"(p + 1))/ (bx*
(g + 2xp + 1)), x] + Dist[1/(bx(q + 2*%p + 1)), Int[(a + b*x"2) “p*ExpandToSu
m[bx(q + 2%p + 1)*Pq - a*xex(q - 1)*x7(q - 2) - bxex(q + 2%p + 1)*x7q, x], X
1, x]11 /; FreeQ[{a, b, p}, x] && PolyQ[Pq, x] && !'LeQlp, -1]

Rule 641
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Int[((d)) + (e_.)*x(x_))*((a ) + (c_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[(ex(
a + cxx”2)7(p + 1))/ (2%cx(p + 1)), x] + Dist[d, Int[(a + c*x72)7p, x], x] /
; FreeQ[{a, c, d, e, p}, x] && NeQ[p, -1]

Rule 216
Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr

t[all1/Rt[-b, 21, x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rubi steps

f a+ bx + cx? p fa+bx+cx2d
Xx= | ——dx
V1 —dxV1 + dx V1 — d2x2
—c—2ad?-2bd?x

oVl -dPx® / Vi dx

242 242
) 1
O bVI-d22 cxV1 - da? (_C ~2ad ) J Nemrws dx
- d2 242 242
bV1 —d?x?2  cxV1 - d2x2 (C + 2ﬂd2) sin”" (dx)
Y 28

Mathematica [A] time = 0.0322668, size = 45, normalized size = 0.71

(2ad2 + c) sin "} (dx) — dV1 — d2x2(2b + cx)
2d3

Antiderivative was successfully verified.

[In] Integrate[(a + b*x + c*x72)/(Sqrt[1l - d*xx]*Sqrt[1l + d*x]),x]

[Out] (-(d*(2%b + c*x)*Sqrt[l - d72*x72]) + (c + 2*a*d”~2)*ArcSin[d*x])/(2%d~3)

Maple [C] time = 0., size = 117, normalized size = 1.9

d sen (d) d
_csen )\/—dx +1Vdx +1 [ csgn (d) dV—d2x2 + 1xc - 2 arctan csgn (@) dx ad® + 2 csgn (d) dV—-d2x? + 1b — arcta:
24° V-d?x? +1

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((c*x~2+bxx+a)/(-d*x+1)~(1/2)/(d*x+1)~(1/2),x)

[Out] -1/2%(-d*x+1)~(1/2)*(d*x+1)~(1/2)/d"3*(csgn(d) *d* (-d~2xx"2+1) " (1/2) *x*c-2*a
rctan(csgn(d) *d*x/ (-d"2+x72+1) ~(1/2) ) *a*d~2+2*csgn (d) *d* (-d~2*x~2+1) ~(1/2) *
b-arctan(csgn(d) *d*x/ (-d"2*x"2+1) ~(1/2)) *c) / (-d"2*x"2+1) ~(1/2) *csgn(d)

Maxima [A] time = 2.39676, size = 105, normalized size = 1.67

. A2y . d?x
aarcsin (\ﬁ) V-d2x2 +1cx  V-d?x2 +1b N caresin (\/ﬁ)
VR 242 I 2 V22

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x+a)/(-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm="maxima")

[Out] axarcsin(d~2*x/sqrt(d~2))/sqrt(d™2) - 1/2*%sqrt(-d~2*x"2 + 1)*c*x/d"2 - sqrt
(-d72%x72 + 1)*b/d"2 + 1/2xc*arcsin(d”™2*x/sqrt(d~2))/(sqrt(d~2)*d~2)

Fricas [A] time = 1.04285, size = 167, normalized size = 2.65
Vdx+1V—-dx+1-1 )
dx

(cdx + 2bd)Vdx +1V—-dx +1 +2 (2 ad? + c) arctan(
243

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((cxx~2+b*x+a)/(-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm="fricas")

[Out] -1/2%((cxd*x + 2*b*xd)*sqrt(d*x + 1)*sqrt(-d*x + 1) + 2%x(2%xa*d”2 + c)*arctan
((sqrt(d*x + 1)*sqrt(-d*x + 1) - 1)/(d*x)))/d"3

Sympy [C] time = 20.8624, size = 282, normalized size = 4.48

13 11 1 1 11 11 1
13 i1 Lot i 2in Sl 0,0, 2
6,2 ’ 27377 1 2,6 A Y e 6,2 1’4 DY
iaGgg| 113 72| 9Ges 11 1 2| Ges| 1 1t
O/ Z/ E/ Z/]-/O + _Z/Z _5101010 B _E/_Z/OI ZI 510
3 3 3
4mzd 4rmzd 472 d?
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((cxx**2+bxx+a)/(-d*x+1)**(1/2)/(d*x+1)**(1/2),%)

[Out] -I*axmeijerg(((1/4, 3/4), (1/2, 1/2, 1, 1)), ((0, 1/4, 1/2, 3/4, 1, 0), O)
, 1/ (dx*x2xx*x2)) / (4xpix* (3/2)*d) + a*meijerg(((-1/2, -1/4, 0, 1/4, 1/2, 1),

0), ((-1/4, 1/4), (-1/2, 0, 0, 0)), exp_polar(-2xIxpi)/(d**2xxx*2))/(4*pi
*x%(3/2)*d) - I*b*meijerg(((-1/4, 1/4), (0, 0, 1/2, 1)), ((-1/2, -1/4, 0, 1/
4, 1/2, 0), ), 1/(d*x*x2xx**2))/(4xpi**(3/2)*d**2) - bx*meijerg(((-1, -3/4,
-1/2, -1/4, 0, 1), O), ((-3/4, -1/4), (-1, -1/2, -1/2, 0)), exp_polar(-2*I
*pi) / (d**2xx**2)) / (4xpix* (3/2) *d**2) - Ixc*meijerg(((-3/4, -1/4), (-1/2, -1
/2, 0, 1)), ((-1, -3/4, -1/2, -1/4, 0, 0), ), 1/(d**2xxx*2))/(4xpi**(3/2)
xd*x3) + cxmeijerg(((-3/2, -5/4, -1, -3/4, -1/2, 1), O), ((-5/4, -3/4), (-
3/2, -1, -1, 0)), exp_polar(-2*I*pi)/(d**2*x**2))/(4*pi**(3/2)*d**3)

Giac [A] time = 1.86588, size = 97, normalized size = 1.54

((dx +1)cd* +2bd° - cd4)\/dx +1V-dx+1-2 (2 ad® + cd4) arcsin (% V2+dx + 1)
1924

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*xx~2+b*x+a)/(-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm="giac")

[Out] -1/192%(((d*x + 1)*c*d™4 + 2%b*d"5 - c*d~4)*sqrt(d*x + 1)*sqrt(-d*x + 1) -
2% (2*xa*xd”™6 + c*xd~4)*arcsin(1/2*sqrt(2)*sqrt(d*x + 1)))/d
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a+bx+cx?
3.17 fol dx\/1+dxd

Optimal. Leaf size=48

1
1 — 22
—atanh‘l(dfijﬁ}§)+_b$ﬂ (dx)__cV__T;}_

d d?

[Out] -((cxSqrt[1l - d"2*x~2])/d"2) + (b*ArcSin[d*x])/d - a*ArcTanh[Sqrt[1 - d~2*x

~211]

Rubi [A] time = 0.183471, antiderivative size = 48, normalized size of antiderivative =

. . b f rul
1., number of steps used = 7, number of rules used = 7, integrand size = 33, R L

integrand size
0.212, Rules used = {1609, 1809, 844, 216, 266, 63, 208}

_ bsinl(d V1 - d2x2
—atanh 1(V1—d2x2)+ sin_(dx) _¢ i

d d?

Antiderivative was successfully verified.

[In] Int[(a + b*x + c*xx~2)/(x*Sqrt[1 - dxx]*Sqrt[1 + d*x]),x]

[Out] -((c*Sqrt[1 - d72*x72])/d"2) + (b*ArcSin[d+*x])/d - a*ArcTanh([Sqrt[1 -
=211

Rule 1609

Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*x((c_.) + (d_)*(x_))"(n_.)*((e_.) + (f
_D*(x_))"(p_.), x_Symbol] :> Int[Pxx(a*c + b*d*x~2) m*(e + f*x)7p, x] /; F
reeQ[{a, b, ¢, d, e, £, m, n, p}, x] && PolyQ[Px, x] && EqQ[bxc + axd, 0] &
& EqQ[m, n] && (IntegerQ[m] || (GtQ[a, O] && GtQl[c, 01))

Rule 1809

Int [(Pq )*((c_.)*x(x_)) " (m_.)*((a_) + (b_.)*x(x_)"2)"(p_), x_Symbol] :> With[
{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]]}, Simp[(f*x(c*x)~(m + q -
Dx(a + b*xx"2)"(p + 1))/(b*c™(q - D)*(m + q + 2%p + 1)), x] + Dist[1/(bx(m
+ g+ 2%p + 1)), Int[(c*x) mx(a + b*x~2) “pxExpandToSum[b*(m + q + 2*%p + 1)x
Pq - b*xfx(m + q + 2%p + 1)*x"q - axf*(m + q - D*x"(q - 2), x], %], x] /; G
tQlq, 1] && NeQ[m + q + 2*p + 1, 0]] /; FreeQ[{a, b, c, m, p}, x] && PolyQ[
Pq, x] & ( 'IGtQ[m, 0] || IGtQ[p + 1/2, -11)

d"2x*x
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Rule 844

Int[((d_.) + (e_.)*(x_))"(m)*x((f_.) + (g_.)*x(x_))*((a_) + (c_.)*x(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*x(a + c*xx"2)7p, x], x] + D
ist[(exf - d*g)/e, Int[(d + e*x)"m*(a + c*x~2)7p, x], x] /; FreeQ[{a, c, d,
e, £, g, m, p}, x] && NeQ[cxd"2 + a*e”2, 0] && 'IGtQ[m, O]

Rule 216

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 266

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1) *(a + b*x)7p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 63

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)x(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQla/Db]

Rubi steps
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f a+bx+cx p fa+bx+cx
X =
xV1 —dxV1 + dx xV1 — d2x2
—ad?—bd?x
_oVl-dx? f xm
d? d?

cV1 dzxz

1
+b f ———dx
fx\/l d2x2 V1 — d2x?
c\ll—dzx2 bsin~ (dx)

=- 7 y — Sbst(

dx, x, xz)

fxm

aSubst [f 5 dx, x, V1 - d2x2]

_cV1-d%2  bsin(dx) 7 dz

R R 2
V1-d2x2  bsin'(d _

__¢ pr X + smd( ¥) —atanh™? (Vl —d2x2)

Mathematica [A] time = 0.0516867, size = 48, normalized size = 1.

_ bsin V1 — d2x2
—atanh 1(V1—d2x2)+ sin_(dx) _¢ i

d d?
Antiderivative was successfully verified.

[In] Integrate[(a + b*x + c*xx"2)/(x*Sqrt[1 - d*x]*Sqrtl[l + dxx]),x]

[Out] -((c*Sqrt[1 - d72%x72])/d"2) + (b*ArcSin[d*x])/d - a*ArcTanh[Sqrt[l - d~2xx
~2]11]

Maple [C] time = 0., size = 96, normalized size = 2.

csgn (d)
42

1
) ad? - csgn (d) V-d2x2 + 1c + arctan (csgn (d) dx ) bd

—csgn (d) Artanh ( vV-(dx +1) (dx - 1)

1
V=d?x2 +1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*x"2+bxx+a)/x/(-d*x+1)~(1/2)/(d*x+1)"(1/2) ,x)
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[Out] (-csgn(d)*arctanh(1/(-d"2*x"2+1)7(1/2))*a*xd"2-csgn(d)*(-d~2*x"2+1)~(1/2) *c+
arctan(csgn(d)*d*x/ (- (d*x+1)* (d*x-1) )~ (1/2) ) *bxd) * (-d*x+1) ~(1/2) * (d*x+1) ~ (1

/2)/d"2*csgn(d) / (-d"2*x"2+1) " (1/2)

Maxima [A] time = 4.22597, size = 89, normalized size = 1.85

. dPx
2V-2+1 2 Pbarcsin (@) V-d2x2 +1c
—alog| ——— + — [+ - >
x| |x] Va2 d
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((c*x~2+b*x+a)/x/(-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm="maxima
n)
[Out] -axlog(2*xsqrt(-d~2*x~2 + 1)/abs(x) + 2/abs(x)) + b*arcsin(d~2*x/sqrt(d~2))/
sqrt(d~2) - sqrt(-d~2*x"2 + 1)*c/d"2

time = 1.18311, size = 196, normalized size = 4.08

Fricas [A]
@) ~ Vdx + 1V=dx +1c

w) —2bdarctan (

ad®log (
72

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((c*xx~2+b*x+a)/x/(-d*x+1)~(1/2)/(d*x+1)~(1/2) ,x, algorithm="fricas

n)

[Out] (axd"2*log((sqrt(d*x + 1)*sqrt(-d*x + 1) - 1)/x) - 2*bxd*arctan((sqrt(d*x +
D*sqrt(-d*x + 1) - 1)/(d*x)) - sqrt(d*x + 1)*sqrt(-d*x + 1)*c)/d"2

Sympy [C] time = 28.2392, size = 245, normalized size = 5.1

E—Zm

13
_J ibGy? [0 L 44 Lo
B /Z/E Z/ s

d2x2

01 13

1 26|47 574
_) ”Gé,s[ £ 8 01 1 0
_ 4’4 7272’
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((cxx**x2+b*xx+a)/x/(~d*x+1)**x(1/2)/(d*x+1)**(1/2) ,%)

[Out] I*a*meijerg(((3/4, 5/4, 1), (1, 1, 3/2)), ((1/2, 3/4, 1, 5/4, 3/2), (0,)),
1/ (d**2%x**2)) / (4*pi**(3/2)) - a*meijerg(((0, 1/4, 1/2, 3/4, 1, 1), O),
1/4, 3/4), (0, 1/2, 1/2, 0)), exp_polar(-2xIxpi)/(d**2xx**2))/(4xpi**(3/2))

- Ixb*meijerg(((1/4, 3/4), (1/2, 1/2, 1, 1)), ((0, 1/4, 1/2, 3/4, 1, 0), (

)), 1/(d*x2*x*x*2))/(4*pi**(3/2)*d) + b*meijerg(((-1/2, -1/4, 0, 1/4, 1/2, 1

), O), ((-1/4, 1/4), (-1/2, 0, 0, 0)), exp_polar(-2*Ix*pi)/(d**2*x**2)) /(4%
pi**(3/2)*d) - Ixc*meijerg(((-1/4, 1/4), (0, 0, 1/2, 1)), ((-1/2, -1/4, O,

174, 1/2, 0), ), 1/(d**2*x*x2))/(4*pi**(3/2)*d**2) - c*meijerg(((-1, -3/4

, -1/2, -1/4, 0, 1), O), ((-3/4, -1/4), (-1, -1/2, -1/2, 0)), exp_polar(-2
*xI*pi) / (d**2%x**2) ) / (4*pi**(3/2)*d**2)

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: NotImplementedError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((cxx~2+bx*x+a)/x/(-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm="giac")

[Out] Exception raised: NotImplementedError
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2

a+bx+cx
3.18 f x2V1-dxV1+dx dx

Optimal. Leaf size=48

Rt (Vi )+ S

X d

[Out] -((axSqrt[1 - d72%x72])/x) + (cxArcSin[d+*x])/d - b*ArcTanh[Sqrt[1 - d"2*x"2
1]

Rubi [A] time = 0.175533, antiderivative size = 48, normalized size of antiderivative

. . b f rul
1., number of steps used = 7, number of rules used = 7, integrand size = 33, e L

integrand size
0.212, Rules used = {1609, 1807, 844, 216, 266, 63, 208}

S oy (V=) o SO
X d

Antiderivative was successfully verified.

[In] Int[(a + b*x + c*x72)/(x"2*Sqrt[1 - d*x]*Sqrt[1 + d*x]),x]

[Out] -((axSqrt[1 - d72%x72])/x) + (cxArcSin[d*x])/d - b*ArcTanh[Sqrt[l - d~2*x"2
1]

Rule 1609

Int[(Px_)*((a_.) + (b_.)*x(x_))"(m_.)*x((c_.) + (d_)*x(x_))"(n_.)*x((e_.) + (f
_D)*(x_))"(p_.), x_Symbol] :> Int[Pxx(a*c + b*d*x~2) m*(e + f*x)7p, x] /; F
reeQ[{a, b, ¢, d, e, f, m, n, p}, x] & PolyQ[Px, x] && EqQ[b*c + axd, 0] &
& EqQ[m, n] && (IntegerQ[m] || (GtQ[a, 0] && GtQ[c, 0]))

Rule 1807

Int [(Pq )*((c_.)*x(x_)) " (m_ )*((a_) + (b_)*(x_)"2)"(p_), x_Symbol] :> With[{
Q = PolynomialQuotient[Pq, c*x, x], R = PolynomialRemainder[Pq, c*x, x]}, S
imp[(R*(cxx)~(m + 1)*x(a + b*x"2)"(p + 1))/(a*xcx(m + 1)), x] + Dist[1/(axcx*(
m+ 1)), Int[(c*x)~(m + 1)*(a + b*x~2) “p*ExpandToSum[a*c*(m + 1)*Q - b*Rx(m
+ 2%p + 3)*x, x], x], x1] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x] && LtQ
[m, -1] && (IntegerQ[2*p] || NeQ[Expon[Pq, x], 1])

Rule 844
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Int[((d_.) + (e_)*(x_))"(m_)*x((f_.) + (g_)*(x_))*((a_) + (c_)*(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*x(a + c*xx"2)7p, x], x] + D
ist[(exf - d*g)/e, Int[(d + exx) mx(a + c*xx"2)7p, x], x] /; FreeQ[{a, c, 4,
e, £, g, m, p}, x] && NeQ[cxd"2 + a*e”2, 0] && 'IGtQ[m, O]

Rule 216

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)~(1/p)]1, x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQla/b]

Rubi steps
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f a+ bx +cx dx:fa+bx+cx

2\1 = dxv1 +dx 21 - d2x2
_avl- V1 - d2x2 -b—cx
- =

avl - d2x2

1
+cf—dx
fol d2x? V1 - d2x?
aV1—d2x2  csin”H(dx)

= - " + 7 —bS bst(

dxxx)

fxm

b Subst f > dx, x, V1 — d?x?
aV1—d2x?  csin”Hdx) [ =z d2 ]
= — + -
x d a2
V-2 e ]
_ 1 ! ;dzxz + csmd @) _ btanh™ ( 1- dzxz)

Mathematica [A] time = 0.056147, size = 48, normalized size = 1.

S oy (V=) o S0
x d

Antiderivative was successfully verified.

[In] Integrate[(a + b*x + c*x72)/(x"2*Sqrt[1 - d*x]*Sqrt[1 + d*x]),x]

[Out] -((axSqrt[1l - d"2*x72])/x) + (c*ArcSin[d*x])/d - b*ArcTanh[Sqrt[1 - d~2*x~2
1]

Maple [C] time = 0., size = 97, normalized size = 2.

csgn (d)

(—Artanh (;)
dx V-d?x? +1

Verification of antiderivative is not currently implemented for this CAS.

1
csgn (d) dxb — csgn (d) dV—d?x% + 1a + arctan (csgn (d) dxdz—z) xc) —dx -
—d“xs +1

[In] int((c*x"2+b*x+a)/x"2/(-d*xx+1)~(1/2)/(d*x+1)"(1/2),x)

[Out] (-arctanh(1/(-d"2*x"2+1)~(1/2))*csgn(d)*d*x*b-csgn(d) *d* (-d~2*x~2+1) " (1/2) *
atarctan(csgn(d) *d*xx/ (-d™2%x72+1) 7 (1/2) ) *x*c) * (-d*x+1) " (1/2) * (d*x+1) ~(1/2) *
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csgn(d)/(-d"2*x~2+1)~(1/2)/d/x

Maxima [A] time = 3.26579, size = 89, normalized size = 1.85

x| x|

. d?x
2V-d2x? +1 L2 ) . carcsin (ﬁ) V=22 +1a

-b log( — NP .

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x+a)/x~2/(~d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm="maxi

mall

[Out] -bxlog(2*sqrt(-d~2*x"2 + 1)/abs(x) + 2/abs(x)) + c*arcsin(d~2*x/sqrt(d~2))/
sqrt(d™2) - sqrt(-d~2*x"2 + 1)*a/x

Fricas [A] time = 1.14684, size = 201, normalized size = 4.19

bdxlog (M) — Vdx +1V—dx + 1ad — 2 cx arctan (—d’“rl ; ;dx“_l)

dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x+a)/x~2/(-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm="fric

as n

[Out] (bxd*x*log((sqrt(d*x + 1)*sqrt(-d*x + 1) - 1)/x) - sqrt(d*x + 1)*sqrt(-d*x
+ 1)*axd - 2xcxx*arctan((sqrt(d*x + 1)*sqrt(-d*x + 1) - 1)/(d*x)))/(d*x)

Sympy [C] time = 27.7528, size = 221, normalized size = 4.6

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((ckx**2+b¥x+a)/xx*2/ (~d¥x+1)**(1/2)/(d*x+1)**(1/2),x)

[Out] I*axd*meijerg(((5/4, 7/4, 1), (3/2, 3/2, 2)), ((1, 5/4, 3/2, 7/4, 2), (0,))
, 1/ (d**2xx*x2)) / (4xpix*(3/2)) + axd*meijerg(((1/2, 3/4, 1, 5/4, 3/2, 1), (

)), ((3/4, 5/4), (1/2, 1, 1, 0)), exp_polar(-2%Ixpi)/(d**2%x*x2))/(4*pi**(3

/2)) + Ixbxmeijerg(((3/4, 5/4, 1), (1, 1, 3/2)), ((1/2, 3/4, 1, 5/4, 3/2),

(0,)), 1/(a**2*xx*2))/(4*pi**(3/2)) - b*meijerg(((0, 1/4, 1/2, 3/4, 1, 1),

0), ((1/4, 3/4), (0, 1/2, 1/2, 0)), exp_polar(-2xI*pi)/(d**2*x**2))/(4*xpix
x(3/2)) - Ikxcxmeijerg(((1/4, 3/4), (1/2, 1/2, 1, 1)), ((0, 1/4, 1/2, 3/4, 1

, 0), O), 1/(d*x2*xx**x2))/(4*pi**(3/2)*d) + c*meijerg(((-1/2, -1/4, 0, 1/4,

1/2, 1), O), ((-1/4, 1/4), (-1/2, 0, 0, 0)), exp_polar(-2xI*pi)/(d**2*x**

2))/ (4xpix*(3/2)*d)

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: NotImplementedError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x+a)/x~2/(-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm="giac
II)

[Out] Exception raised: NotImplementedError
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2

a+bx+cx
3.19 f x3V1-dxV1+dx dx

Optimal. Leaf size=71

1 _ V1 —-d?2x2  bV1 — d?x?
-= (ad2+2c)tanh 1(V1—d2x2)— 4 o " il

2x2

[Out] -(a*Sqrt[l - d72*x72])/(2*x"2) - (b*Sqrt[l - d"2*x"2])/x - ((2%c + axd"2)*A
rcTanh[Sqrt[1 - d72*x~2]])/2

Rubi [A] time = 0.184015, antiderivative size = 71, normalized size of antiderivative

. . b f rul
1., number of steps used = 6, number of rules used = 6, integrand size = 33, e L

integrand size
0.182, Rules used = {1609, 1807, 807, 266, 63, 208}

— 242 — 242
2 (o + 20 ™! (V) - T TR

2x2

Antiderivative was successfully verified.

[In] Int[(a + b*x + c*x72)/(x"3*Sqrt[1 - d*x]*Sqrt[1 + d*x]),x]

[Out] -(a*Sqrt[1l - d72*x72])/(2*x~2) - (b*Sqrt[l - d"2*x"2])/x - ((2%c + a*xd"2)*A
rcTanh[Sqrt[1 - d72*x"2]])/2

Rule 1609

Int[(Px_)*((a_.) + (b_.)*x(x_))"(m_.)*((c_.) + (d_)*x(x_))"(n_.)*x((e_.) + (f
_O*(x_))"(p_.), x_Symbol] :> Int[Pxx(a*c + b*d*x~2) m*(e + f*x)7p, x] /; F
reeQ[{a, b, ¢, d, e, f, m, n, p}, x] & PolyQ[Px, x] && EqQ[b*c + axd, 0] &
& EqQ[m, n] && (IntegerQ[m] || (GtQ[a, 0] && GtQ[c, 0]))

Rule 1807

Int[(Pq )*((c_.)*x(x_)) " (m_ )*((a_) + (b_)*(x_)"2)"(p_), x_Symbol] :> With[{
Q = PolynomialQuotient[Pq, c*x, x], R = PolynomialRemainder[Pq, c*x, x]}, S
imp[(R*(c*xx)~(m + 1)*x(a + b*x"2)"(p + 1))/(a*xcx(m + 1)), x] + Dist[1/(axcx*(
m+ 1)), Int[(c*x)~(m + 1)*(a + b*x~2) “p*ExpandToSum[a*c*(m + 1)*Q - b*R*(m
+ 2%p + 3)*x, x], x], x1] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x] && LtQ
[m, -1] && (IntegerQ[2*p] || NeQ[Expon[Pq, x], 1])

Rule 807
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Int[((d_.) + (e_)*(x_)) " (m_)*x((f_.) + (g_)*x_))*((a_) + (c_)*(x_)"2)"(p
_.), x_Symbol] :> -Simp[((exf - dxg)*x(d + exx)"(m + 1)*(a + c*x72)"(p + 1))
/(2x(p + 1)*(cxd™2 + a*xe”2)), x] + Dist[(c*d*f + axexg)/(c*d”2 + axe”2), In
tl(d + exx)"(m + 1)*(a + c*x"2)7p, x], x] /; FreeQ[{a, c, d, e, f, g, m, p}
, x] && NeQ[c*d™2 + axe”2, 0] && EqQ[Simplify[m + 2xp + 3], 0]

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1) *(a + b*x)7p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 63

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)x(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

f a+ bx + cx? p fa+bx+cx2d
x= | ————dx
x3V1 —dxV1 + dx x3V1 — d?x2
aV1-d2x2 1 -2b- (2C + adz) X

= - = dx

2x? 2 21 — d2x2

1-d?x? bVl -d%x? 1 1
:_a\/ 5 G v a ——(—2c—ad2)f—dx
2x X 2 V1 = d2x2
1-d?x? bVl-d?2x?> 1 1
:_a\/ - A A ad ——(—2c—ud2)Subst f—dx,x,xz
2x X 4 V1 = d2x

2x2 X

1-d?x2 bV1-d?x2 1 2 1
:_a\/ A A i —E(a+d—g)Subst[fﬁdx,x,Vl—dzxz

a2 42

1-d%x2 bV1-d%x2 1 _
:_a\/ X \ i —§(2c+ad2)tanh 1(\ll—dzxz)

2x2 X

|
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Mathematica [A] time = 0.0466222, size = 56, normalized size = 0.79

V1 — d2x2 2 1
- 4°x*(a + 2bx) -3 ( a2 + 2c) tanh ™ (Vl - dzxz)

2x2
Antiderivative was successfully verified.

[In] Integratel[(a + b*x + c*x”2)/(x"3*Sqrt[1 - d*x]*Sqrt[1 + d*x]),x]

[Out] -((a + 2%b*x)*Sqrt[1 - d72*x72])/(2*x72) - ((2%c + a*d"2)*ArcTanh[Sqrt[1 -
d~2*xx~2]11)/2

Maple [C] time = 0., size = 108, normalized size = 1.5

2
—M\/—dx +1Vdx +1 (Artanh (
2x

1
)xzadZ + 2 Artanh (—) x2¢ + 2 V-d2x2 + 1xb + V—d

1
V-d?x2 +1 V—=d?x2 +1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*x"2+b*x+a)/x"3/(-dxx+1)~(1/2)/(d*x+1)"(1/2),x)

[Out] -1/2%(-d*x+1)~(1/2)*(d*x+1)~(1/2)*csgn(d) "2*(arctanh(1/(-d"2*x"2+1)~(1/2))*
X" 2%a*xd"2+2*arctanh (1/(-d"2*x72+1) " (1/2) ) *x~2*%c+2* (-d"2*xx~2+1) = (1/2) *x*b+ (-
d"2*xx72+1) " (1/2)*a)/ (-d"2*x"2+1) ~(1/2) /x"2

Maxima [A] time = 3.97374, size = 132, normalized size = 1.86

2V-d2x2 +1 2] | g(z V_d2x2 +1 . 2) V=d2x2 +1b V-d2x2 +1a

+ —_—
|x]| |x| x 2 x?

1
——ad?lo
2 g[ b b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x"2+b*x+a)/x"3/(-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm="maxi
mall)

[Out] -1/2%a*d"2*log(2*sqrt(-d~2*x"2 + 1)/abs(x) + 2/abs(x)) - c*xlog(2*sqrt(-d~2x%
X"2 + 1)/abs(x) + 2/abs(x)) - sqrt(-d~2*x"2 + 1)*b/x - 1/2*sqrt(-d~2*x"2 +
1)*a/x"2
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Fricas [A] time = 1.01834, size = 154, normalized size = 2.17

(adz + 20)x2 log (M) — (2bx + a)Vdx +1V-dx +1

2 x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x+a)/x~3/(-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm="fric
as II)

[Out] 1/2*%((a*xd”2 + 2*xc)*x"2*xlog((sqrt(d*x + 1)*sqrt(-d*x + 1) - 1)/x) - (2*b*x +
a)*sqrt(d*x + 1)*sqrt(—d*x + 1))/x72

Sympy [C] time = 34.2892, size = 218, normalized size = 3.07

7 9 5 537 57 3 3
721 22,2 1,232,721 2in 279 339
53 I 7% 1 2,67 4797 374 53 7 Y 1
iad*Gggls 3 %9 5 o o d*Ggg| "+ 84 33 |7z ibdGge| 83 7 22| b
E/ZIZ/Z/E 0 x Z/Z 1/5/5/0 d°x 111/5/1/2 0 x
E E * E *
4m2 4m2 4m2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((cxx**2+bxx+a)/x**3/(~d*x+1)*x(1/2)/(d*x+1)**(1/2) ,x)

[Out] Ixaxd**2*meijerg(((7/4, 9/4, 1), (2, 2, 5/2)), ((3/2, 7/4, 2, 9/4, 5/2), (0
,)), 1/ (dx*x2xx*%x2) ) / (4xpi*x*(3/2)) - a*xd**2*meijerg(((1, 5/4, 3/2, 7/4, 2, 1

), O), ((6/4, 7/4), (1, 3/2, 3/2, 0)), exp_polar(-2*Ixpi)/(d**2*xx**2)) /(4%
pi**(3/2)) + I*b*d*meijerg(((5/4, 7/4, 1), (3/2, 3/2, 2)), ((1, 5/4, 3/2, 7

/4, 2), (0,)), 1/(d**2*x*%*2))/(4*pi**(3/2)) + b*d*meijerg(((1/2, 3/4, 1, 5/

4, 3/2, 1), O), ((3/4, 5/4), (1/2, 1, 1, 0)), exp_polar(-2*I*pi)/(d**2*x*x*
2))/(4xpi**(3/2)) + I*xcxmeijerg(((3/4, 5/4, 1), (1, 1, 3/2)), ((1/2, 3/4, 1

, 5/4, 3/2), (0,)), 1/(d*x2*x**2))/(4*pi**(3/2)) - c*meijerg(((0, 1/4, 1/2,

3/4, 1, 1, O), ((1/4, 3/4), (0, 1/2, 1/2, 0)), exp_polar(-2*Ixpi)/(d**2x%
xx*2) )/ (4*xpi**(3/2))

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: NotImplementedError
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x+a)/x~3/(-d*x+1)~(1/2)/(d*x+1)~(1/2),x, algorithm="giac
u)

[Out] Exception raised: NotImplementedError
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3.20 f\/a + bxVac — bex(e + fx)° (A + Bx + Cx2) dx

Optimal. Leaf size=591

Va + bx (a2 - bzxz) (e + fx)*Vac - bex (SuZsz - b? (3C€2 -7fQAf + Be))) Va + bx (a2 - bzxz) Vac - bex (3b2f3

700 f -

[Out] ((A*(8*b~4%e”3 + 6*a~2%b~2*exf~2) + a~2*(a"2xf 2% (3*Cxe + B*f) + 2%b"2xe"2x%
(Cxe + 3xBxf)))*x*Sqrt[a + bxx]*Sqrt[axc - bxcxx])/(16%¥b~4) - ((8*a~2+Cxf~2
- b72%(3%Cxe”2 - Txfx(Bxe + 2%Axf)))*Sqrt[a + b*x]*Sqrt[axc - bxc*x]*(e +
fxx)72% (2”2 - b™2xx72))/(70xb~4*f) + ((3xCxe - 7*Bxf)xSqrtla + b*x]*Sqrt[a*
c - bxckx]*(e + f*x)73x(a”2 - b™2*x72))/(42xb~2*xf) - (CxSqrtl[a + b*x]*Sqrt[
axc — bxcxx]*(e + f*xx)74*x(a”2 - b™2%x72))/(7*b~2*f) - (Sqrtla + b*x]*Sqrtla
*xC — bkckx]* (8% (8xa~4*xCxf~4 + 2%a~2%b~2xf 2% (15%Cxe~2 + T*xfx(3*Bxe + Axf))
- b74*e"2%(3%Ckxe”2 - T*f*x(Bke + 12%Axf))) + 3*b7"2xf*(a"2xf 2% (41*%Cxe + 35%B
*f) - 2%b72%ex(3*Cke”™2 - T*xf*x(Bxe + 7TxAxf)))*x)*(a”2 - b"2%x72))/(840*b~6*f
) + (a72#Sqrt[c]*(Ax(8xb~4*%e™3 + 6*a~2%b " 2xe*xf~2) + a~2x(a~2*xf 2% (3*Cxe + B
xf) + 2xb~2*%e"2%(C*xe + 3*Bxf)))*Sqrt[a + b*x]*Sqrt[axc - b*ckx]*ArcTan[(b*S
qrt [cl*x)/Sqrt[a™2*c - b~2*c*xx~2]])/(16%b~5*xSqrt [a™2*xc - b™2*xcxx"2])

Rubi [A] time = 1.5174, antiderivative size = 584, normalized size of antiderivative =

: . ber of rul
0.99, number of steps used = 8, number of rules used = 7, integrand size = 40, T > %

= 0.175, Rules used = {1610, 1654, 833, 780, 195, 217, 203}

integrand size

Va + bx (a2 - b2x2) (e + fx)*Vac - bex (—S“Zb‘gfz —7f(2Af + Be) + 3Cez) Va+bx (a2 _ bzxz) \ac = bex (3b2fx (azf

7002 f -

Antiderivative was successfully verified.

[In] Int[Sqrtla + b*x]*Sqrt[a*c - bkcxx]*x(e + f*xx)73*%(A + B*x + C*x72),x]

[Out] ((a"4*xf~2x(3*Cxe + Bxf) + 2%xa~2*b " 2*e 2% (Cxe + 3*Bxf) + A*x(8+b"4*e”3 + 6*a”
2*¥b~2xexf~2) ) *x*Sqrt[a + b*x]*Sqrt[axc - bkxcxx])/(16%b"4) + ((3*xCxe”2 - (8%
a~2*%Cxf72) /b72 - 7*xfx(Bxe + 2%Axf))*Sqrt[a + bxx]*Sqrtlaxc - bxc*x]*(e + fx
x)72%(a"2 - b™2%x72))/(70xb~2*xf) + ((3*Cxe - 7*Bxf)*Sqrt[a + b*x]*Sqrt[a*c

- bxc*kx]*(e + f*x)7"3*(a”2 - b"2*x"2))/(42%b"2*f) - (CxSqrtl[a + b*x]*Sqrt[a*

c - bxckx]*(e + f*x)74x(a”2 - b™2*x72))/(7*xb~2xf) - (Sqrtla + b*x]*Sqrt[a*c

- bxcxx] * (8% (8xa~4*xC*xf~4 + 2*xa~2*xb " 2%f 2% (156*%C*e~2 + 7*f*(3*%Bxe + Axf)) -
b~4*x (3*%Cxe~4 - T+e 2+f*(Bkxe + 12%xA*xf))) + 3xb"2%f*(a"2*%f 2% (41*Cxe + 35*Bxf

) - b72%(6%xC*xe”3 - 1dkxexfx(Bxe + T+Axf)))*x)*(a”2 - b™2%x72))/(840*xb~6*f) +



137

(a~2*3qrt [c]*(a~4*f~2% (3*%Cxe + Bxf) + 2*xa~2*b~2*e”2%(Cxe + 3*B*f) + A*(8*b
“4xe”3 + 6%xa”2xb"2*xexf"2))*Sqrt[a + b*x]*Sqrtl[akc - bxckx]*ArcTan[(b*Sqrtl[c
1xx) /Sqrt[a™2*c - b™2xc*xx72]])/(16%b~5*xSqrt[a™2*xc - b~ 2*cxx"2])

Rule 1610

Int[(Px_)*((a_.) + (b_.)*x(x_)) " (m_)*((c_.) + (d_.)*(x_)) " (n_)*x((e_.) + (f_.
)*(x_))~(p_.), x_Symbol] :> Dist[((a + b*x) FracPart[m]*(c + dxx) FracPart[
m])/(axc + bxd*x~2) FracPart[m], Int[Px*(a*xc + bxd*x~2) m*(e + f*x)7p, x],
x] /; FreeQ[{a, b, c, d, e, £, m, n, p}, x] && PolyQ[Px, x] &% EqQ[b*c + ax
d, 0] && EqQ[m, n] && !'IntegerQ[m]

Rule 1654

Int [(Pq_)*((d_) + (e_)*(x_)) " (m_.)*x((a_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :
> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]]}, Simp[(f*(d + ex*x
)"(m + g - Dx(a + c*xx2)7(p + 1))/(cxe”(q - )*(m + q + 2%p + 1)), x] + Di
st[1/(cxe"gx(m + q + 2%p + 1)), Int[(d + e*x) m*x(a + c*x~2) p*ExpandToSum[c
*e"q*(m +.q + 2%p + 1)*Pq - cxfx(m + q + 2%p + 1P)x(d + e*x)"q - fx(d + exx)
“(q - 2)*(a*e”2%(m + q - 1) - c*d™2*%(m + q + 2%xp + 1) - 2*cxd*ex(m + q + p)
*x), x1, x], x] /; GtQlq, 1] && NeQ[m + q + 2*%p + 1, 011 /; FreeQ[{a, c, d,
e, m, pt, x] && PolyQ[Pq, x] && NeQ[cxd~2 + a*e”™2, 0] && !(EqQ[d, O] && T
rue) && !(IGtQ[m, O] && RationalQ[a, c, d, e] && (IntegerQlp] || ILtQ[p +
1/2, 01))

Rule 833

Int[((d_.) + (e_)*x_D) " )*((£f_.) + (g_.)*(x_))*((a_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Simp[(g*(d + exx)"m*(a + c*x"2)7(p + 1))/(c*x(m + 2%p + 2)
), x] + Dist[1/(cx(m + 2*p + 2)), Int[(d + e*x)"(m - 1)*(a + c*xx"2) p*Simp[
ckxdxfx(m + 2%p + 2) - akxexgkm + ckx(exfx(m + 2xp + 2) + dxgxm)*x, x], x], x]
/; FreeQ[{a, c, d, e, £, g, p}, x] && NeQ[c*d"2 + axe”2, 0] && GtQ[m, 0] &
& NeQ[m + 2%p + 2, 0] && (IntegerQ[m] || IntegerQ[p] || IntegersQ[2+*m, 2x*p]
) && ' (IGtQ[m, O] &% EqQ[f, 0])

Rule 780

Int[((d_.) + (e_)*x(x_))*((f_.) + (g_.)*(x_))*((a_) + (c_.)*(x_)"2)"(p_), x
_Symbol] :> Simp[(((exf + dxg)*x(2xp + 3) + 2*kexg*(p + 1)*x)*(a + c*xx"2) " (p
+ 1))/ (2xcx(p + 1)*(2xp + 3)), x] - Dist[(axe*xg - cxd*xf*(2*p + 3))/(c*x(2*p
+ 3)), Int[(a + c*x”2)7p, x], x] /; FreeQ[{a, c, d, e, f, g, p}, x] && !'Le
Qlp, -1]

Rule 195
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Int[((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x"n) p)/(n*p
+ 1), x] + Dist[(a*n*p)/(n*p + 1), Int[(a + b*x™n)"(p - 1), x], x] /; Free
Ql{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2+p] || (EqQ[n, 2] &&
IntegerQ[4*xpl) || (EqQ[n, 2] &% IntegerQ[3xp]) || LtQ[Denominator([p + 1/n],
Denominator [p]])

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && 'GtQ[a, O]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQlb, 01)

Rubi steps

(\/a + bxVac - bcx) [(e+ fx)*Va2e - b2cx? (A +Bx + sz) dx

f\/a + bxVac - bex(e + fx)? (A + Bx + sz) dx =

Va?c — b%cx?
CVa + bxVac - bex(e + fx)* (az -~ bzxz) (\/a + bxvac - bcx) ]
T 72 f B
(3Ce — 7Bf)Va + bxVac — bex(e + fx)°? (az - bzxz) CVa + bxve
- 0P f -
(SaZsz - b (?,Ce2 - 7f(Be + 2Af))) Va + bxVac - bex(e + fx)
T 706 f
_ (8a%Cf? - 17 (3Ce? ~ 7f(Be + 2Af))) Va + bxVac — bex(e + fx)
T 7064 f

(a4f2(3Ce + Bf) + 2a%b?¢*(Ce + 3Bf) + A (817463 + 6a2bzef2)) XV
16b*

(a*£2(3Ce + Bf) + 2a%6%¢*(Ce + 3Bf) + A (8b%e> + 6a?b2ef?)) xV
160+

(a4f2(3Ce + Bf) + 2a%b?¢*>(Ce + 3Bf) + A (8b4e3 + 6a2b26f2)) xV
16b*
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Mathematica [A] time = 1.40802, size = 427, normalized size = 0.72

Ve(a - bx) ((a2 = b222) (a2 f (7f(B2Af + 96Be +15Bfx) + C (672¢2 + 315efx + 64f222)) + 2a2b* (7Af (120e? + 45

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + bxx]*Sqrtl[axc - b*c*x]*(e + f*x) 3*%(A + B*x + Cxx72),x]

[Out] (Sqrtlcx(a - b*x)]1*((a”2 - b™2%x72)*(128%a”~6xC*f~3 + a~4*b~2xf* (7*xf*(96*Bxe
+ 32%Axf + 15*Bxfxx) + C*x(672%e”2 + 315*xexf*xx + 64xf72%x72)) + 2%a”2xb " 4x*(
THAXE*(120%e”2 + 45xexf*x + 8*+f "2*x72) + 7*Bx(40%e”3 + 45%e™2*f*x + 24*e*xf”

2%x72 + B*f73*%x73) + 3*xCxx*x(35%e”3 + b6*e 2*xf*x + 35xexf 2%x72 + 8*xf " 3*x73)

) = 4xb76*xx (21%A*x (10%e”3 + 20*%e”2%f*x + 15%exf~2%x™2 + 4*xf~3%x73) + x*x(7*B
*(20%e73 + 4b*xe”2xf*xx + 36xexf 2%x"2 + 10*f7"3*x73) + 3*Cxx*x(35%e”3 + 84%*e”2

*f*xx + TOxexf™2*%x72 + 20%f~3%x73)))) + 210*a”(5/2)*bx(a~4*xf "2+ (3%C*e + Bx*f)

+ 2xa”2+b"2*%e"2x(Cxe + 3*B*xf) + Ax(8*b"4*xe”3 + 6*%a~2xb~2*exf~2))*Sqrt[a -
b*x]*Sqrt[1 + (b*x)/al*ArcSin[Sqrt[a - b*x]/(Sqrt[2]*Sqrt[a])]))/(1680*b~6%

(-a + b*x)*Sqrt[a + b*x])

Maple [B] time = 0.038, size = 1446, normalized size = 2.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((fxx+e) 3% (Ckxx"2+B*x+A)* (bxx+a) ~(1/2) * (-bxcxx+axc)~(1/2) ,x)

[Out] 1/1680*(b*x+a)”~(1/2)*(—c*(b*x-a)) " (1/2) *(-224*xA*a~4*xb~2+%f 3+ (b~ 2%c) " (1/2) *(
-cx(b72%x72-a"2)) " (1/2)-560*B*a”~2*¥b~4*xe~3* (b~ 2%c) " (1/2) *(—c*x (b~ 2*x"2-a"2)) "~
(1/2)+840*A*arctan((b™2*xc) " (1/2) *x/ (—c* (b~2*x"2-a"2)) " (1/2) ) *a~2xb~6*c*xe”3+
105*Bxarctan ((b™2*c) " (1/2) *x/ (—cx(b™2*x"2-a"2) ) " (1/2) ) *a~6*xb~ 2*xcxf ~3+210*C*
arctan((b”™2*xc) " (1/2)*x/ (—c*x (b~ 2*x"2-a"2)) " (1/2) ) *a~4xb " 4d*xcxe~3+240*C*xx"6%b"
6*xf73%(b"2%c) " (1/2) *(—c*x (b~ 2%x"2-a"2) ) " (1/2) +280*B*x"5xb~6*f ~3* (b~ 2%c) " (1/2
¥ (—cx(b™2*%x72-a"2) ) ~(1/2)+840*A* (b~ 2*c) ~(1/2) * (—c*x (b~ 2*x"2-a"2) ) ~(1/2) *x*b
“6*xe"3-128*Cxa”6xf 3% (b™2xc) " (1/2) * (—cx (b~ 2*x"2-a"2) ) ~(1/2) +1680*A*x~2*b~6*
e 2xfx (b7 2*%c) " (1/2) % (—cx (b~ 2*x"2-a"2) ) ~(1/2) -64*Cxx~2%a" 4xb~2*xf ~3* (b~ 2xc) ~ (
1/2) % (—cx(b™2*x"2-a"2) )~ (1/2)-630%A* (b~ 2*%c) " (1/2) * (—cx (b"2*xx"2-a"2) ) ~(1/2) *
x*a~2%b"4xexf " 2+336xAxx"4*xb"6xf 3% (b~ 2%c) ~(1/2) *(—cx(b"2%x"2-a~2)) " (1/2)+42
0*Cxx~3*b~6%e 3% (b~ 2*c) ~(1/2) *(—c*(b™2%x"2-a"2) ) " (1/2) +560*B*x~2*¥b~6*e~3* (b
“2%xc) T (1/2) % (—cx(b™2*xx"2-a"2)) " (1/2)-1680*A*a"~2%b~4*xe~2xf* (b~ 2*xc) "~ (1/2) *(-c
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*(b™2xx"2-a"2)) " (1/2)-672*%Bxa"4xb~ 2xexf 2% (b~ 2%c) ~(1/2) *(-cx (b"2*%x"2-a"2) )"~
(1/2)-630%B*(b~2%c) ~(1/2)*(—cx(b™2*x"2-a"2) ) ~(1/2) *x*a~2*b"4*e” 2*xf-210*Cxx "
3*xa"2xb 4dxexf 2% (b72%c) T (1/2) * (—cx (b7 2*x"2-a"2) ) ~(1/2) -336*B*x"2*a"~2*b " 4*xex*
£f72x (b7 2%c) ~(1/2) % (—cx (b~ 2*x"2-a"2) ) ~(1/2) -336*Cxx~2%a"~2xb " 4*xe~2xf* (b~ 2%c) ™
(1/2)*(—c*x(b™2%x"2-a"2) ) " (1/2)-315%C* (b~2*c) " (1/2) *(—c*x (b~ 2*x"2-a"2) )~ (1/2)
*x*xa"4*xb " 2%exf T2-T0*B*x~3*a"2*b~4*f 3% (b"2*c) " (1/2) *(-c*(b™2*xx"2-a"2)) ~(1/2
)+1260*B*x"3%b"6xe 2xf* (b~ 2*xc) ~(1/2)* (—c*x(b™2*xx"2-a"2)) " (1/2)-112%A*xx"2*a"2
*b74*f 3% (b72*%c) " (1/2) *(—c*x (b™2%x"2-a"2) ) " (1/2) -672*xCxa~4xb~2*xe~2*f* (b~ 2*c)
“(1/2)*%(—cx(b™2*x"2-a"2) ) "~ (1/2)+630*Axarctan((b~2*xc) ~(1/2) *x/ (-c*x (b~ 2*x"2-a
~2))7(1/2)) *a"4*xb " dxcrxexf " 2+840+%C*x"5*xb " 6xexf 2% (b"2xc) ~(1/2) ¥ (—c*x (b~ 2*x"2-
a~2)) " (1/2)+630*Bxarctan((b~2*c) ~(1/2) *x/ (—cx(b"2*x"2-a"2) ) ~(1/2) ) *a~4*b~4*
cxe”2xf+315*xCxarctan((b™2*c) ~(1/2) *x/ (—c* (b™2%x72-a"2) ) ~(1/2) ) *a~6*b~2*c*e*
£72-105%B* (b~ 2*c) ~(1/2) % (—c* (b~ 2*x"2-a"2) ) ~(1/2) *x*a~4*b~2*%f ~3-210*C* (b~ 2*c
)T (1/2) % (—cx(b™2%x72-a"2) ) " (1/2) *x*a~2%¥b~4*e~3+1008*B*x~4*b~6*xexf ~2* (b~ 2%*c)
“(1/2)*%(—cx(b™2*%x"2-a"2) ) " (1/2) -48*Cxx~4*a~2xb~4*xf 3% (b~ 2*xc) " (1/2) * (—c*x(b"2
*x72-a"2)) " (1/2) +1008*Cxx~4*b~6xe~2*xf*x (b~ 2*c) ~(1/2) * (—cx (b~ 2*x"2-a"2)) ~(1/2
)+1260%A*x"3*%b " 6xexf 2% (b~ 2xc) ~(1/2)* (—c*x (b~ 2*xx"2-a"2)) " (1/2) )/ (—cx (b~ 2*xx"2
-a"2))"(1/2)/b"6/(b"2xc)~(1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e) 3% (Cxx~2+B*x+A)* (b*x+a) ~(1/2)* (-b*c*x+a*xc)~(1/2),x, algor
ithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 1.45001, size = 2147, normalized size = 3.63

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e) 3% (Cxx~2+B*x+A)* (b*x+a) ~(1/2)* (-b*c*x+a*xc)~(1/2),x, algor
ithm="fricas")
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[Out] [1/3360*%(105*%(6*%B*a~4*xb~3*e”~2*f + B*xa~6*xb*xf~3 + 2% (C*xa~4*b~3 + 4*xA*xa~2%b~5)
*xe”3 + 3% (C*xa~"6%b + 2%A*a~4xb~3)*exf~2)*sqrt(-c)*log(2xb~2*c*x"2 + 2*sqrt(-
b*c*kx + axc)*sqrt(b*xx + a)*bxsqrt(-c)*x - a~2*xc) + 2x(240%C*xb~6*f~3*x"6 - 5
60*Bxa~2%b"4xe”3 — 672*Bxa~4*b"2xe*xf"2 + 280% (3*%Cxb~6*exf~2 + Bxb~6*f~3)*x”
5 + 48%(21*%Cxb~6*xe " 2*xf + 21*Bxb~6*e*xf"2 - (C*a”™2*b"4 - 7xA*xb~6)*f~3)*x"4 -
336% (2*%C*a~4%b~2 + B5xA*xa~2*b~4)*e”2xf - 32*x(4*C*xa”~6 + 7TxA*xa~4*xb~2)*f~3 + 70
*(6*xCxb~"6%e”3 + 18*B*b~6xe”2*f - B*a~2xb"4*f~3 - 3*x(C*xa"2%b~4 - 6xA*b~6)*ex*
£f72)*x73 + 16*(35*%B*xb~6%e”3 - 21*B*a " 2*b " 4*xexf"2 - 21x(C*xa~2%b~4 - 5*A*b~6)
*e"2+f - (4*C*a”4*b”2 + TxA*xa~2%b"4)*f"3)*x"2 - 105*(6*B*xa~2xb~4*e”2+f + Bx
a~4xb"2%f"3 + 2% (C*xa"2*%b"4 — 4xA*b~6)*e”3 + 3k (Ckxa~4*xb~2 + 2xA*xa~2%b~4) xexf
~2)*x)*sqrt (-b*xc*x + axc)*sqrt(b*x + a))/b"6, -1/1680*(105% (6xB*xa~4*b~3xe~2
*f + B*a " 6*b*f~3 + 2*x(Cxa~4xb~3 + 4*xA*a”2*b”5)*e”3 + 3x(Cxa~6%b + 2*A*xa~4x*b
~3)xexf~2) xsqrt(c)*arctan(sqrt (-bxc*x + a*c)*sqrt(b*x + a)*b*sqrt(c)*x/(b"2
*C*¥x"2 - a”2*c)) - (240*Cxb~6*xf"3*%x"6 - 560*B*a”2*b"4*e”3 - 672%Bxa~4*b"2*e
*f72 + 280%(3*%Cxb~6xe*xf~2 + Bxb~6*xf " 3)*x"5 + 48%(21*Cxb~6xe~2%f + 21%Bxb 6%
exf™2 - (C*a”™2*b"4 - 7xA*b"6)*f~3)*x"4 - 336%(2*xC*xa”~4*b~2 + 5xA*xa~2%b"4)*e”
2%f - 32*%(4*C*a”6 + TxAxa~4xb~2)*f~3 + 70*(6*Cxb~6*xe~3 + 18xB*xb~6*e”2*%f - B
*a"2xb"4*f"3 - 3% (C*xa~2*xb"4 - 6xA*xb”6)*xexf"2)*x"3 + 16*(35x%B*b"6%e”3 - 21%*B
*a " 2%b " 4*e*xf"2 - 21*(C*xa~2x¥b~4 - 5xA*xb76) *e " 2*xf - (4*C*xa~4*b~2 + T*A*xa~2%b”
4)*f~3)*x"2 — 105%(6*%B*a”2*b " 4*xe " 2*xf + Bxa~4xb"2+%f"3 + 2% (C*xa”"2*b"4 - 4xAxDb
“6)*e”3 + 3% (Cxa~4*b”"2 + 2%A*a”~2xb~4)*xexf 2)xx)*sqrt (-bkckxx + axc)*sqrt(b*x
+ a))/b”6]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)**3* (Ckxx*2+B*x+A)* (bxx+a)**(1/2)* (~b*xc*kx+a*xc)**(1/2) ,x)

[Out] Timed out

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((f*x+e) ~3x (Ckxx™2+B*x+A)* (b*x+a)~ (1/2)* (-b*ckx+a*xc) (1/2),x, algor
ithm="giac")

[Out] Timed out
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3.21 f\/a + bxVac — bex(e + fx)? (A + Bx + Cx2) dx

Optimal. Leaf size=451

Va + bx (a? - bx?) Vac - bex (3fx (5a2Cf2 - b? (2Ce? — 2f (SAf + 2Be))) + 8 (2a2 f2(Bf + 2Ce) - b%e (Ce? - 2f (5.
12014 f

[Out] ((2*%A*x(4xb~4*e”2 + a~2%b~2*f72) + a~2x(a”2*%Cxf~2 + 2*b~2%e*x(Ckxe + 2xB*f)))x*
xxSqrt[a + b*x]*Sqrtla*xc - bxcxx])/(16%xb~4) + ((Ckxe - 2xBxf)xSqrt[a + b*x]*
Sqrtlaxc - bxc*xx]*x(e + f*x)72x(a”2 - b™2%x72))/(10*b~2*xf) - (CxSqrtla + b*x
1*Sqrt[axc - bxcxx]*(e + f*x)7"3*(a”2 - b™2%x72))/(6%b"2xf) - (Sqrtla + b*x]

xSqrt [axc - bxckx]* (8% (2xa~2*xf" 2% (2*%Cxe + Bxf) - b7 2%e*x(Ckxe”2 - 2*f*x(Bxe +
BkAxf))) + 3*fx(5xa”2%Cxf72 - b7 2% (2xC*xe”2 — 2xf*(2*Bxe + 5xA*xf)))*x)*(a”2

- b72xx72))/(120%b~4*f) + (a~2*%Sqrt[cl*(2%A*(4xb~4*e™2 + a~2*%b"2*f72) + a™2
*x(a”2%Cxf72 + 2%b"2%e*x(Ckxe + 2xBxf)))*Sqrt[a + b*x]*Sqrt[a*c - bkcxx]*ArcTa
n[(b*Sqrt[c]*x)/Sqrt[a~2*c - b™2xc*xx"2]])/(16*b~5xSqrt[a™2*xc - b~ 2*c*xx"2])

Rubi [A] time = 1.00967, antiderivative size = 450, normalized size of antiderivative =

. . b f rul
1., number of steps used = 7, number of rules used = 7, integrand size = 40, e

integrand size
0.175, Rules used = {1610, 1654, 833, 780, 195, 217, 203}

Va + bx (u2 - bzxz) Vac — bex (3fx (SaZCf2 - b? (2Ce2 - 2f(5Af + 2Be))) +8 (Zazfz(Bf +2Ce) - %bz (8Ce3 -16e
120047

Antiderivative was successfully verified.

[In] Int[Sqrtla + b*x]*Sqrt[a*c - b*cxx]x(e + f*x)72*%(A + B*xx + C*x72),x]

[Out] ((a”4*C*f~2 + 2*%a~2*%b"2%e*(Cxe + 2xBxf) + 2%xA*x(4*b~4*e”™2 + a~2*b~2*f72) ) *x*

Sqrtl[a + b*x]*Sqrtl[a*c - bxc*xx])/(16%b"4) + ((Cxe - 2xB*f)*Sqrt[a + b*x]*Sq

rt[axc - bxckx]*(e + f*x)7"2x(a”2 - b~2*x72))/(10¥b"2*f) - (CxSqrtla + b*x]*

Sqrt[a*xc - b*xcxx]x(e + £xx)73*%(a"2 - b™2xx72))/(6%b"2xf) - (Sqrtla + b*xx]*S

qrt[axc - bkxcxx]* (8% (2+a~2*%f 2% (2xCxe + B*f) - (b~2*(8%C*xe”3 - 16%exfx*(Bxe

+ BxAx£)))/8) + 3*f*(5%xa”2*%Ckxf72 — b7™2x(2*%C*ke”~2 - 2*f* (2*Bke + 5xAxf)))*x)*

(272 - b™2%xx72))/(120%b~4xf) + (a~2xSqrtlcl*(a”4*C*xf~2 + 2*a~2xb~2xe*x(Cxe +
2xBxf) + 2xA*x(4*b"4*e”2 + a"2%b”"2xf"2))*Sqrt[a + b*x]*Sqrtlaxc - bxc*x]*Ar
cTan[(b*Sqrt [c]*x) /Sqrt[a~2*%c - b~ 2*c*x"2]])/(16%b~"5xSqrt[a”2%c - b~ 2*c*x"2

D

Rule 1610
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Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_)*(x_))"(m_)*((e_.) + (f_.
)*(x_))"(p_.), x_Symbol] :> Dist[((a + b*x) FracPart[m]*(c + dxx) FracPart[
m])/(axc + bxd*x~2) "FracPart[m], Int[Px*(a*xc + bxd*x~2) m*(e + f*x)7p, x],
x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && PolyQ[Px, x] && EqQ[b*xc + ax
d, 0] && EqQ[m, n] && !IntegerQ[m]

Rule 1654

Int[(Pq )*((d_) + (e_.)*(x_))"(m_.)*((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :
> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]]}, Simp[(f*(d + ex*x
)7(m + q - Dx*x(a + cxx™2)"(p + 1))/(cxe™(q - D)*x(m + q + 2%p + 1)), x] + Di
st[1/(cxe”g*x(m + q + 2*xp + 1)), Int[(d + e*xx) mx(a + c*x~2) p*ExpandToSum[c
xe"qx(m + q + 2%p + 1)*Pq - c*xf*(m + q + 2%p + 1)x(d + exx)"q - f*x(d + exx)
“(q - 2)*(a*e™2x(m + q - 1) - c*d™2%(m + q + 2%p + 1) - 2%cxdxex(m + q + p)
*x), x], x], x]1 /; GtQlq, 1] && NeQ[m + q + 2*p + 1, 0]] /; FreeQ[{a, c, d,
e, m, p}, x] && PolyQ[Pq, x] && NeQ[c*d™2 + a*e”2, 0] && !(EqQ[d, 0] && T
rue) && !(IGtQ[m, 0] && RationalQ[a, c, d, e] && (IntegerQlp] || ILtQ[p +
1/2, 01))

Rule 833

Int[((d_.) + (e_.)*x(x_)) " (m_)*x((£f_.) + (g_.)*x(x_))*((a_) + (c_.)*x(x_)"2)"(p
_.), x_Symbol] :> Simp[(g*(d + e*x)"m*x(a + c*x"2)7(p + 1))/(c*x(m + 2%p + 2)
), x] + Dist[1/(cx(m + 2*p + 2)), Int[(d + e*x)"(m - 1)*(a + c*xx"2) p*Simp[
ckdxfx(m + 2%xp + 2) - akxexg*m + ckx(exfx(m + 2xp + 2) + dxgxm)*x, x], x], x]
/; FreeQ[{a, c, 4, e, f, g, p}, x] && NeQ[c*d"2 + axe”2, 0] && GtQ[m, 0] &
& NeQ[m + 2xp + 2, 0] && (IntegerQ[m] || IntegerQ[p] || IntegersQ[2*m, 2x*p]
) & ! (IGtQ[m, 0] && EqQ[f, 0])

Rule 780

Int[((d_.) + (e_)*xx_))*x((f_.) + (g_)*xx_))*((a_) + (c_)*(x_)"2)"(p_), x
_Symbol] :> Simp[(((exf + dxg)*(2xp + 3) + 2*exg*x(p + 1)*x)*(a + c*x~2) " (p
+ 1))/ (2xcx(p + 1)*(2xp + 3)), x] - Dist[(axe*xg - ckxd*xf*(2*p + 3))/(c*x(2*p
+ 3)), Int[(a + c*x”2)7p, x], x] /; FreeQ[{a, c, d, e, f, g, p}, x] && !'Le
Qlp, -1]

Rule 195

Int[((a_) + (b_.)*(x_ )" (n_))"(p_), x_Symbol] :> Simp[(x*x(a + b*x"n) p)/(n*p
+ 1), x] + Dist[(a*n*p)/(n*p + 1), Int[(a + bxx"n)~(p - 1), x], x] /; Free
Q[{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2xp] || (EqQ[n, 2] &&
IntegerQ[4*xpl) || (EqQ[n, 2] &% IntegerQ[3*p]) || LtQ[Denominator([p + 1/n],
Denominator [pl])
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Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && 'GtQ[a, O]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rubi steps

(\/a + bxVac - bcx) [(e+ fx)*Va2c - b%cx? (A + Bx + sz) dx

f\/a + bxVac — bex(e + fx)? (A+Bx+ sz) dx =

VaZc — b%cx?
CVa + bx\ac — bex(e + fx)° (a2 - bzxz) (\/a + bxVac - bcx)
- 602 f -
(Ce — 2Bf)Va + bxVac — bex(e + fx)? (a2 -~ bzxz) Cva + bxv,
- 1002f -

(Ce — 2Bf)Va + bxVac — bex(e + fx)? (a2 —~ bzxz) CVa + bx/
- 1002f -

(a4Cf2 + 2a%b%e(Ce + 2Bf) + 2A (4b4ez + azbzfz)) xVa + bxVa
16b*

(a4Cf2 +2a%b%e(Ce + 2Bf) + 2A (4b4€2 + azbzfz)) xVa + bxva
16b*

(a*Cf2 + 2a2b%e(Ce + 2Bf) + 2A (4b%e? + a2b2£2)) xVa + bxVa
160*

Mathematica [A] time = 0.995131, size = 311, normalized size = 0.69

Ve(a - bx) (b (a2 - b2x2) (20202 (5Af (16¢ + 3fx) + B (40 + 30efx + 8f2x?) + Cx (1562 + 16efx + 5£2x2)) + a* (32

Antiderivative was successfully verified.
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[In] Integrate[Sqrt[a + bxx]*Sqrtlaxc - b*c*x]*(e + f*x) 2*%(A + B*x + Cxx"2),x]

[Out] (Sqrtlc*(a - b*xx)]*(bx(a”2 - b 2*xx"2)*(a~4*xfx(64*Cxe + 324B*xf + 15*xCxfx*x) +
2%a"2xb" 2% (5kAxf* (16%e + 3*xf*x) + C*x*(15%e”2 + 16*%exfxx + 5xf~2%x72) + Bx
(40%e™2 + 30*e*xf*xx + 8*xf~2%xx72)) - 4*b 4*x* (5kA*x(6%e”™2 + 8Skxexfxx + 3+ " 2%x”

2) + x*¥(2*Bx(10*e™2 + 15*xexf*x + 6*f72%x"2) + Ckx*x(15%e”2 + 24x*xexf*x + 10*f
"2%x72)))) + 30*%a”~(5/2)*(a"4*C+xf~2 + 2*a”2*xb"2*xex(Cxe + 2xBxf) + 2*xA*x(4*b"4

xe”2 + a”2xb"2xf72))*Sqrt[a - b*x]*Sqrt[l + (bxx)/al*ArcSin[Sqrtl[a - b*x]/(
Sqrt[2]*Sqrt[al)]))/(240%b~5*x(-a + b*x)*Sqrt[a + b*x])

Maple [B] time = 0.017, size = 987, normalized size = 2.2

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e) 2% (Ckx~2+Bxx+A)* (b*x+a) ™ (1/2)* (~bxcxx+a*xc) ~(1/2),x)

[Out] 1/240%(b*xx+a)~(1/2)*(—cx(b*x-a))~(1/2)*(120xA*xarctan((b~2*xc)~(1/2)*x/(-c*(b
“2%x"2-a"2)) " (1/2))*a"2xb~4xcxe~2+30xCxarctan((b"2*xc) " (1/2)*x/ (—c* (b~ 2*x"2-
a~2)) " (1/2))*xa"4*xb"2*xcxe"2+120*A* (b~ 2*c) " (1/2) * (—c*x (b~ 2*x"2-a"2) ) “(1/2) *x*b
“4xe”2-15%Cx (b~ 2*%c) ~(1/2) * (—cx (b~ 2*x"2-a"2) ) ~(1/2) *x*a”4*f ~24+40*C*x " 5*xb 4 *f
“2% (—cx(b72*%x72-2"2) ) " (1/2)*(b™2%c) " (1/2) +48*B*x~4*xb~4*f ~2x (—c* (b~ 2*x"2-a"2
1) (1/2) % (b~ 2xc) " (1/2) +60%A*xx " 3xb~4*f " 2% (—cx (b~ 2*x"2-a"2) ) ~(1/2) * (b~ 2*c) ~ (1
/2)+60*C*x"3*b " 4*xe” 2% (—cx (b~ 2%x"2-a"2) ) " (1/2) * (b~ 2*c) " (1/2) +80*B*x"2*b " 4*e”
2% (—cx(b™2*x72-a"2)) " (1/2)* (b~ 2*c) " (1/2) -80*B*xa~2xb~2*e " 2x (—c*x (b~ 2*x"2-a"2)
)7 (1/2)*%(b™2%c) " (1/2) -32*xBxa~4*xf 2% (—c*x (b™2%x"2-a"2) ) " (1/2) * (b~ 2xc) ~(1/2)+1
5%¥Cxarctan((b~2x*c) ~(1/2)*x/ (—cx (b~ 2*x"2-a"2) ) ~(1/2) ) *a~6*xc*xf~2-32*C*x"2*a~2
*b " 2%e*xf* (—ckx(b™2*x72-a72) ) ~(1/2) % (b™2%c) " (1/2) -64*C*xa”dxexf* (—c* (b~ 2%x"2-a
~2)) 7 (1/2) (b~ 2*c) " (1/2)+30xA*arctan( (b~ 2*c) " (1/2) *x/ (—cx (b~ 2*%x"2-a"2) ) ~(1/
2) ) *a~4*b”2xc*xfT2-160*%A*xa~2*%b" 2xe*xf* (—c*x (b™2*%x"2-a"2) ) ~(1/2) *(b™2*c) ~(1/2)+
60*Bxarctan((b~2*c) ~(1/2)*x/(—cx (b~ 2*x"2-a"2)) " (1/2) ) *a~4xb~2*xcxe*xf-30*A* (b
“2%c) T (1/2) % (mcx (b™2*x72-a"2) ) “(1/2) *x*a~2*%b"2*f ~2-30*C*x (b~ 2*c) ~(1/2) * (—c*(
b"2*x72-a"2) ) " (1/2) *x*a"2*%b"2*e”"2+96*Cxx " 4*b 4xexf* (—cx (b"2*x"2-a"2)) " (1/2)
*(b72%c) " (1/2) +120%B*x"3*b~4*e*xf* (—cx (b 2*%x"2-2"2) ) ~(1/2) * (b~ 2*c) ~(1/2) -10%
Ckx~3*a " 2xb~2*xf 2% (—c* (b™2%x"2-a"2) ) " (1/2) * (b~ 2*c) ~(1/2) +160*A*x~2*b " 4d*e*xf*
(mcx(b™2%x72-a"2)) " (1/2) *(b~2%c) ~(1/2) —16*B*x~2*a~ 2*xb " 2*f " 2% (—c* (b~ 2*x"2-a"
2))"(1/2) (b~ 2%c) " (1/2)-60xB* (b~2%c) " (1/2) *(—cx (b~ 2*x"2-a"2) ) ~(1/2) *x*a"~2*b
~2%exf) /(—cx(b™2*x"2-a"2) )~ (1/2) /b~4/ (b~ 2*c) ~(1/2)
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e) 2% (Cxx~2+B*x+A)* (b*x+a) ~(1/2)* (-b*c*x+a*xc)~(1/2),x, algor
ithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 1.30742, size = 1517, normalized size = 3.36

15 (4 Ba*b?ef +2 (Ca4b2 +4 Aazb‘l)e2 + (Ca6 +2 Aa4b2)f2)\/—_clog (2 b2cx? + 2 \/=bex + acVbx + aby/—cx - azc) -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e) 2% (Cxx~2+B*x+A)* (b*x+a) ~(1/2)* (-b*c*x+a*xc)~(1/2),x, algor
ithm="fricas")

[Out] [1/480*(15%(4*B*xa~4*b~2*exf + 2x(C*xa~4*b~2 + 4xA*a~2*xb~4)*e”2 + (Cxa”~6 + 2
Axa~4xb~2) *f72) *sqrt (—c) *1log (2*%b~"2*c*x"2 + 2xsqrt(-bkxcxx + axc)*sqrt(b*x +
a)*bxsqrt (-c)*x - a”2%c) + 2% (40*Cxb~5*f~2%x"5 - 80*B*a~2*b~3*e”2 - 32*Bxa”
Axbxf"2 + 48%(2xCxb " bxexf + Bxb 5xf~2)*x"4 + 10*(6%Cxb~5*e”2 + 12*Bxb~5xexf
- (Cxa”2*b"3 - 6xA*b~5)*f~2)*x"3 - 32%(2*xC*xa~4*b + SxA*xa~2%b~3)*exf + 16%(
5%B*b~5%e”2 - B*a"2xb"3*xf"2 - 2% (C*a"2%b"3 - BxA*b75)*exf)*x"2 - 15%(4*B*a”
2%b~3*e*xf + 2% (C*xa~2%b~3 - 4xA*xb75)*e”2 + (C*xa"4x*xb + 2xA*xa~2xb~3) *f~2) *x) *s
grt (-b*c*xx + axc)*sqrt(b*x + a))/b~5, -1/240%(15*(4*Bxa~4*xb~2*xexf + 2x(Cxa”
4%b72 + 4xAxa”2xb"4)*e”2 + (Cxa~6 + 2xA*a~4*b”"2)*f"2)*sqrt(c)*arctan(sqrt(-
bxcxx + axc)*sqrt(b*x + a)*bxsqrt(c)*x/(b"2xcxx"2 - a~2%c)) - (40*Cxb~5*xf~2
*x75 — 80%B*a~2*b"3*e”2 - 32*B*a 4*bxf"2 + 48%(2*xCxb~5*exf + Bxb"5xf"2)*x"4
+ 10*%(6*Cxb~5*%e”2 + 12xBxb~5*exf - (C*a~™2*b”3 - 6xA*xb~5)*xf~2)*x~3 - 32% (2%
C*a~4x*b + bxAxa~2xb~3)*exf + 16*(5xBxb~5*xe”2 — Bxa~2%b~3*f~2 - 2*x(C*xa~2*xb~3
- BkA*b7B) kexf)*x"2 — 154 (4+B*xa”2*b " 3*kexf + 2x(Cxa~2%b~3 - 4*A*b~5)*e”2 +
(Cxa~4%b + 2xAxa~2*b~3)*f~2)*x)*sqrt (-bxc*x + axc)*sqrt(b*x + a))/b75]
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Sympy [F] time = 0., size = 0, normalized size = 0.

f\/—c (—a + bx)Va + bx (e + fx)2 (A + Bx + sz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)**2% (Ckx*x*2+B*xx+A)* (bxx+a)**(1/2)* (~b*xckx+a*xc)**(1/2) ,x)

[Out] Integral(sqrt(-c*(-a + bxx))*sqrt(a + bxx)*(e + f*xx)**x2x(A + B*x + Cxx**2),
x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e) 2% (Cxx~2+B*x+A)* (b*x+a) ~(1/2)* (-b*c*x+a*xc)~(1/2),x, algor
ithm="giac")

[Out] Timed out



149

3.22 f\/a + bxVac — bex(e + fx) (A + Bx + sz) dx

Optimal. Leaf size=300

Va + bx (a2 - bzxz) Vac — bex (4 (2a2Cf2 - b? (3C€2 —-5f(Af + Be))) — 3V fx(3Ce - SBf)) a*~JeNa + bxvac - b
- +
600 f

[Out] ((4*Axb~2%e + a~2%(Cxe + Bx*f))*x*Sqrt[a + b*x]*Sqrt[a*xc - b*c*xx])/(8%b~2) -
(CxSqrt[a + bxx]*Sqrt[axc - bxcxx]*(e + f*x) 2x(a”2 - b™2%x72))/(5xb~2*f)

- (Sqrt[a + bxx]*Sqrtlaxc - bxckx]*(4*x(2%xa~2%xCxf~2 - b72x(3*%C*xe”2 - Bxf*(Bx

e + Axf))) - 3xb7"2xf*x(3*Cxe - BABxf)*x)*(a”2 - b™2%x72))/(60%xb~4*f) + (a~2%

Sqrt [c]*(4%A*b~2%e + a~2x(Cxe + Bxf))*Sqrt[a + b*x]*Sqrt[a*c - bkcxx]*ArcTa

n[(b*Sqrt[c]*x)/Sqrt[a™2*c - b~2*xc*xx"2]])/(8%b~3*Sqrt[a”2*c - b~ 2*xc*xx"2])

Rubi [A] time = 0.445962, antiderivative size = 297, normalized size of antiderivative =

: . ber of rul
0.99, number of steps used = 6, number of rules used = 6, integrand size = 38, T >

= 0.158, Rules used = {1610, 1654, 780, 195, 217, 203}

integrand size

Va + bx (a2 - bzxz) Vac — bex (4 (2¢12Cf2 - b? (3C€2 —-5f(Af + Be))) — 3V fx(3Ce - SBf)) a*~Jeva + bxvac - b
- +
600% f

Antiderivative was successfully verified.

[In] Int[Sqrt[a + b*x]*Sqrtla*c - bxcxx]*(e + fxx)*(A + Bxx + C*x72),x]

[Out] ((4*Axe + (a"2x(Cxe + Bx*f))/b~2)*xxSqrt[a + b*x]*Sqrtlaxc - bxc*x])/8 - (Cx
Sqrt[a + bxx]*Sqrtl[a*xc - b*xckx]*(e + f*x)"2x(a”2 - b™2*xx72))/(5xb~2xf) - (S
qrtla + b*x]*Sqrtla*xc - bxcxx]*(4*x(2*a~2*xCxf~2 - b™2x(3*%Cxe”2 - b*xf*x(B*e +

Ax£))) - 3*b"2xfx(3%Cxe - B*B*f)*x)*(a”2 - b™2*x72))/(60*%b~4xf) + (a~2xSqrt
[c]*(4xAxb~2%e + a~2%(Cxe + Bxf))*Sqrtl[a + b*x]*Sqrt[a*c - b*cxx]*ArcTan[(b

xSqrt [c]*x)/Sqrt[a™2xc - b~ 2*cxx"2]])/(8*b~3*%Sqrt[a”2*xc - b~ 2*c*xx"2])

Rule 1610

Int[(Px_)*((a_.) + (b_.)*x(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*x((e_.) + (f_.
)*(x_))"(p_.), x_Symbol] :> Dist[((a + b*x) FracPart[m]*(c + dxx) FracPart[
m])/(axc + bxd*x~2) "FracPart[m], Int[Px*(axc + bxd*x~2) m*(e + f*x)7p, x],
x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && PolyQ[Px, x] && EqQ[b*xc + ax
d, 0] && EqQ[m, n] && !IntegerQ[m]
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Rule 1654

Int[(Pq )*((d_) + (e_.)*(x_)) " (m_.)*((a_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :
> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]1}, Simp[(f*(d + ex*x
)7(m + q - Dx*x(a + cxx™2)7"(p + 1))/(cxe™(q - D*x(m + q + 2%p + 1)), x] + Di
st[1/(cxe”gq*(m + q + 2xp + 1)), Int[(d + exx) " mx(a + c*xx~2) “pxExpandToSum([c
xe"qx(m + q + 2%p + 1)*Pq - c*f*(m + q + 2*%p + 1)*(d + exx)"q - f*x(d + e*x)
“(q - 2)*%(axe”2*%(m + q - 1) - c*d™2*%(m + q + 2%xp + 1) - 2*cxd*ex(m + q + p)
*x), x], x], x]1 /; GtQlq, 1] && NeQ[m + q + 2*p + 1, 0]] /; FreeQ[{a, c, d,
e, m, pr, x] && PolyQ[Pq, x] && NeQ[c*d"2 + axe”2, 0] && !(EqQ[d, 0] && T
rue) && !(IGtQ[m, 0] && RationalQ[a, c, d, e] && (IntegerQ[p] || ILtQ[p +
1/2, 01))

Rule 780

Int[((d_.) + (e_)*xx_))*x((£f_.) + (g_)*xx_))*((a_) + (c_)*(x_)"2)"(p_), x
_Symbol] :> Simp[(((exf + dxg)*x(2xp + 3) + 2kexg*(p + 1)*x)*(a + c*xx"2) " (p
+ 1))/ (2xcx(p + 1)*x(2*%p + 3)), x] - Dist[(axexg — c*xd*xf*(2*xp + 3))/(cx(2*p
+ 3)), Int[(a + c*x”2)7p, x]1, x] /; FreeQ[{a, c, d, e, f, g, p}, x] && !Le
Qlp, -1]

Rule 195

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(x*x(a + b*x"n) p)/(n*p
+ 1), x] + Dist[(a*n*p)/(n*p + 1), Int[(a + bxx™n)~(p - 1), x], x] /; Free
Q[{a, b}, x] && IGtQ[n, 0] && GtQ[p, O] && (IntegerQ[2+p] || (EqQ[n, 2] &&
IntegerQ[4*pl) || (EqQ[n, 2] && IntegerQ[3*p]) || LtQ[Denominator([p + 1/n],
Denominator [p]])

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

Rule 203

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(1xArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1]1)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rubi steps
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(\/a + bx\ac - bcx) f(e + fx)Va?c — b?cx? (A + Bx + sz) dx

f\/a + bxVac — bex(e + fx) (A +Bx + sz) dx =

Va?c — b%cx?
CVa + bxVac — bex(e + fx)? (az - bzxz) (\/a + bxVac - bcx) |
T 512 f -
CVa + bxVac — bex(e + fx)? (az - bzxz) Va + bxVac - bex (4
T 502 f -
1 2 B CVa + bxVac — bex
= —|4Ae + M xVa + bxVac — bex -
8 b2 51
1 2 B CVa + bxVac - bea
=—4M+ZE£LJEXW+MMM—MW-
8 b2 51
1 2(Ce+B CVa + bxVac — bex
=3 4Ae+a(eb—2+f))x\/a+bx\/ac—bcx— =

Mathematica [A] time = 0.6460006, size = 200, normalized size = 0.67

c ((a2 — 1222) (a2b%(40Af + 5B(8e + 3fx) + Cx(15¢ + 8fx)) + 16a*Cf — 2b*x(10A(3e + 2fx) + x(5B(4e + 3fx) + 3C
12004V a + bx+/c(a — bx)

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + b*x]*Sqrtla*c - bxcxx]*(e + f*x)*(A + Bxx + C*x72),x]

[Out] -(c*x((a”2 - b™2*x72)*x(16*%a~4*C+f + a~2*b~ 2% (40*A*xf + 5*Bx(8*e + 3*fxx) + Cx
x*(15*%e + 8xfxx)) - 2%b~4*xkx (10%A*(3*e + 2xf*x) + x*(5*Bkx(4d*e + 3xf*xx) + 3%

Cxx* (bxe + 4xf*xx)))) + 30%a~(5/2)*b*(4xA*b~2%e + a~2x(Cxe + Bx*f))*Sqrt[a -
b*x]*Sqrt [1 + (b*x)/al*ArcSin[Sqrtla - b*x]/(Sqrt[2]*Sqrtlal)]))/(120%b~4x*S
grtlcx(a - b*x)]*Sqrt[a + bxx])

Maple [B] time = 0.013, size = 588, normalized size = 2.

1
507 Vbx + ar/—c (bx — a) [ 24 Cx*b* Vb2 —c (b2x2 - az) + 30 Bx3b* fVh2cq[—c (bzxz - a2) + 30 Cx*breVb2cq/—c (
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((fxx+e)*x(Cxx~2+B*x+A)*(b*x+a) ~(1/2)*(-b*xc*x+a*xc)~(1/2),x)

[Out] 1/120*%(b*x+a)”~(1/2)*(—c*x(b*x-a)) ~(1/2) *(24*Cxx~4xb~4*f* (b~ 2%c) ~(1/2) *(—c* (b
“2%xx72-a"2)) " (1/2)+30%Bxx"3xb " 4xf*x (b~ 2*%c) " (1/2) * (—cx(b"2*xx"2-a"2)) " (1/2)+30
*Cxx"3*b " 4*xex (b™2*%c) " (1/2) *(—cx(b™2%x"2-a"2) ) " (1/2) +60*A*arctan((b~2*c) ~(1/
2)*x/ (—cx(b™2*x"2-a"2) ) ~(1/2) ) *a~2%¥b"4*c*xe+40*xAxx~2xb~4*xfx (b~ 2%c) ~(1/2) *(-c
*(b™2xx"2-a"2)) " (1/2)+15xB*xarctan((b™2xc) " (1/2) *x/ (—cx (b~ 2*%x"2-a~2)) ~(1/2))
*a " 4*b 2% ckf+40*Brx"2xb " 4xex (b~ 2%c) " (1/2) ¥ (—cx (b™2*x"2-a"2) ) ~(1/2) +15*C*arc
tan((b™2*xc) " (1/2) *x/ (—c*x(b~™2*x"2-a"2) ) ~(1/2) ) *a~4*b~ 2*xc*xe-8*Cxx~2*a " 2*¥b~ 2*f
*(b72%c) " (1/2) % (—cx (b~ 2*x"2-a"2) ) “(1/2)+60*A*x (b~ 2*c) ~(1/2) * (—cx (b~ 2*x"2-a"2
)) " (1/2) #x¥b~4*e-15*%Bx (b™2*xc) ~(1/2) * (—c*x (b™2*x"2-a"2) ) " (1/2) *x*a~2*xb~2*xf-15
*C* (b™2%c) " (1/2) *(—cx(b™2*xx"2-a"2) ) " (1/2) *x*a~2*b~2*xe—-40*xA*xa~2+¥b~2*f* (b~ 2*c
)7 (1/2)*%(—cx(b™2%x"2-a"2) ) "~ (1/2) -40%B*xa~2*b~ 2*xex (b"2*%c) " (1/2) * (-cx (b~ 2*x"2-
a~2)) " (1/2)-16xCxa~4xf* (b~ 2xc) " (1/2) *(—cx (b~ 2*x"2-a"2) ) ~(1/2)) / (—c*x(b"2*x"2
-a"2))"(1/2)/b"4/(b"2xc)~(1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)* (Ckxx~2+B*x+A)* (b*x+a)”~(1/2)*(-b*c*x+axc)~(1/2),x, algorit
hm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 1.27366, size = 980, normalized size = 3.27

15 (Ba4bf + (Ca4b +4 Aa2b3)e)\/—_clog (2 b2cx? + 2 \=bex + acVbx + aby—cx — azc) +2 (24 Cb*fx* — 40 Ba?b?e + 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*(Cxx~2+B*x+A)* (b*x+a) ~(1/2)* (~b*c*x+a*xc)”(1/2),x, algorit
hm="fricas")
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[Out] [1/240%(15x(B*a~4*b*f + (Cxa~4*b + 4*xA*a”~2*b~3)*e)*sqrt(-c)*log(2xb~2xcxx"2
+ 2%sqrt (~bxc*x + axc)*sqrt(b*x + a)*b*sqrt(-c)*x - a~2%c) + 2% (24xCxb~4xf

*xx"4 - 40%B*a~2*b"2%e + 30%(Cxb~4xe + Bxb~4xf)*x"3 + 8% (5xBxb~4xe - (Cxa~2x

b~2 - B5*xA*b~4)*f)*x"2 - 8% (2xC*xa~4 + 5xAxa”2xb"2)*f - 15*x(B*a"2+b”2xf + (Cx
a~2*%b"2 - 4*A*b~4)*e)*x)*sqrt (-bxcxx + axc)*sqrt(b*x + a))/b”4, -1/120%(15%
(Bxa~4xb*xf + (C*a~4xb + 4*A*a~2%b”~3)*e)*sqrt(c)*arctan(sqrt(-bxc*x + a*c)*s

qrt (b*xx + a)*bxsqrt(c)*x/(b72%c*x™2 - a”2%c)) - (24*Cxb~4xf*xx"4 - 40*Bxa~2x
b~2%e + 30%(C*b~4*e + B*b74xf)*x"3 + 8% (5xB*xb"4xe - (Cxa~2%b~2 - b*xAxb~4)*f

)*x72 - 8x(2xC*a”4 + bxA*a”24b"2)*f - 15x(B*a~2*b"2+f + (Cxa”2%b~2 - 4*Axb~
4)*xe)xx)*xsqrt (~b*cxx + axc)*sqrt(b*x + a))/b~4]

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/—c (—a + bx)Va + bx (e + fx) (A +Bx + sz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)* (Ckxx*2+B*x+A)* (bxx+a)**(1/2)* (~b*xc*kx+a*xc)**(1/2) ,x)

[Out] Integral(sqrt(-c*(-a + bx*x))*sqrt(a + b*x)*(e + f*x)*(A + B*x + Ckx**2), x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fx*x+e)* (Ckxx~2+B*x+A)* (b*x+a)~(1/2)*(-bxc*x+axc)~(1/2),x, algorit
hm="giac")

[Out] Timed out
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3.23 f\/a + bxVac — bex (A + Bx + sz) dx

Optimal. Leaf size=221

a®+JcVa + bx (azC + 4Ab2) Vac — bex tan™ ( bex ) 2
V/ 1
a2e o) |~ o~fa + bx (g + 4A) Vac — bex —
8b3Va2c — b2cx? 8 b

BVa + bx (a2 - b2x2) \

3b?

[Out] ((4*%A + (a~2*%C)/b~2)*x*Sqrt[a + b*x]*Sqrt[a*c - b*c*x])/8 - (B*Sqrt[a + bxx
1*xSgrt[axc - bxcxx]*(a”2 - b™2*xx72))/(3%b72) - (CxxxSqrtl[a + b*x]*Sqrt[a*c

- bxc*kx]*(a”2 - b72%x72))/(4*%b72) + (a”2*xSqrtlcl*(4*Axb~2 + a~2xC)*Sqrt[a +
bxx]*Sqrt [axc - bxcxx]*ArcTan[(b*Sqrt[c]*x)/Sqrt[a~2*xc - b~ 2xc*xx~2]])/(8*b
~3%Sqrt[a”2*%c - b72xc*x”"2])

Rubi [A] time = 0.146967, antiderivative size = 221, normalized size of antiderivative

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 33, LT

integrand size
0.182, Rules used = {901, 1815, 641, 195, 217, 203}

a’+JcVa + bx (azC + 4Ab2) Vac — bex tan ™ (ﬂ) 2
v 1 C
arebPe) |\~ o\a+ bx (a_2 + 4A) Vac — bex —
8b3Va?c — b2cx? 8 b

BVa + bx (az - b2x2) \

3b?

Antiderivative was successfully verified.

[In] Int[Sqrtl[a + b*x]*Sqrtla*c - bxc*x]*(A + Bxx + C*x~2),x]

[Out] ((4*A + (a~2*C)/b~2)*x*Sqrt[a + b*x]*Sqrt[a*c - b*c*x])/8 - (B*Sqrt[a + bxx

I1xSqrt[axc - bxc*xx]*(a”2 - b72%x72))/(3*%b72) - (C*x*Sqrtla + b*x]*Sqrt[a*c

- bxc*kx]*(a”2 - b72%x72))/(4*%b"2) + (a”2*xSqrtlc]*(4*A*xb~2 + a~2xC)*Sqrt[a +
bxx]*Sqrt [axc - bxcxx]*ArcTan[(b*Sqrt[c]*x)/Sqrt[a~2xc - b~ 2xc*xx~2]1)/(8*b

~3*Sqrt[a”2*%c - b7 2xc*x"2])

Rule 901

Int[((d_) + (e_)*(x_))"(m_)*x((f_) + (g_)*x_))"(m )*((a_.) + (b_.)*x(x_) +
(c_.)*(x_)"2)"(p_.), x_Symbol] :> Dist[((d + exx) FracPart[m]*(f + g*x) Fr
acPart[m])/(d*f + exg*x~2) FracPart[m], Int[(d*f + e*xg*x~2) mx(a + b*x + c*

x"2)7p, x], x] /; FreeQ[{a, b, ¢, 4, e, £, g, m, n, p}, x] & EqQ[m - n, 0]
&& EqQ[exf + dxg, 0]

Rule 1815
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Int[(Pq )*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{q = Expon[Pq, x],
e = Coeff[Pq, x, Expon[Pq, x]1}, Simp[(exx~(q - 1)*(a + b*x"2)"(p + 1))/ (bx
(g + 2xp + 1)), x] + Dist[1/(bx(q + 2*%p + 1)), Int[(a + b*x"2) “p*ExpandToSu
m[bx(q + 2%p + 1)*Pq - axex(q - 1)*x7(q - 2) - bxex(q + 2%p + 1)*x7q, x], X
1, x11 /; FreeQ[{a, b, p}, x] && PolyQ[Pq, x] && !'LeQ[p, -1]

Rule 641

Int[((d_) + (e_.)*(x ))*((a_) + (c_)*(x_)"2)"(p_.), x_Symbol] :> Simp[(ex*(
a+ cxx”2)7(p + 1))/ (2*cx(p + 1)), x] + Dist[d, Int[(a + c*x"2)7p, x], x] /
; FreeQ[{a, c, d, e, p}, x] && NeQ[p, -1]

Rule 195

Int[((a_) + (b_)*(x )" (n_))"(p_), x_Symbol] :> Simp[(xx(a + b*x"n) p)/(n*p
+ 1), x] + Dist[(a*n*p)/(n*p + 1), Int[(a + b*x™n)"(p - 1), x], x] /; Free
Ql{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2*p] || (EqQ[n, 2] &&
IntegerQ[4*xpl) || (EqQ[n, 2] &% IntegerQ[3x*p]) || LtQ[Denominator([p + 1/n],
Denominator [p]])

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x"2]] /; FreeQ[{a, b}, x] & 'GtQ[a, O]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 0] || GtQ[b, 01)

Rubi steps
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(\/a + bxVac - bcx) f Va2c — b2cx? (A + Bx + sz) dx
Va2c - Pcx?
CxVa + bxVac - bex (az - bzxz) (\/a + bxVac - bcx) il (—c (4Ab2 + a2
B 4b? B 4h2cVa2c - b
_B\/a + bxVac - bex (a2 - bzxz) B CxVa + bxVac — bex (a2 - bzxz) N ((_4

f\/a + bxVac — bex (A + Bx + sz) dx =

3b* 42
- % 4A + a;_zC) xVa + bxVac - bex - BVa+ bx‘/aC;bfcx (”2 - bzxz) _Cx
- % 4A + LIZ—ZC) xVa + bxVac - bex - BVa+ bX\/ac?)—bfcx (“2 - bzxz) _
- % 4A + uZ_ZC) xVa + bxVac - bex - BVa+ bx\/ac?)—blzgcx (”2 B bzxz) _ Cxy

Mathematica [A] time = 0.380484, size = 142, normalized size = 0.64

¢ (b (0242 - a?) (20%x (6A + 4Bx + 3Cx?) — a2(8B + 3Cx)) + 6a%2va — by +1 (a%C + 4A12) sin™ (g))
24b3va + bx+/c(a — bx)

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + b*x]*Sqrt[a*c - bkcxx]*(A + Bxx + C*x"2),x]

[Out] -(c*(bx(-a”2 + b™2xx72)*(-(a"2*(8*B + 3*C*x)) + 2%b"2*x*(6%A + 4*Bkx + 3*Cx
X72)) + 6*%a~(5/2)*(4*%Axb~2 + a~2*xC)*Sqrtla - b*x]*Sqrt[1 + (b*x)/a]l*ArcSin[
Sqrt[a - b*x]/(Sqrt[2]*Sqrt[al)]))/(24xb~3*Sqrt[c*(a - b*x)]*Sqrtl[a + b*x])

Maple [A] time = 0.011, size = 287, normalized size = 1.3

1 a2 vb? /
T Vbx + avJ—c (bx — a) | 6 Cx3b2/—c (b2x2 - az)‘\/ b2c + 12 A arctan cx a?b*c + 8 Bx?b?[—c (bzxz -

—c (b2x2 - az)

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((C*xx~2+B*xx+A)* (b*x+a) ~ (1/2)*(-bxckxx+a*xc)~(1/2),x)

[Out] 1/24*(b*xx+a)”~(1/2)*(—c*x(b*x-a))~ (1/2) *(6*xCxx~3*xb~ 2% (—c* (b~ 2*x"2-a"2)) " (1/2)
*(b™2xc) " (1/2)+12xA*xarctan((b™2*xc) " (1/2) *x/ (—c*x (b™2*xx"2-a"2)) " (1/2) ) *a~2%b"
2%c+8*B*xx"2*xb" 2% (—c*x (b™2*xx"2-a"2) ) " (1/2) * (b~ 2*c) " (1/2) +3*Cxarctan ((b~2*c) ~(
1/2)*x/ (—c*(b™2%x"2-a"2)) " (1/2) ) *a~4*c+12xA* (b~ 2xc) ~(1/2) * (—cx (b~ 2*x"2-a"2)

)T (1/2) *#x*b™2-3*%C* (b~ 2*c) " (1/2) * (—c*x (b™2*x"2-a"2) ) " (1/2) *x*a~2-8*Bxa~2x (-c*
(b™2%x72-a72)) " (1/2) % (b"2%c) ~(1/2)) / (mcx(b™2*x"2-a"2) ) " (1/2) /b~2/ (b"2%c) ~ (1

/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)* (b*x+a)~(1/2)*(-b*xc*xx+a*xc)”(1/2),x, algorithm="maxi
mall

[Out] Exception raised: ValueError

Fricas [A] time = 1.14845, size = 602, normalized size = 2.72

3 (Ca4 + 4Aa2b2)\/—_clog (2 b2cx? + 2 \=bex + acVbx + aby—cx — azc) +2 (6 Cb3x® + 8 Bb®x? — 8 Ba®bh - 3 (Cazb -
48 b3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxx~2+B*x+A)* (b*xx+a)~(1/2)*(-b*c*x+a*xc)~(1/2),x, algorithm="fric
aS"

[Out] [1/48%(3x(C*a”4 + 4*A*a~2*b"2)*sqrt(-c)*log(2*¥b~2*c*x"2 + 2*sqrt(-b*c*x + a
xc)*sqrt (bxx + a)*b*xsqrt(-c)*x - a"2xc) + 2x(6%xC*b~3%x”3 + 8*B*xb~3*xx"2 - 8%
Bxa~"2xb - 3x(C*a”2xb - 4xA*b~3)*x)*sqrt(-b*xcxx + axc)*sqrt(b*x + a))/b~3, -
1/24% (3% (C*a~4 + 4xA*xa”~2xb~2)*sqrt(c)*arctan(sqrt(-b*xcxx + axc)*sqrt(b*x +
a)*bxsqrt (c)*x/(b72%c*x™2 - a™2%c)) - (6*%C*b~3*x~3 + 8*B*b~3*x"2 - 8*Bkxa~2x

b - 3*%(Cxa”2*b - 4xA*b~3)*x)*sqrt (-b*c*x + axc)*sqrt(b*x + a))/b~3]
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Sympy [F] time = 0., size = 0, normalized size = 0.

f\/—c (—a + bx)Va + bx (A +Bx + sz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxx**2+B*xx+A)* (b*x+a)**(1/2)* (~bkckx+akxc)**(1/2),x)

[Out] Integral(sqrt(-c*(-a + b*x))*sqrt(a + b*xx)*(A + Bkx + Cxx**2), x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((C*x~2+B*x+A)* (b*x+a)~(1/2)*(-bxcxx+axc)~(1/2),x, algorithm="giac
n)

[Out] Timed out
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A+Bx+Cx?
3.24 f Va+bxVac—bcx(e+ fx)

Optimal. Leaf size=278

3 \/E(a2f+bzex)
2 2 1 vV - —L
Va2e = b2ex? (Af — Bef + Ce )tan (\/azc_b2cx2\/b2e2—a2f2 i a2c — b2cx2(Ce — Bf) tan™! ( azcﬁzcxz) C (gZ .

Vef2Va + bxvac — bexJb2e2 — a2 f2 b/cf2Va + bxVac — bex B b2 fva+1b

[Out] -((Cx(a”2 - b~2*x72))/(b~2+f*Sqrt[a + b*x]*Sqrt[axc - b*c*x])) - ((Cxe - Bx
f)*Sqrt[a™2*%c - b~2*c*x~2]*ArcTan[(b*Sqrt [c]*x)/Sqrt[a~2*c - b~ 2xc*xx"2]])/(
b*Sqrt [c]*f"2xSqrt[a + b*x]*Sqrt[axc - bkxc*x]) + ((Cxe”2 - Bkxexf + Axf~2)%S
grt[a™2xc - b~2*cxx"2]*ArcTan[(Sqrt[c]l*(a”2*f + b~2%exx))/(Sqrt[b~2*e”2 - a
~2%f72]*Sqrt[a”2%c - b~2*xcxx"2])])/(Sqrt [cl*f~2*xSqrt [b™2*xe”2 - a~2xf~2]*Sqr

tla + b*x]*Sqrt[a*xc - b*cxx])

Rubi [A] time = 0.489579, antiderivative size = 278, normalized size of antiderivative
number of rules

1., number of steps used = 7, number of rules used = 7, integrand size = 40,
0.175, Rules used = {1610, 1654, 844, 217, 203, 725, 204}

integrand size

Va2c-b2cx2[p2e2—a? 2 V2e—b2c2

c 112 zex
Va2 - b2cx? (Af? - Bef + C?) tan™" ( Yy ) Va2c - b2cx?(Ce - Bf) tan™! ( bfex ) C(a?
Vef2Va + bxVac — bex+/b%e? — a% f2 B bJcf2Va + bxVac — bex B b fva+b

Antiderivative was successfully verified.

[In] Int[(A + Bxx + C*x"2)/(Sqrtl[a + b*x]*Sqrtla*xc - bxc*x]*(e + f*x)),x]

[Out] -((Cx(a”2 - b™2*x72))/ (b 2xf*Sqrt[a + b*x]*Sqrt[a*c - b*xc*x])) - ((Ckxe - Bx
f)*Sqrt[a™2xc - b~ 2*c*xx"2] *ArcTan[(b*Sqrt [c]*x)/Sqrt[a™2*c - b™2xc*xx"2]])/(
b*Sqrt [c]*f~2*Sqrt[a + b*x]*Sqrt[a*xc - b*c*xx]) + ((Ckxe”2 - Bxexf + A*xf~2)%S
qrt[a™2xc - b 2xcxx 2] *ArcTan[(Sqrt[c]l*(a~2+f + b"2%exx))/(Sqrt[b™2*e”2 - a
~2+f72]*xSqrt [aT2%c - bT2xc*kx72])])/(Sqrt [c]*f72xSqrt [b™2%e™2 - a~2%f~2]*Sqr

tla + bxx]*Sqrtl[a*xc - bxc*x])

Rule 1610

Int[(Px_)*((a_.) + (b_)*x(x_ D))" (m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (f_.
)*(x_))"(p_.), x_Symbol] :> Dist[((a + b*x) FracPart[m]*(c + d*x) FracPart[
m])/(axc + bxd*x~2) FracPart[m], Int[Px*(axc + bxd*x"2) m*(e + f*x)7p, x],
x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && PolyQ[Px, x] && EqQ[b*c + ax*
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d, 0] && EqQ[m, n] && !IntegerQ[m]

Rule 1654

Int [(Pq_)*((d_) + (e_)*(x_))"(m_.)*x((a_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :
> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]]1}, Simp[(f*(d + e*x
)(m + g - Dx*x(a + cxx™2)"(p + 1))/(cxe”(q - 1)*(m + q + 2%p + 1)), x] + Di
st[1/(cxe"gx(m + q + 2%p + 1)), Int[(d + e*x) m*x(a + c*x~2) p*ExpandToSum[c
xe"qx(m + q + 2%p + 1)*Pq - cxf*(m + q + 2%p + 1)x(d + exx)"q - £x(d + exx)
“(q - 2)*%(a*e”2*%(m + q - 1) - c*d™2*(m + q + 2%xp + 1) - 2*cxd*ex(m + q + p)
*x), x], x], x] /; GtQlq, 1] && NeQ[m + q + 2%p + 1, 011 /; FreeQ[{a, c, d,
e, m, pt, x] && PolyQ[Pq, x] && NeQ[cxd~2 + a*e”™2, 0] && !(EqQ[d, O] && T
rue) && !(IGtQ[m, O] && RationalQ[a, c, d, e] && (IntegerQlp] || ILtQ[p +
1/2, 01))

Rule 844

Int[((d_.) + (e_.)*(x_))"(m)*x((f_.) + (g_.)*x(x_))*((a_) + (c_.)*x(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*x(a + c*x"2)7p, x], x] + D
ist[(exf - d*g)/e, Int[(d + e*x)"m*(a + c*x~2)7p, x], x] /; FreeQl[{a, c, d,
e, f, g, m, pt, x] && NeQ[cxd~2 + a*e”2, 0] && !IGtQ[m, O]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && 'GtQ[a, O]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtl[a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 725

Int[1/(((d_) + (e_.)*(x_))*Sqrtl(a_) + (c_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(c*d™2 + a*e”™2 - x72), x], x, (a*e - c*d*x)/Sqrtla + c*x72]] /; FreeQ
[{a, ¢, d, e}, x]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/Rt[-a, 2]*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 0])
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Rubi steps
[ 2.2 A+Bx+Cx?
A + Bx + Cx? dx = atc - bex f (e+fx)Va2c—b2cx? ax
\/a+bx\/ac—bcx(e+fx) Va + bxVac - bex
2 22 [ —AVcf2+b7cf (Ce-Bf)x

S G Pes? e+ foVe P

b2 fa + bxvac - bex b2cf2Va + bxVac — bex
—BAVA2e — B2y 1 2 _

- C(az—bzxz) _((Ce Bf)Va4c bcx)fmdx+((Ce Bef

bzf\/a+bx\/ac—bcx fz\/a+bx\/ac—bcx

1
C (612 - bzxz) _ ((Ce a Bf)m) Subst (f 1+b2cx? dx, Y Vachbzc;

_bzf\/a + bxVac — bex f2\a + bxVac - bex
— BFWa2e — D2ex2 tan-L ﬂ) Ce? — Be
- C(u2 _ bzxz) ) (Ce - Bf)Va“c — b*cx? tan ( R . ( f
b2 f\a + bxVac — bex bJcf2Va + bxVac — bex

Mathematica [A] time = 0.786412, size = 225, normalized size = 0.81

_1[ Va-bx\Jaf—be Y N CfVa+b —Va-bx-————="—=
2(f(Af-Be)+Ce?) tan 1(—m _uff_be) ) 2tan 1(%)(aCf—be+bCe) . \/?

B

a—bx 7

f2+/c(a - bx)

Antiderivative was successfully verified.

[In] Integrate[(A + B*x + C*x72)/(Sqrtl[a + b*x]*Sqrt[axc - bxckxx]*(e + f*xx)),x]

[Out] (Sqrtla - bxx]*((Cxf*Sqrtl[a + bxx]*(-Sqrtla - bxx] - (2*Sqrt[a]*ArcSin[Sqrt
[a - b*x]/(Sqrt[2]*Sqrtlal)])/Sqrt[1 + (b*x)/al))/b"2 + (2%x(b*Cxe - b*Bxf +
axCxf)*ArcTan[Sqrt[a - b*x]/Sqrtla + b*x]])/b”™2 + (2%(C*xe”2 + fx(-(B*e) +
Axf))*ArcTan[(Sqrt [-(b*xe) + a*f]*Sqrtla - b*xx])/(Sqrt[-(bxe) - axf]xSqrtl[a
+ b*x])]1)/(Sqrt[-(b*xe) - axf]l*Sqrt[-(b*xe) + axf])))/(£72+Sqrtlcx(a - b*x)])
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Maple [B] time = 0.054, size = 503, normalized size = 1.8

262 _ 12
) fx1+ e [bzcex a2cf + ¢ (‘1 f;Z b ez) —c (b2x2 _ az)fJ] v2cf2Vb2c + Bln [2 ﬁ [bzcex +a’cf

Verification of antiderivative is not currently implemented for this CAS.

1
m -Aln

[In] int((Cxx~2+Bxx+A)/(f*x+e)/ (b*x+a) ~(1/2)/(-bxcxx+axc)~(1/2),x)

[Out] (—Ax1n(2%(b~2*ckexx+a”2xcxf+(ckx(a™2*xf"2-b"2%xe~2)/£f"2) " (1/2)*(—cx (b~ 2*x"2-a"
2)) " (1/2)*f) / (f*xx+e) ) *b~2xc*xf 2% (b~ 2%c) " (1/2) +B*1n (2% (b~ 2xcxexx+a~2*c*xf+ (c*
(a™2*%f72-b"2%e"2) /£72) " (1/2) *(—c*x (b™2%x"2-a"2) ) " (1/2) *f) / (f*x+e) ) *b"2*c*xex*f
*(b~2%c) " (1/2)+B*arctan((b~2%c) ~(1/2)*x/ (—cx(b~2%x"2-a"2)) ~(1/2) ) *b~2xc*f "2
*(cx(a™2¢f72-b"2*%e”2) /£72) " (1/2) -C*1n (2% (b~ 2*c*xe*xx+a~2*xcxf+ (ckx (a~2+%f~2-b~ 2%
e”2)/f72) " (1/2) ¥ (—cx(b™2*xx"2-a"2) ) ~(1/2) *f) / (f*x+e) ) *b~2xcxe™ 2% (b~ 2%c) " (1/2
)—-Cxarctan((b~2x%c) " (1/2) *x/ (—cx(b~2*x"2-a"2)) "~ (1/2) ) *b~2*c*xexf* (cx (a~2*f~2-

b~ 2%e"2) /£72) " (1/2) -CxE~ 2% (b~2%c) " (1/2) *(cx (a~2*xf~2-b"2%xe"2) /£~2) " (1/2) *(-c
*(b™2%x"2-a"2)) " (1/2) ) *(bxx+a) " (1/2) *(—cx(b*x-a)) ~(1/2) /b"2/ (c*x(a~2*%f"2-b"2
xe”2)/£72)7(1/2)/(b™2%c)~(1/2)/£73/c/(—cx(b™2%x"2-a"2) ) ~(1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(f*xx+e)/(b*x+a)”~(1/2)/(-bxc*x+axc)~(1/2),x, algorit
hm="maxima")

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.



163

[In] integrate((Cxx~2+B*x+A)/(f*x+e)/(b*x+a) ~(1/2)/(-b*xc*x+a*xc)~(1/2),x, algorit
hm="fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f A + Bx + Cx?

V—c(—a + bx)Va + bx (e + fx

) dx
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((Ckx**2+B*x+A)/(fxx+e)/(bkx+a)**(1/2)/(-bxckx+a*c)**(1/2),x)

[Out] Integral((A + B*x + Cxx*x2)/(sqrt(-c*(-a + b*x))*sqrt(a + b*x)*(e + f*x)),
x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(f*xx+e)/(b*x+a)”~(1/2)/(-bxc*x+axc)~(1/2),x, algorit
hm="giac")

[Out] Timed out
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A+Bx+Cx?
3.25 f v a+bx\/ac—bcx(€+f x)?

Optimal. Leaf size=322

_ _ \/E(a2f+bzex)

Ce-B 242 2 (3 2 1

£ (@ - 122) ( PR ;2 f)) Va?c - B2cx® (a2 f2(2Ce — Bf) - b? (Ce® - Aef?)) tan ( N
+

Va + bx(e + fx)Vac — bex (bze2 - azfz) Vef2va + bxvac - bex (b2e2 _ ﬂ2f2)3/2

[Out] (fx(A + (ex(Cxe - Bxf))/f72)*(a"2 - b™2*x72))/((b"2xe”2 - a"2xf~2)*Sqrt[a +
b*x] *Sqrt [a*c - b*cxx]*(e + f*xx)) + (CxSqrtl[a”2*c - b~2*xc*x"2]*ArcTan[(b*S
gqrtlcl*x)/Sqrt[a~2*c - b~ 2*c*x~2]])/(b*Sqrt [c]*f~2xSqrt[a + b*x]*Sqrtla*xc -
bxckxx]) + ((a72%xf72%x(2xCxe - B*xf) - b~2x(Cxe”3 - Axexf~2))*Sqrt[a”2xc - b~
2xcxx~2] *ArcTan[(Sqrt [c]*(a”2*xf + b™2*exx))/(Sqrt[b~2*xe”2 - a~2xf~2]*Sqrt[a

“2%c - b72xc*x"2])])/(Sqrt[c]*f72%x(b"2*%e"2 - a~2xf72)7(3/2)*Sqrt[a + b*x]*S
grtlaxc - bxcx*x])

Rubi [A] time = 0.57944, antiderivative size = 322, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 7, integrand size = 40, "> % _

integrand size
0.175, Rules used = {1610, 1651, 844, 217, 203, 725, 204}

f(a? - 1222 (A + —e(C;‘zBf )) VaZe — e (2 f2(2Ce - Bf) - b? (Ce - Aef?)) tan™! ( VE(a2f+tPex)

Va2c—b2cx2\[b2e2 a2 f2

—+
Va + bx(e + fx)Vac — bex (b2€2 - azfz) Vef2va + bxvac - bex (b2€2 _ 02f2)3/2

Antiderivative was successfully verified.

[In] Int[(A + B*x + Cxx"2)/(Sqrtla + b*x]*Sqrtla*c - bxc*xx]*(e + f*x)72),x]

[Out] (fx(A + (ex(Ckxe - Bxf))/f72)*(a"2 - b™2*x72))/((b"2xe”2 - a"2xf"2)*Sqrt[a +
b*x] *Sqrt [a*c - b*cxx]*x(e + f*xx)) + (CxSqrtl[a”2*c - b~2*xc*x"2]*ArcTan[(b*S
grtlcl*x)/Sqrt[a~2*c - b~ 2*c*xx~2]])/(b*Sqrt [c]*f~2xSqrt[a + b*x]*Sqrtla*xc -
bxckxx]) + ((a72%xf72%x(2xCxe - B*xf) - b~2%x(Cxe”3 - Axexf~2))*Sqrt[a”2xc - b~
2xcxx~2] *ArcTan[(Sqrt [c]*(a”2*xf + b™2*exx))/(Sqrt[b~2*xe”2 - a~2xf~2]*Sqrt[a

“2%c - b™2xc*x72])])/(Sqrt[c]*f72x(b"2*%e”2 - a~2xf72)7(3/2)*Sqrt[a + b*x]*S
grtlaxc - bxcx*x])

Rule 1610

Int[(Px_)*((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*x((e_.) + (f_.
)*(x_))"(p_.), x_Symbol] :> Dist[((a + b*x) FracPart[m]*(c + d*x) FracPart[
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m])/(a*c + b*d*x~2) FracPart[m], Int[Px*(a*c + bxd*x"2) m*x(e + f*x)7p, x],
x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] && PolyQ[Px, x] &% EqQ[b*c + ax
d, 0] && EqQ[m, n] && !IntegerQ[m]

Rule 1651

Int [(Pq_)*((d_) + (e_.)*x(x_)) " (m_)*((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :>
With[{Q = PolynomialQuotient[Pq, d + e*x, x], R = PolynomialRemainder [Pq,

d + exx, x]}, Simp[(exR*x(d + exx)"(m + 1)*(a + c*x"2)"(p + 1))/((m + 1)*(c*
d"2 + a*e”™2)), x] + Dist[1/((m + 1)*(c*d"2 + a*e”2)), Int[(d + e*x)"(m + 1)
*x(a + cxx72) “p*ExpandToSum[(m + 1)*(c*xd™2 + a*e™2)*Q + cxd*Rx(m + 1) - c*ex
Rx(m + 2%p + 3)*x, x], x], x]] /; FreeQ[{a, c, d, e, p}, x] & PolyQ[Pq, x]
&& NeQ[c*xd™2 + axe”™2, 0] && LtQ[m, -1]

Rule 844

Int[((d_.) + (e_D)*(x_)) " (m_)*x((f_.) + (g_)*(x_))*((a_) + (c_)*(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*(a + c*xx"2)7p, x], x] + D
ist[(exf - d*g)/e, Int[(d + e*x)"m*(a + c*xx~2)7p, x], x] /; FreeQ[{a, c, d,
e, £, g, m, p}, x] && NeQ[cxd"2 + a*e”2, 0] && 'IGtQ[m, O]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x"2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQl[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 725

Int[1/(((d_) + (e_.)*(x_))*Sqrtl(a_) + (c_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(c*d™2 + a*xe™2 - x72), x], x, (a*e - cxd*x)/Sqrt[a + c*x"2]] /; FreeQ
[{a, ¢, 4, e}, x]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 0])
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Rubi steps
(2 2.2 A+Bx+Cx?
A + Bx + Cx? g = afc — bex f (e+fx)y2Va2c—b2cx? *
Va + bxVac - bex(e + fx)? Va + bx\ac - bex

b2e2 _

f(A N e(CE—Bf)) (az _ bzxz) Vi2Zc - Bex2 f 7

f? + (e+fx)Va2c—b2cx?
(b2€2 - azfz) Va + bxVac — bex(e + fx) c (bzez - azfz) Va + bxVac — bea
Fla+ 220 (@ - 2) ) (c (58 - ) Vare—12e?) [ =
(b262 - a2f2) Va + bxVac - bex(e + fx) f (bze2 - a2f2) Va + bxVac — bex
f (A + @) (az - bzxz) (C (# - azf) Va%c - bzcxz) Subst (f
+
(b2(32 - a2f2) Va + bxVac - bex(e + fx) f (b232 - azfz) Va + bxy
f (A + e(C;Bf)) (a2 - bzxz) CVa2c — b2cx? tan™! (‘/%) (’12.
+ +—
(b2€2 - azfz) vVa + bxVac - bex(e + fx) b\/EfZ\/a + bx\ac — bex

C(Ab26+112 (Ce—Bf))+cC(

Mathematica [A] time = 1.03278, size = 309, normalized size = 0.96

_y[ Nabayaf e
2 eNa-bi{ fAf-Be+Ce) tan 1(W—m) fex-a)Varbx(f(Af-Bo+Ce?) Ve[ ) pres

(-af~be)¥2(af-be)? (e+fx)(af=be)(af+be) \—af-be~af-be b
f2+/c(a - bx)

2Va-bx(2Ce-Bf) tan’l(m) ZCmtan_l( Va—b:

Antiderivative was successfully verified.

[In] Integrate[(A + Bxx + Cxx"2)/(Sqrtl[a + b*x]*Sqrtlaxc - bxc*x]*(e + f*x)72),x
]

[Out] ((£f*x(Cxe”2 + f*x(-(Bxe) + Axf))x*(-a + b*x)*Sqrtla + b*xx])/((-(bxe) + axf)x(b
xe + axf)*x(e + f*xx)) - (2xC*xSqrtl[a - b*x]*ArcTan[Sqrt[a - b*x]/Sqrtl[a + b*x

11) /b - (2% (2%C*xe - Bxf)*Sqrt[a - b*x]*ArcTan[(Sqrt[-(b*xe) + a*f]*Sqrtla -
b*x])/(Sqrt[-(bxe) - axfl*Sqrtla + b*x])])/(Sqrt[-(b*xe) - a*xf]*Sqrt[-(b*e)

+ axf]) + (2+b"2*%ex(Cxe™2 + f*x(-(Bxe) + Axf))*Sqrtla - b*x]*ArcTan[(Sqrt[-(

bxe) + axf]l*Sqrtla - bx*x])/(Sqrt[-(b*xe) - axfl*Sqrtla + bxx])])/((-(bxe) -
axf)~(3/2)x(-(b*xe) + a*xf)~(3/2)))/(£72*Sqrtlc*x(a - b*x)])
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Maple [B] time = 0.046, size = 1200, normalized size = 3.7

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((Cxx~2+B*x+A)/(f*x+e) 2/ (b*x+a) " (1/2)/(-bxcxx+a*xc)~(1/2),x)

[Out] (Ax1n(2x (b~ 2*cxexx+a " 2*xcxf+(c*x(a~2*xf " 2-b"2%xe"2)/f72) " (1/2)*(—cx(b"2*xx"2-a"2
V)T (1/2)*£f) / (£*xx+e) ) *x*b~2xcxexf ~3% (b™2%c) ~(1/2) -B*1n(2* (b~ 2xcxexx+a ~2%xc*xf+
(cx(a™2+%f72-b"2%e”2) /£72) " (1/2) * (—c* (b™2%x"2-a"2) ) ~(1/2) *f) / (f*x+e) ) *x*a~ 2%
cxf 4% (b7 2%c) " (1/2) +2*Cx1n (2% (b~ 2*ckxexx+a " 2*ckf+(cx (a"2*xf~2-b"2*xe”~2) /£72) ~(
1/2) % (—cx (b~ 2*x72-a"2) )~ (1/2)*f) / (fxx+e) ) *x*a” 2xc*xe*xf 3% (b~™2*c) ~(1/2)-C*x1n(
2% (b™2%ckexx+a " 2xcxf+(cx (a™2xf"2-b"2*%e™2) /£72) “(1/2) ¥ (—cx (b~ 2*x"2-a"2) )~ (1/
2)*f) / (f*xx+e) ) *x*xb~2%xcxe”3*xf* (b~ 2%c) " (1/2)+Cxarctan((b~2*c) ~(1/2) *x/ (-cx (b~
2%x"2-a"2)) "~ (1/2) ) *xx*xa " 2xckxf"4*x (cx (a"2xf"2-b"2%e"2) /£72) " (1/2) -Cxarctan((b~
2%c) " (1/2) *x/ (mcx(b™2*xx"2-a"2) ) " (1/2) ) *x*b~ 2*xc*xe~2*xf "2x (c*x (a~2+%f"2-b"2*e"2)
/£72) 7 (1/2) +A*1n (2% (b~ 2*xcxe*xx+a~2*xcxf+ (cx (a™2%f"2-b"2%e”2) /£72) ~(1/2) * (—c*(
bT2%x"2-a"2)) " (1/2) *f) / (f*x+e) ) ¥b~ 2xc*xe ™ 2xf " 2% (b~ 2%c) " (1/2) -B*x1n(2* (b~ 2*c*e
*x+a”2¢ckf+(cx(a™2xf72-b"2%e72) /£72) " (1/2) ¥ (—cx (b™2*xx"2-a"2) ) ~(1/2) *f) / (f*x
+e) ) *a " 2xckxexf 3% (b72%c) " (1/2) +2*4Cx1n (2% (b~ 2xcxexx+a~2*xcxf+(c*x (a™2xf"2-b" 2%
e”2)/f72) " (1/2) *(—cx(b™2*xx"2-a"2) ) ~(1/2) *f) / (f*xx+e) ) *a~2xcxe" 2%~ 2% (b"2%c) ~
(1/2)-C*1n(2* (b~ 2*cxe*xx+a~2*cxf+(c*x (a"2*xf"2-b"2%e”2) /£72) “(1/2) * (—c* (b~ 2*x"~
2-a"2)) " (1/2)*f) / (fxx+e) ) *b"2*c*xe"4x (b~ 2%c) ~(1/2) +Cxarctan((b™2*xc) ~(1/2) *x/
(mc*x(b™2%x"2-a"2)) " (1/2) ) *a~2xcxexf~3* (c*x (a™2*f"2-b"2*e~2) /£f~2) ~(1/2) -C*arc
tan((b™2*xc) " (1/2)*x/ (—c*x (b~ 2*x"2-a"2)) " (1/2) ) *b"2xc*xe” 3xf* (cx (a~2*f"2-b " 2*e
~2)/£72) 7 (1/2) -Axf~4x (—cx (b™2%x"2-a"2) ) ~(1/2) % (b~ 2*xc) " (1/2) * (cx (a~2*f"2-b"2
*e72) /£72) " (1/2) +Bxexf~3x (—c* (b™2%x"2-a"2) ) " (1/2) * (b~ 2*c) ~(1/2) * (c*x (a™2*f"2
-b"2%e72) /£72) " (1/2) -Cxe~2*xf 2% (—c*x (b™2%x"2-a"2) ) " (1/2) * (b~ 2*c) " (1/2) *(c*(a
“2xf72-b"2%e72) /£72) " (1/2) ) /cx (—c*x (b*xx-a) ) " (1/2) * (bxx+a) " (1/2) / (mc* (b~ 2%x~2
-a”2))"(1/2)/ (axf+bxe) / (axf-bxe)/(fxx+e)/(b"2%c) " (1/2) / (cx(a™2*xf"2-b"2*e"2)
/£72)°(1/2)/£73

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(f*x+e) 2/ (b*x+a)~(1/2)/(-b*c*x+axc)”(1/2),x, algor
ithm="maxima")



168

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(f*xx+e) 2/ (b*xx+a) ~(1/2)/(-b*c*xx+a*xc)~(1/2),x, algor

ithm="fricas")

[Out] Timed out

Sympy [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxx**2+B*xx+A)/(f*x+e)**2/(bxx+a)**(1/2)/(-b*ckx+a*xc)**(1/2),%)

[Out] Exception raised: ValueError

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(f*x+e) 2/ (b*x+a) ~(1/2)/(~b*cxx+a*xc)”(1/2),x, algor
ithm="giac")

[Out] Timed out
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A+Bx+Cx?
3.26 f v a+bx\/ac—bcx(€+f x)3

Optimal. Leaf size=363

(az - bzxz) (2a2f2(2Ce ~Bf) - % (f(Be -3Af) + Cez)) f (az N bzxz) (A + e(cjc_zBf)) Vaze - bca
+ +
2fVa + bx(e + fx)Vac — bex (12e2 - a22)’ 2Va + bx(e + fx)*Vac - bex (b2 - a2f2)

[Out] (fx(A + (ex(Cxe - Bxf))/f72)*(a"2 - b™2%x72))/(2x(b"2*e"2 - a~2xf~2)*Sqrt[a
+ b*x]*Sqrt[a*xc - bxckxx]*x(e + f*x)72) + ((2%a~2%xf72*%(2%Cxe - B*xf) - b~ 2*ex
(Cxe™2 + fx(Bxe - 3xA*xf)))*(a”2 - b~2*x72))/(2xf*x(b"2*%e”2 - a~2*xf~2) "2*Sqrt

[a + b*x]*Sqrt[a*xc - b*cxx]x(e + f*xx)) + ((A*x(2%b~4*e”2 + a~2*%b"2*f~2) + a~

2% (2%a”2%C*xf72 + b~ 2*xex(Cke - 3*B*f)))*Sqrt[a”2*%c - b 2*c*x~2]*ArcTan[(Sqrt
[c]*(a™2*f + b~ 2%e*x))/(Sqrt[b~2*e”2 - a~2*xf~2]*Sqrt[a”2*c - b~ 2*c*xx"2])])/
(2%Sqrt [c]*(b™2%e”2 - a”2%f~2)7(5/2)*Sqrt[a + b*x]*Sqrt[a*xc - b*cxx])

Rubi [A] time = 0.676915, antiderivative size = 361, normalized size of antiderivative =

0.99, number of steps used = 5, number of rules used = 5, integrand size = 40, number of rules

= 0.125, Rules used = {1610, 1651, 807, 725, 204}

integrand size

(a2 - 1242) (242 f2(2Ce - Bf) - 12 (ef (Be — 3Af) + C&°)) f (2= 22) (a+ 250 Vare - b
+ +
2fVa + bx(e + fx)Vac — bex (e — a2 f2)2 2Va + bx(e + fx)2ac - bex (1262 - a2f2)

Antiderivative was successfully verified.

[In] Int[(A + B*x + C*xx"2)/(Sqrtla + b*x]*Sqrtla*c - bxc*x]*(e + f*x)~3),x]

[Out] (fx(A + (ex(Cxe - Bxf))/f72)*(a”2 - b™2%x72))/(2x(b"2*%e"2 - a~2xf~2)*Sqrt [a
+ b*x]*Sqrt[a*xc - bxcxx]*x(e + f*xx)72) + ((2%a~2xf"2%x(2xCxe - B*xf) - b~2%(C

xe”3 + exfx(Bxe - 3xAxf)))*(a”2 - b™2*xx72))/(2xf*(b"2%xe”2 - a~2xf"2) "2%xSqrt

[a + b*x]*Sqrt[a*xc - b*cxx]x(e + f*xx)) + ((2%a~4*Cxf~2 + a~2xb~2*ex(Cxe - 3

*Bxf) + Ax(2xb~4*e”2 + a”24b”2*xf72))*Sqrt[a2*%c - b~ 2*c*x"2]*ArcTan[(Sqrt[c
Ix(a"2*f + b™2xex*x))/(Sqrt[b™2xe”2 - a~2xf"2]*Sqrt[a~2*c - b~ 2*c*x~2])]1) /(2

xSqrt [c]*(b™2%xe”2 - a™2xf72) 7 (5/2)*Sqrtla + b*x]*Sqrt[a*xc - b*xcxx])

Rule 1610

Int [(Px_)*((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_)) " (n_)*x((e_.) + (f_.
)*(x_))"(p_.), x_Symbol] :> Dist[((a + b*x) FracPart[m]*(c + dxx) FracPart[
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m])/(a*c + b*d*x~2) FracPart[m], Int[Px*(a*c + bxd*x"2) m*x(e + f*x)7p, x],
x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] && PolyQ[Px, x] &% EqQ[b*c + ax
d, 0] && EqQ[m, n] && !IntegerQ[m]

Rule 1651

Int [(Pq_)*((d_) + (e_.)*x(x_)) " (m_)*((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :>
With[{Q = PolynomialQuotient[Pq, d + e*x, x], R = PolynomialRemainder [Pq,

d + exx, x]}, Simp[(exR*x(d + exx)"(m + 1)*(a + c*x"2)"(p + 1))/((m + 1)*(cx
d"2 + a*e”™2)), x] + Dist[1/((m + 1)*(c*d"2 + a*e”2)), Int[(d + e*x)"(m + 1)
*x(a + cxx72) “p*ExpandToSum[(m + 1)*(c*xd™2 + a*e™2)*Q + cxd*Rx(m + 1) - c*ex
Rx(m + 2%p + 3)*x, x], x], x]] /; FreeQ[{a, c, d, e, p}, x] & PolyQ[Pq, x]
&&% NeQ[c*xd™2 + axe”™2, 0] && LtQ[m, -1]

Rule 807

Int[((d_.) + (e_)*xD) (@ )*((£f_.) + (g_.)*x_))*x((a) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> -Simp[((exf - dxg)*x(d + exx)"(m + 1)*(a + c*x72)"(p + 1))
/(2x(p + 1)*(cxd™2 + a*xe”2)), x] + Dist[(c*d*f + axexg)/(c*d”2 + axe”2), In
tl(d + exx)"(m + 1)*(a + c*x"2)7p, x], x] /; FreeQ[{a, c, d, e, £, g, m, p}
, x] && NeQ[c*d™2 + axe”2, 0] && EqQ[Simplify[m + 2xp + 3], 0]

Rule 725

Int[1/(((d_) + (e_.)*(x_))*Sqrtl(a_) + (c_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(c*xd™2 + a*xe™2 - x72), x], x, (a*e - cxd*x)/Sqrt[a + c*x"2]] /; FreeQ
[{a, ¢, d, e}, x]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] |l LtQ[b, 01)

Rubi steps
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[ 0.2 A+Bx+Cx?
A + Bx + Cx? dx = afc — bex f (e+fx)3Va2c—b2cx? ax
Va + bxVac - bex(e + fx)3 Va + bxvac — bex
CouB 2c(Ab2e+u2(Ce—Bf))—c(2
f (A S ;_2 f )) (az - bzxz) Va2c — b2cx? f N
= +
2 (bze2 - a2f2) Va + bxVac — bex(e + fx)2 2c (bze2 - a2f2) Va + b:
(Ce-Bf)
flAa+3 ezf (az_bzxz) 2a%f?(2Ce — Bf) — b? (Ce® + ef (B
2 (b2e2 - a2f2) Va + bxVac - bex(e + fx)2 2f (bzez _ a2f2)2 Vi + bavs
e(Ce-Bf)
flA+ ezf (az_bzxz) 2a%f?(2Ce — Bf) — b? (Ce® + ef (B:
2 (b2e2 - a2f2) Va + bxVac — bex(e + fx)2 2f (bzez _ a2f2)2 Va + bxvs
(Ce-Bf)
FlA+ D) (a2 - 122) 202 f2(2Ce - Bf) - 12 (Cé + e f (B
= f —+
2 (bze2 - azfz) Va + bxVac — bex(e + fx)? 2f (b2e2 _ azfz)z Va + bxVi

Mathematica [A] time = 1.91553, size = 492, normalized size = 1.36

_ m\/af—be
bz\/a—bx(f(Af—Be)+Cez) (2(e+fx)(a2f2+2b262) tan™! ( m)+3ef\/a—bx\/a+bx\/—af—be\/af—be) . 2f(bx—a)m(Bf—2Ce) f(bx—a)m

(e+fx)(~af-be)52(af—be)52 (e+fx)(a2 f2-b2e2) (e+fx)2(a

2f2e(a—bx)

Antiderivative was successfully verified.

[In] Integrate[(A + Bxx + Cxx"2)/(Sqrtl[a + b*x]*Sqrtl[axc - bxc*x]*(e + f*x)73),x
]

[Out] ((f*x(Cxe”2 + f*x(-(Bxe) + Axf))x*(-a + b*x)*Sqrtla + b*xx])/((-(bxe) + axf)x(b
xe + axf)*x(e + f£xx)72) + (2xf*(-2xCxe + B*xf)*(-a + b*x)*Sqrtla + b*x])/((-(
b~2%e”2) + a"2xf"2)*(e + f*x)) + (4*xCxSqrtl[a - b*x]*ArcTan[(Sqrt[-(b*xe) + a
xf]xSqrt[a - b*x])/(Sqrt[-(b*e) - axf]l*Sqrtla + bxx])])/(Sqrt[-(bxe) - axf]

xSqrt [-(bxe) + axf]) - (4*b~2xe*x(2*Cxe - Bxf)*Sqrtl[a - bxx]xArcTan[(Sqrt[-(

bxe) + axf]l*Sqrtla - b*x])/(Sqrt[-(b*xe) - axfl*Sqrtla + bxx])])/((-(bxe) -
axf)~(3/2)x(-(b*e) + a*xf)~(3/2)) + (b72%(C*xe”2 + fx(-(B*e) + Axf))*Sqrtla -

b*x] * (3*exf*Sqrt [~ (b*e) - a*f]l*Sqrt[-(b*xe) + axf]*Sqrtla - b*x]*Sqrt[a + b

xx] + 2%x(2xb"2%e”2 + a”2xf"2)x(e + fxx)*ArcTan[(Sqrt[-(bxe) + axf]*Sqrtla -
bxx])/(Sqrt[-(b*xe) - axfl*Sqrtla + b*xx])]))/((-(b*xe) - a*xf)~(5/2)*(-(bxe)
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+ axf) " (5/2)*(e + f*xx)))/(2xf72*Sqrt[cx(a - b*x)])

Maple [B] time = 0.052, size = 1848, normalized size = 5.1

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((Cxx~2+B*xx+A)/(fxx+e) 3/ (bxx+a) (1/2)/(-bxcxx+axc) (1/2) ,x)

[Out] -1/2*(C*1n(2* (b~ 2*xcxe*x+a~2*xcxf+(c*x(a"2%f7"2-b"2%e”2) /£72) ~(1/2) *(—c* (b~ 2*x"~
2-a"2)) " (1/2)*f) / (f*¥x+e) ) *x~2*%a " 2%b " 2xc*xe” 2*xf "2+2%xA*x1n (2% (b~ 2*cxe*xx+a 2% c*f
+(cx(a™2xf"2-b"2%xe"2) /£f72) " (1/2) ¥ (—cx (b~ 2*x"2-a"2) ) " (1/2) *f) / (f¥x+e) ) *x*a~2
*b 2% cke*xf"3-6xBx1n (2% (b~ 2xckxexx+a " 2*xc*xf+(cx (a™2xf"2-b"2%xe”~2) /£72) ~(1/2) * (-
cx(b™2%x72-a"2)) " (1/2) *f) / (f*xx+e) ) *x*a~2%b " 2*c*ke” 2xf " 2+2*xCx1n (2% (b~ 2% cke*x+
a~2xcxf+(cx(a™2%f"2-b"2%e"2) /£72) " (1/2) ¥ (—cx (b~ 2*x"2-a"2) ) ~(1/2) *f) / (£ *x+e)
)*x*ka"2%b "2k cxe "3k f+A*a"2xf T4k (—cx (b7 2xx72-a"2) ) " (1/2) ¥ (cx (a"2*f"2-b"2*e”2)
/E£72)7(1/2) -3*B*1n (2% (b~ 2xcxexx+a~2*xc*xf+(cx(a"2*xf~2-b"2%xe~2) /£72) ~(1/2) *(-c
*(b72%x72-a"2)) " (1/2)*f) / (fxx+e) ) *x"2%a"2*%b " 2*kckxexf~3+2xAx1n (2% (b~ 2*c*e*x+a
~2kckf+(ck(a”2xf"2-b"2%xe”2) /£72) T (1/2) * (—cx (b~ 2*x"2-a"2) ) ~(1/2) *f) / (f*xx+e))
*b "4k cke 4+4*Cx1n (2% (b~ 2xcxexx+a~2kckf+(c*x (a™2xf"2-b"2%e”~2) /£72) ~(1/2) * (—c*
(b~2*x72-a"2) )~ (1/2)*f) / (fxx+e) ) *x*xa " 4d*xcxe*xf " 3+A*x1n (2% (b~ 2*xcxe*xx+a~2*cxf+(c
*(a"2+%f72-b"2*%e72) /£72) " (1/2) % (—c*x (b™2*x"2-a"2) ) ~(1/2) *f) / (fxx+e) ) *a~2%b~ 2%
cxe”2+%f72-3*B*x1n (2* (b~ 2*xcxexx+a~2xc*xf+ (cx (a™2*f"2-b"2*%e”2) /£72) ~(1/2) * (—c*(
b"2*x72-a"2) ) " (1/2) *f) / (f*x+e) ) *a"2xb"2xcxe 3*xf -3k A*xx kb~ 2ke*f 3% (—cx (b~ 2%x~
2-a"2)) " (1/2)*(cx(a~2*%f"2-b"2%e”~2) /£72) ~(1/2) +B*xx*b~2%e " 2%xf " 2% (—c* (b~ 2*%x~2-
a”2)) " (1/2)x(cx(a™2*%f72-b"2%e~2) /£72) 7 (1/2) —4*Cxx*a~2xe*xf 3% (-cx (b~ 2*x"2-a"
2))"(1/2) *(cx(a~2%xf"2-b"2%e”~2) /£72) " (1/2) +C*xx*b~2%e " 3*f* (—cx (b~ 2*%x"2-a"2)) "
(1/2)*(cx(a™2*%f72-b"2*%e"2) /£72) ~(1/2) +A*1n (2% (b~ 2*c*ke*xx+a ~ 2xcxf+ (cx (a~2%f 72
-b"2%e"2) /£72) " (1/2) % (—cx (b™2*%x"2-a"2) ) ~(1/2)*f) / (fxx+e) ) *xx~2*%a~2%b" 2xc*xf "4
+2%Ax1n (2% (b~ 2xckxexx+a~2%xckf+(ck (a™2xf"2-b"2%e”2) /£72) ~(1/2) *(—c*x (b~ 2*x"2-a
“2))7(1/2)*f) / (fxx+e) ) *x"2%b " 4d*xcxe 2% f "2+4xAx1n (2% (b~ 2*cxexx+a” 2xc*xf+(cx (a”
2%f72-b"2*%e”2) /£72) T (1/2) * (—cx (b~ 2%x"2-a"2) ) ~(1/2) *f) / (f*x+e) ) *x*b " 4*c*xe 3%
f4+2*xBxx*a”~2*xf “4* (—cx (b™2%x"2-a"2) ) " (1/2) *(cx (a~2*xf~2-b"2%e"2) /£72) " (1/2) -4x*
Axb"2%e” 2% f " 2% (—cx (b™2%x"2-a"2) ) " (1/2) *(cx (a™2*xf~2-b"2xe"2) /£~2) " (1/2) +B*xa”
2%exf 3% (—cx (b 2%xx"2-a"2) ) ~(1/2)* (cx(a~2*%f~2-b"2%e”2) /£72) " (1/2) +2*B*xb~2%e”
3xf*x(—cx(b™2*xx"2-a"2)) " (1/2) *(c*x(a"2*f"2-b"2*%e~2) /£72) " (1/2) -3*C*xa~ 2%~ 2*f"~
2% (—cx (b7 2*x72-a"2) ) " (1/2) % (cx(a~2*%f"2-b"2*e™2) /£72) ~(1/2) +2*Cx1n (2% (b~ 2*c*
exx+a " 2xckxf+(cx(a™2xf"2-b"2%xe"2) /£72) " (1/2) * (mcx (b~ 2*x"2-a"2) ) ~(1/2) *£) / (£ *
x+e) ) *x"2%xa " 4xckf T4+2+%Cx1In (2% (b~ 2% cxexx+a~2xc*xf+ (cx (a™2*%f"2-b"2*%e”2) /£72) ~(
1/2)*x(—cx(b™2%x"2-a"2) ) " (1/2) *f) / (f*x+e) ) *a~4*c*xe " 2*%f ~2+Cx1n (2*% (b~ 2*cxexx+a
“2xcxf+(cx(a"2%f72-b"2%e”2) /£72) T (1/2) % (—cx (b~ 2*x"2-a"2) ) ~(1/2) *f) / (f*x+e))
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*a~2%b"2%c*xe”4) /cx (—c*x (bxx-a)) " (1/2)*(b*xx+a) ~(1/2)/(-cx(b~2xx"2-a"2)) ~(1/2)
/ (axf+bx*e) /(axf-bxe)/(a"2*%f"2-b"2%e"2) / (fxx+e) "2/ (c*x(a~2*xf"2-b"2*%e"2) /£f~2) "
(1/2)/f

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(f*x+e) 3/ (b*x+a)~(1/2)/(-b*cxx+axc)”(1/2),x, algor
ithm="maxima"

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+Bxx+A)/(f*x+e) 3/ (b*xx+a) ~(1/2)/(-b*c*x+a*xc)~(1/2),x, algor
ithm="fricas")

[Out] Timed out

Sympy [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxx**2+Bxx+A)/(f*x+e)**3/(bxx+a)**(1/2)/(-b*ckx+a*xc)**(1/2),x)

[Out] Exception raised: ValueError
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Giac [B] time = 16.9052, size = 2238, normalized size = 6.17

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+Bxx+A)/(f*xx+e) 3/ (b*xx+a)~(1/2)/(-b*c*xx+a*xc)~(1/2),x, algor
ithm="giac")

[Out] -(2*%Cxa~4*sqrt(-c)*c™2*xf"2 + Axa~2%b"2*sqrt(-c)*c ™ 2xf~2 - 3*Bxa~2xb~2*sqrt(
—c)*xc”2xfxe + C*ka”2%b " 2xsqrt(-c)*c™2%e”2 + 2%xAxb~4xsqrt(-c)*c”"2xe”2)*arctan
(1/2%(2xbxc~2xe + (sqrt(-bxc*x + a*c)*sqrt(-c) - sqrt(2xa*c™2 + (b*cxx - ax
c)*c))"2xf)/(sqrt(a™2*f72 - b~ 2*xe”"2)*c"2))/((a"4*f 4xabs(c) - 2*%a~2*b~2*f"2
xabs(c)*e”2 + b~4xabs(c)*e”4)*sqrt(a™2*f72 - b"2*e"2)*c"2) + 2% (16%B*a”~6xbx
sqrt (-c)*c™8*f"5 - 32%Ckxa”~6xbxsqrt(-c)*c™8*f 4xe - 24*A*a”4*xb~3*sqrt(-c)*c”
8xf~4*xe + 4xAxa”4xb”2x(sqrt(-bxc*x + akxc)*sqrt(-c) - sqrt(2*a*xc™2 + (b*c*x
- axc)*c)) " 2*sqrt(-c)*c"6*f"5 + 8*B*xa~4xb~3xsqrt(-c)*c~8*xf"3%e”2 + 20*B*a”4
*b~ 2% (sqrt (-bxc*x + a*xc)*sqrt(-c) - sqrt(2*a*xc™2 + (bxc*x - a*c)*c)) 2*sqrt
(—c)*c™6*xf"4xe + 4*Bka~4xb*(sqrt(-b*ckx + axc)*sqrt(-c) - sqrt(2*xaxc”2 + (b
*xC*kX — axc)*xc)) “dxsqrt(-c)*xcT4*xf75 + 8*%Cxa~4*b~3*sqrt(-c)*c~8xf"2%e”3 - 44x
Cxa~4*xb~2* (sqrt (-b*xc*xx + a*xc)*sqrt(-c) - sqrt(2xa*xc™2 + (b*cxx - axc)*c))”2
xsqrt (—c)*c™6xf"3%e”2 - 40*A*a"2%b”4x(sqrt(-b*c*xx + axc)xsqrt(-c) - sqrt(2x*
axc”2 + (bxc*x - axc)*c)) 2xsqrt(-c)*c 6xf"3*%e”2 - 8xCkxa~4*b*(sqrt(-bxc*x +
axc)*sqrt(-c) - sqrt(2xa*xc”2 + (b*ckxx - a*xc)*c)) 4d*xsqrt(-c)*c 4*xf~4*xe - 6%
Axa~2xb~3*%(sqrt (-bxc*x + a*xc)*sqrt(-c) - sqrt(2xa*c™2 + (bkc*xx - axc)*c)) "4
*sqrt (-c) *c 4*xf 4xe - A*a"2xb~2*(sqrt(-b*cxx + axc)*sqrt(-c) - sqrt(2xaxc™2
+ (bxc*xx - a*xc)*c)) "6xsqrt(-c)*c™2xf75 + 16*xB*a~2+b " 4x(sqrt(-b*c*kx + a*xc)x*
sqrt(-c) - sqrt(2xaxc”™2 + (b*cxx - axc)*c)) 2*sqrt(-c)*c~6*f"2xe”~3 + 10*B*a
“2xb73* (sqrt (-bxcxx + axc)*sqrt(-c) - sqrt(2xaxc”2 + (b*ckx - axc)xc)) 4*sq
rt(-c)*c™4*f"3%e”2 + 3*Bxa"2*%b"2*(sqrt(-b*cxx + axc)*sqrt(-c) - sqrt(2*xaxc”
2 + (b*c*x — axc)*c)) 6xsqrt(-c)*c™2xf"4xe + 8xCkxa~2%b "4 (sqrt(-b*c*xx + axc
)*sqrt(-c) - sqrt(2xa*xc”2 + (b*cxx - axc)*c)) "2*sqrt(-c)*c 6*xfxe”4 - 14xCx*a
“2%b73*(sqrt (-b*c*xx + axc)xsqrt(-c) - sqrt(2*axc™2 + (b*c*x - akxc)*c)) 4dxsq
rt(-c)*c™4xf"2%e”3 - 12%xAxb~5*(sqrt(-b*c*xx + a*xc)*sqrt(-c) - sqrt(2*xaxc™2 +
(b*c*x - axc)*c)) 4xsqrt(-c)*c™4*f"2%xe”3 - b*kCxa~2*xb~2*(sqrt(-b*xc*x + a*c)
xsqrt(-c) - sqrt(2*axc™2 + (b*c*x - axc)*c)) 6xsqrt(-c)*c™2*xf73*%e”2 - 2xA*b
“4x(sqrt (~bkxcxx + axc)*sqrt(-c) - sqrt(2xa*xc”™2 + (b*c*xx - axc)*c)) 6xsqrt(-
c)*c2xf"3%e”2 + 4*Bxb~b*(sqrt(-b*xcxx + axc)*sqrt(-c) - sqrt(2xa*c”2 + (b*c
*xX — axc)*c)) “4d*xsqrt(-c)*c 4*xfxe”4 + 4*xCxb~5*(sqrt(-b*c*x + a*c)*sqrt(-c) -
sqrt(2*a*xc™2 + (bxcxx - axc)*c)) “4xsqrt(-c)*c4*xe”5 + 2*xCxb~4x(sqrt (~b*c*x
+ axc)xsqrt(-c) - sqrt(2*axc”™2 + (b*cxx - axc)*c)) 6xsqrt(-c)*c™2xfxe”4)/(
(a™4xf~6*abs(c) - 2xa”2*b”"2xf 4xabs(c)*e”2 + b~4xf 2*abs(c)*e™4)*(4*a"2%c™4
xf + 4xb*(sqrt(-bxc*xx + a*xc)*sqrt(-c) - sqrt(2xa*c™2 + (bkc*x - a*c)*c)) 2%
c"2xe + (sqrt(-bxc*x + a*xc)*sqrt(-c) - sqrt(2xa*c™2 + (bkcxx - axc)*c)) “4x*f
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)72)
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(e+fx)3(A+Bx+Cx2)
327 \Va+bx\Vac—bcx dx

Optimal. Leaf size=501

(a2 - 1222) (e + fx)? (16a2Cf2 - b? (3Ce? - 5f(4Af + 3Be)))  (a? — b?x2) (b fx (a®fA(45Bf + 71Ce) — 2b2¢ (3Ce? -
6Ob4f\/a + bxVac — bex -

[Out] -((16*%a~2*C*xf~2 - b™2x(3*xC*e”2 - bxf*(3*Bxe + 4xA*xf)))x(e + fxx)72*%(a"2 - b
~2xx72))/(60*b~4*xf*Sqrt[a + b*x]*Sqrtlaxc - bxcxx]) + ((Cxe - 5xBxf)*(e + £
*xx) "3*% (2”2 - b72%x72))/(20%b"2xf*Sqrt [a + bxx]*Sqrtl[axc - bxc*x]) - (Cx(e +
fxx)"4% (a2 - b72%xx72))/(6xb~"2xf*Sqrt[a + bxx]*Sqrtl[axc - bxc*x]) - ((4*x(1
6xa~4*Cxf~4 + 4*a”~2xb”2xf"2%x (13*%Cxe”2 + L*xf*(3*xBxe + A*f)) - b~ 4*xe”2x(3*Cxke
T2 - Bxf*(3*%Bxe + 16%Axf))) + b 2xf* (2" 2*xf7 2% (71*Ckxe + 45*%Bxf) - 2xb~2%ex (3
xCke”2 - bxf*x(3xBke + 10%A*xf)))*x)*(a"2 - b™2%x72))/(120%xb~6*f*Sqrt[a + b*x
1xSqrt[axc - bxc*x]) + ((4*%Ax(2xb~4*e”3 + 3*a”2xb"2%exf~2) + a~2%(3%a~2*xf~2
*x(3xC*xe + Bxf) + 4*b"2%e”2x(Cxe + 3*Bxf)))*Sqrt[a~2*c - b~ 2xc*x"2]*ArcTan[(
bxSqrt [c]*x)/Sqrt[a™2xc - b~ 2*cxx"2]])/(8*xb~5*xSqrt [c]*Sqrt[a + bxx]*Sqrt [a*
c - b*cx*x])

Rubi [A] time = 1.28111, antiderivative size = 496, normalized size of antiderivative =

0.99, number of steps used = 7, number of rules used = 6, integrand size = 40, number of rules

= 0.15, Rules used = {1610, 1654, 833, 780, 217, 203}

integrand size

(a? - 0%22) (e + fx)? (—m;—chz —5f(4Af +3Be) + 3Cez) (% — 122 (b fx (a2 f2(45B + 71Ce) — b2 (6Ce> — 10ef (1€

60b2 f\a + bxVac — bex

Antiderivative was successfully verified.

[In] Int[((e + f*x)~3*%(A + B*x + C*x72))/(Sqrtla + b*x]*Sqrtl[a*c - bxcxx]),x]

[Out] ((3*C*e™2 - (16%a”2*%C*f~2)/b~2 - Bxf*(3*Bxe + 4*Axf))*(e + f*x)"2+(a"2 - b~
2*%x72)) / (60*%b~2xfxSqrt [a + b*x]*Sqrt[a*xc - bxcxx]) + ((Cxe - B5*Bxf)*(e + fx*
x)73%(a"2 - b"2%x72))/(20%b~2*xfxSqrt[a + b*x]*Sqrtlaxc - bxcxx]) - (Cx(e +
fxx)74*x (2”2 - b™2xx72))/(6*%b~"2xf*Sqrt[a + bxx]*Sqrtl[axc - bxc*xx]) - ((4*x(16
*xa~4*xC*xf~4 + 4xa”2*%b"2xf 724 (13*%Cxe”2 + B*kf*x(3*Bke + Axf)) - b~4xe 2% (3*Cxe”

2 - b*xfx(3%xBkxe + 16%A*f))) + b7 2*f*x(a"2%f 2% (71%Cxe + 45xB*f) - b 2% (6%Cxe”

3 - 10*exf*(3*Bxe + 10xA*f)))*x)*x(a"2 - b™2%xx72))/(120%b~6xf*Sqrt[a + b*x]x*
Sqrt[a*xc - bkxcxx]) + ((3*a~4*xf~2*(3*%Cxe + Bxf) + 4xa~2xb~2%e”2*(Cke + 3*Bxf

) + 4xAx(2%b~4*e”3 + 3xa”2xb"2*xexf"2))*Sqrt[a”2*c - b"2xc*x"2]*xArcTan[(b*Sq
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rt[c]*x)/Sqrt[a™2xc - b~2*xcxx"2]])/(8*xb~5*xSqrt [c]*Sqrt[a + bxx]*Sqrt[axc -
b*xc*x])

Rule 1610

Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_D))"(m_)*((e_.) + (f_.
)*(x_))"(p_.), x_Symbol] :> Dist[((a + b*x) FracPart[m]*(c + dxx) FracPart[
m])/(axc + bxd*x~2) FracPart[m], Int[Px*(axc + bxd*x~2) m*x(e + f*x)7p, x],
x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && PolyQ[Px, x] && EqQ[b*xc + ax
d, 0] && EqQ[m, n] && !IntegerQ[m]

Rule 1654

Int[(Pq )*((d_) + (e_.)*x(x_))"(m_.)*x((a_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :
> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]1}, Simp[(f*(d + ex*x
)7(m + q - D*x(a + cxx™2)"(p + 1))/(cxe™(q - D)*x(m + q + 2%p + 1)), x] + Di
st[1/(cxe"gx(m + q + 2%p + 1)), Int[(d + e*x) mx(a + c*x~2) p*ExpandToSum[c
*e‘q*(m +q + 2*p + 1)*Pq - cxfx(m + q + 2*p + 1)x(d + e*x)"q - fx(d + exx)
“(q - 2)*%(axe”2%(m + q - 1) - c*d™2*%(m + q + 2%xp + 1) - 2*cxd*ex(m + q + p)
*x), x], x], x] /; GtQlq, 1] && NeQ[m + q + 2*p + 1, 0]] /; FreeQ[{a, c, d,
e, m, pr, x] && PolyQ[Pq, x] && NeQ[c*d"2 + axe”2, 0] && !(EqQ[d, 0] && T
rue) && !(IGtQ[m, 0] && RationalQ[a, c, d, el && (IntegerQ[p] || ILtQ[p +
1/2, 01))

Rule 833

Int[((d_.) + (e_.)*x(x_)) " (m_)*((£f_.) + (g_.)*(x_))*((a_) + (c_.)*x(x_)"2)"(p
_.), x_Symbol] :> Simp[(g*(d + e*x) m*(a + c*x"2)"(p + 1))/(cx(m + 2%p + 2)
), x] + Dist[1/(cx(m + 2*p + 2)), Int[(d + e*x)"(m - 1)*(a + c*xx"2) p*Simp[
ckdxfx(m + 2%xp + 2) - akxexgkm + ckx(exfx(m + 2xp + 2) + d*xgxm)*x, x], x], x]
/; FreeQ[{a, c, 4, e, £, g, p}, x] && NeQ[c*d"2 + axe”2, 0] && GtQ[m, 0] &
& NeQ[m + 2xp + 2, 0] && (IntegerQ[m] || IntegerQlp] || IntegersQ[2*m, 2*p]
) && ' (IGtQ[m, O] && EqQ[f, 0])

Rule 780

Int[((d_.) + (e_)*xx_))*x((f_.) + (g_)*xx))*((a_) + (c_)*(x_)"2)"(p_), x
_Symbol] :> Simp[(((exf + dxg)*(2*p + 3) + 2xexg*(p + 1)*x)*x(a + c*xx"2) " (p
+ 1))/ (2xcx(p + 1)*(2xp + 3)), x] - Dist[(axe*xg - ckxd*xf*(2*p + 3))/(c*x(2*p
+ 3)), Int[(a + c*x”2)7p, x], x] /; FreeQ[{a, c, d, e, f, g, p}, x] && !'Le
Qlp, -1]

Rule 217
Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
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x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

Rule 203
Int[((a ) + (b_.)*

(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt

[a, 2]11)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a

, 0] Il GtQ[b, 0]1)

Rubi steps

(e+fx)3(A+Bx+Cx?)

Va2c — b2cx?
(e+fx)3 (A+Bx+Cx2) gy — - bPex f V122
Va + bxVac - bex Va + bxVac — bex
(e+fx)3(~c(5Ab?+4a2C) f2+bcf (Ce-5Bf)x)
| Cle+ f)t (a2 -p22)  Vare— Do | N x
bzf\/a+bx\/ac—bcx 5b2cf2va + bxVac — bex

Mathematica [B]

a*Cf3(a - bx)Va + bx

2(12

(e+fx)
(Ce —5Bf)(e + fx)° (az - bzxz) Cle + fx)* (az - bzxz) VaZe - bex? [ ————
= - +
2012 fva + bxVac - bex 502 f\a + bxVac — bex

(16a2C 2 - 12 (3Ce? - 5£(3Be + 4Af))) (e + fx)? (a? - bzxz) (Ce - 5Bf)(e + fx

- 6Ob4f\/a + bxVac — bex ZObeM*
_ (16a%Cf? — 17 (3Ce? — 5f(3Be + 4Af))) (e + fx)? (a* - b2x2) (Ce - 5Bf)(e + fx
60b% fVa + bxVac — bex 2002 f\a + bx-
_ (16a%Cf? — 17 (3Ce? — 5(3Be + 4Af))) (e + fx)? (a* - b2x2) (Ce—5Bf)(e+ fx
60b* f\a + bxVac — bex 2062 fa + bx
- (16a2Cf2 - b2 (3Ce? - 5(3Be + 4Af))) (e + fx)? (a® - *+2) . (Ce —5Bf)(e + fx
6Ob4f\/a + bxVac — bex 20b2fM*

time = 6.5421, size = 1107, normalized size = 2.21

. —1[ Va-bx
630asin (\f 2\a ) 4 18 42 105 315 a-bx\ 12 32
+ + + + + 2-— a’ f(C
a-b 112 1_a—bx a-bx a-bx 8 a-bx\* a-bx\°
Vo257 R e I e IO e O

40b%+/c(a — bx) a;bx

Antiderivative was successfully verified.
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[In] Integrate[((e + fxx)73*%(A + Bxx + C*xx"2))/(Sqrtl[a + b*x]*Sqrt[a*c - b*c*x])
»X]

[Out] -(a~4*Cxf~3*(a - b*x)*Sqrtla + b*xx]*(2 - (a - b*x)/a)~(11/2)*(315/(2 - (a -
b*x)/a)"5 + 105/(2 - (a - b*x)/a)"4 + 42/(2 - (a - bxx)/a)"3 + 18/(2 - (a
- b*x)/a)"2 + 4/(1 - (a - b*xx)/(2*a)) + (630*Sqrt[al*ArcSin[Sqrt[a - bx*x]/(
Sqrt[2]*Sqrt[al)])/(Sqrtla - b*xx]*(2 - (a - b*x)/a)~(11/2))))/(40*%b~6*Sqrt [
ck(a - b*x)]*Sqrt[(a + b*x)/al) - (a”3*f72x(3*b*Cxe + b*B*f - BSxaxCxf)*(a -
b*x)*Sqrt[a + bxx]*(2 - (a - b*x)/a)~(9/2)*(105/(2 - (a - b*x)/a)"4 + 35/(
2 - (a-b*xx)/a)"3 + 14/(2 - (a - b*x)/a)”2 + 3/(1 - (a - bxx)/(2%a)) + (21
0xSqrt[al *ArcSin[Sqrt[a - b*x]/(Sqrt[2]*Sqrtla])])/(Sqrtla - bxx]*(2 - (a -
bxx)/a)~(9/2))))/(24xb~6*%Sqrt [cx(a - bxx)]*Sqrt[(a + b*x)/al) - (a~2xfx(10
*a"2xCxf72 - 4xaxbkxfx(3*%Cke + Bxf) + b72%(3+Cxe”2 + fx(3*Bkxe + Axf)))*(a -
b*x)*Sqrt[a + b*x]*(2 - (a - b*x)/a)~(7/2)*(15/(2 - (a - b*x)/a)~3 + 5/(2 -
(a - b*x)/a)"2 + (1 - (a - b*x)/(2%a))~(-1) + (30*Sqrt[al*ArcSin[Sqrt[a -
b*x]/(Sqrt[2]*Sqrt[al)])/(Sqrtla - b*x]*(2 - (a - b*x)/a)~(7/2))))/(6x¥b~6xS
qrtlcx(a - b*x)]*Sqrt[(a + b*x)/al) - (ax(b*e - axf)*x(10*a~2%Cxf~2 - 2kaxbx
fx(4xCxe + 3*%Bxf) + b72%(Cxe”2 + 3xf*x(Bxe + Axf)))*(a - b*x)*Sqrtla + b*x]*
(2 - (a - b*x)/a)"(6/2)*%(6/(2 - (a - b*xx)/a)"2 + (1 - (a - b*x)/(2*a))~(-1)
+ (12%Sqrt[al*ArcSin[Sqrt[a - b*x]/(Sqrt[2]*Sqrtlal)])/(Sqrtla - b*x]*(2 -
(a - bxx)/a)~(5/2))))/(4xb~6*Sqrt[cx(a - bxx)]*Sqrt[(a + bxx)/a]) - ((bxe
- axf) 2% (5*a”2+C+f + b~ 2+ (B*e + 3*%A*f) - 2xaxbx(Cxe + 2*Bxf))*(a - b*x)*Sq
rtla + bxx]*(2 - (a - b*x)/a)~(3/2)*((2 - (a - b*x)/a)"(-1) + (2xSqrt[a]*Ar
cSin[Sqrt[a - b*x]/(Sqrt[2]*Sqrtlal)])/(Sqrtla - b*x]*(2 - (a - bxx)/a)~(3/
2))))/(b"6*xSqrt[cx(a - b*x)]1*Sqrt[(a + b*x)/al) - (2x(A*b~2 - a*x(b*xB - ax*C)
)*(bxe - axf)~3*Sqrt[a - bxx]*ArcTan[Sqrt[a - b*x]/Sqrtla + b*x]])/(b~6%Sqr

tlex(a - b*x)1)

Maple [B] time = 0.028, size = 965, normalized size = 1.9

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e) 3% (Cxx~2+B*x+A)/(b*x+a) " (1/2)/(-b*cxx+a*xc)~(1/2),x)

[Out] 1/120*%(b*x+a)~(1/2)*(—c*(b*x-a)) " (1/2) /cx(-24*Cxx~4xb~4*f~3* (b~ 2*c) ~(1/2) *(
—cx(b72%x72-a"2) ) " (1/2) -30%B*xx"3%b"4*xf 3% (b~ 2%c) "~ (1/2) ¥ (—c*x (b~ 2*xx"2-a"2) ) " (
1/2)-90*%C*x"3xb~4*xexf 2% (b~ 2xc) "~ (1/2) *(—cx (b"2*x"2-a"2) ) ~(1/2)+180*A*arctan
((b™2%c) " (1/2) *x/ (—cx(b™2*x"2-a"2) ) " (1/2) ) *a~2*b"4*c*xexf~2+120*A*arctan( (b~
2%c) " (1/2) *x/ (—cx(b™2*xx"2-a"2) ) ~(1/2) ) *b"6*c*e”~3-40*A*xx"2*xb~4*f 3% (b~ 2*c) ~(
1/2) % (—cx(b™2*x"2-a"2) )~ (1/2)+45xB*arctan ((b~2*c) " (1/2) *x/ (-c* (b~ 2*x"2-a"2)
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)7 (1/2) ) *a”4*xb~2*cxf~3+180*B*xarctan ((b™2xc) ~(1/2) *x/ (-c*(b™2*xx"2-a"2)) ~(1/2
))*a"2xb " 4dxcke 2% f-120%Bxx " 2xb " 4xexf "2x (b"2%c) ~(1/2) * (-cx (b~ 2*%x"2-a"2)) "~ (1/
2)+135*C*arctan((b~2*c) " (1/2) *x/ (—cx(b™2*x"2-a"2) ) ~(1/2) ) *a~4*b~2*c*xe*xf~2+6
OxCxarctan((b™2*xc) " (1/2)*x/ (—cx (b 2*xx"2-a"2)) " (1/2)) *a"2*%b " 4*xcxe~3-32*%C*x"2
*a " 2xb 2% £ 3% (b 2%c) " (1/2) % (—cx (b~ 2*%x"2-a"2) ) ~(1/2) -120*Cxx~2%b " 4xe 2% f* (b~
2%c) " (1/2) *(—cx(b™2*x"2-a"2) ) ~(1/2)-180*A* (b~ 2*c) ~(1/2) * (—c*x (b~ 2*x"2-a"2) )~
(1/2) *x¥b"4*xexf~2-45%B* (b™2%c) " (1/2) ¥ (—c*x (b~ 2*x"2-a"2) ) ~(1/2) *x*a”~2%¥b~2*f "3
-180*B* (b~ 2*c) " (1/2) *(—cx (b™2%x"2-a"2) ) " (1/2) *x*b~4*xe~2*xf-135+C* (b~ 2*c) ~(1/
2) % (—cx(b™2*x72-a"2) ) ~(1/2) *x*a~2%¥b " 2%e*f "2-60*Cx (b~ 2*c) ~(1/2) * (—c* (b~ 2*x"2
-a"2)) " (1/2) *x*b"4*xe~3-80xA* (b~ 2%c) " (1/2) *(—cx (b"2*x"2-a"2) ) " (1/2) *a"2*xb~2x
£73-360*%A* (b"2%c) ~(1/2)*(—c*x(b"2*x"2-a"2) ) “(1/2) *b~4xe~2xf-240*B* (b~ 2*c) ~ (1
/2)*(—c*(b™2%x"2-a"2)) " (1/2) *a~2%b" 2*xexf ~2-120%B* (b~ 2*c) ~(1/2) * (—c* (b~ 2*x"2
-a”2)) " (1/2)*¥b"4*xe~3-64*Cx (b~ 2*c) ~(1/2) ¥ (—cx (b~ 2*x"2-a"2) ) ~(1/2) *a~4*xf~3-24
0xCx (b~ 2%c) " (1/2)* (—cx (b~ 2*x"2-a"2) ) ~(1/2)*a"2xb"2*e"2*xf) /b~ 6/ (—c* (b~ 2*x"2-
a~2))"(1/2)/(b"2xc)~(1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e) 3% (Cxx~2+B*x+A)/(b*x+a) ~(1/2)/(-b*c*x+a*xc)~(1/2),x, algor
ithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 2.11801, size = 1538, normalized size = 3.07

15 (12 Ba?bPe2f + 3 Babf® + 4 (Ca?b® + 2 Ab° )¢ + 3 (3 Ca®b + 4 Aa®b?)ef2)y/=c log (2 b2cx® — 2 V/=bex + acbx +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e) 3% (Cxx~2+B*x+A)/(b*x+a) ~(1/2)/(-b*c*x+a*xc)~(1/2),x, algor
ithm="fricas")

[Out] [-1/240%(15%(12*%B*a~2%b~3%e™2%f + 3*Bka~4xb*f~3 + 4x(C*a™2%b~3 + 2%xAxb~5)x*e
73 + 3%(3%Ckxa”4xb + 4*A*a"2xb"3)*exf"2)*sqrt(-c)*log(2xb~2*c*x"2 - 2*sqrt(-
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b*xcxx + axc)*sqrt(b*x + a)*bxsqrt(-c)*x - a~2%c) + 2% (24*Cxb~4*f73*x~4 + 12
0*Bxb~4*e”~3 + 240%B*a”2xb"2xexf~2 + 120%(2*xC*xa~2*b~2 + 3xA*xb~4)*e”2*xf + 16%
(4xC*a~4 + B*xA*a~2xb~2)*f~3 + 30%(3*%C*b~4*e*f~2 + Bxb~4*xf~3)*x~3 + 8+ (15*C*
b~4d*xe”2xf + 15%B*¥b"4*e*xf"2 + (4*C*xa”~2*b"2 + 5xA*xb74)*f"3)*x"2 + 15%(4*xCxb~4
*e73 + 12*Bxb"4*xe " 2*xf + 3*xBxa~2%b"2+f"3 + 3k (3*C*kxa”"2%b"2 + 4xA*xb~4)*xexf"2)*
x)*sqrt (-b*c*xx + axc)x*sqrt(bxx + a))/(b™6%c), -1/120%(15%(12+B*a~2%b~3*e” 2%
f + 3%B*a~4xb*f~3 + 4*x(C*xa~2*b~3 + 2*xA*xb~5)*e”3 + 3% (3*Cxa~4x*xb + 4*xAxa~2*b~
3)xexf~2) *sqrt (c)*arctan(sqrt (-b*c*xx + axc)*sqrt(b*x + a)*b*sqrt(c)*x/(b~2x%
c*xx"2 - a”2xc)) + (24*xCxb~4*xf~3*x"4 + 120%B*b~4*e”3 + 240*Bxa~2*xb"2xexf"2 +
120*% (2*xC*xa~2xb~2 + 3*xA*b~4)*e " 2*xf + 16%(4*Cxa~4 + 5xA*xa~2+%b"2)*f~3 + 30*(3
*Cxb~4*e*xf~2 + Bxb 4*xf " 3)*x"3 + 8% (15*Cxb~4*xe~2+%f + 15%Bxb~4*xexf~2 + (4*Cxa
“2%b72 + BkA*bT4)*fT3)*xx"2 + 15%(4*Cxb"4*e”3 + 12*Bxb"4xe"2xf + 3*B*a~2*b”2
*f73 + 3% (3*%Cxa”2%b~2 + 4*xAxb~4)*e*xf~2)*x)*sqrt (~b*xc*xx + axc)*sqrt(b*x + a)
)/ (b~6%c)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)**3% (Ckx**2+Bkx+A)/ (b*x+a)**(1/2)/(-bxckx+axc)**(1/2),x)

[Out] Timed out

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) ~3*(Cxx~2+B*x+A)/(b*x+a)~(1/2)/(-b*c*x+axc)”(1/2),x, algor
ithm="giac")

[Out] Timed out
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(e+fx)2 (A+Bx+Cx2)
3.28 \Va+bx\Vac—bcx dx

Optimal. Leaf size=368

(% = 122) (fx (942C % — 12 (2Ce® — 4f (BAS + 2Be))) + 4 (4a? F2(Bf + 2Ce) - bPe (Ce? — Af BAf + Be))))  Va*c -
24b* fva + bxVac — bex i

[Out] ((Ckxe - 4xBxf)x(e + fxx)72x(a”2 - b~2*x72))/(12¥b"2xf*Sqrt[a + b*x]*Sqrt [ax*
c - bkxcxx]) - (Cx(e + f*x)73%(a”2 - b™2*x72))/(4*xb~2*xf*Sqrt[a + b*x]*Sqrt[a

xc — bxckx]) - ((4*x(4*xa~2*f72x(2+Cke + Bxf) - b72xe*x(Cke”2 - 4xf*x(Bxe + 3*A

*£))) + £x(9%a”2%C*xf72 - b2 (2+C*xe”2 - 4xf*(2+Bxe + 3xAxf)))*x)*(a”2 - b~2
xx72)) /(24xb~4xfxSqrt [a + b*x]*Sqrtlaxc - bxc*x]) + ((4*Ax(2xb~4*e”2 + a~2x
b~2*%f72) + a"2%(3%a”"2xC*f72 + 4xb"2*xex(Cxe + 2*Bxf)))*Sqrt[a~2*c - b7 2xc*x”

2] *ArcTan [ (b*Sqrt [c]*x) /Sqrt[a”2*c - b™2*c*x"2]])/(8*%b~5*Sqrt[c]*Sqrt[a + b

*x] *Sqrt [a*xc - bkxc*x])

Rubi [A] time = 0.875056, antiderivative size = 369, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 40, i L

integrand size
0.15, Rules used = {1610, 1654, 833, 780, 217, 203}

(2 = 1222) f(902Cf = 12 (2Ce% - 4 (BAF + 2Be)) + 4 (40 F2(BS +2Ce) - 12 (4Ce° - 16efGAS +Be)))) Ve
- 24b4f\/a+bx\/ac—bcx T

Antiderivative was successfully verified.

[In] Int[((e + f*x)"2*%(A + B*x + C*x72))/(Sqrt[a + b*x]*Sqrt[axc - bxcxx]),x]

[Out] ((Ckxe - 4xBxf)x(e + fxx)72x(a”2 - b7™2*x72))/(12¥b~2xf*Sqrt[a + b*x]*Sqrt [ax*
c - bxcxx]) - (Cx(e + f*x)73*(a”2 - b™2*x72))/(4*b"2*xf*Sqrt[a + b*x]*Sqrt[a

xc — bxckxx]) - ((4*x(4*xa~2*f72x(2+Ckxe + Bxf) - (b"2%x(4xCxe”3 - 16*exf*(B*xe +
3xAx£)))/4) + £x(9*%a"2*%C*xf72 - b 2% (2xCxe”2 - 4xf*(2+Bkxe + 3xAxf)))*x)*(a”

2 - b"2%x72))/(24xb~4xfxSqrt[a + b*x]*Sqrtlaxc - bxc*x]) + ((3*a~4xC*xf~2 +
4xa~2%b"2%ex (Cke + 24Bxf) + 4*xAx(2*¥b"4*e”2 + a~2xb~2xf72))*Sqrt[a”2xc - b~2
xc*xx”~ 2] *ArcTan [ (b*Sqrt [c] *x) /Sqrt[a”™2*c - b~ 2*c*x~2]])/(8*b~5*Sqrt [c]*Sqrt [

a + b*x]*Sqrt[a*xc - b*xcxx])

Rule 1610

Int [(Px_)*((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_)) " (n_)*x((e_.) + (f_.
)*(x_))"(p_.), x_Symbol] :> Dist[((a + b*x) FracPart[m]*(c + d*x) FracPart[
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m])/(a*c + b*d*x~2) FracPart[m], Int[Px*(a*c + bxd*x"2) m*x(e + f*x)7p, x],
x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] && PolyQ[Px, x] &% EqQ[b*c + ax
d, 0] && EqQ[m, n] && !IntegerQ[m]

Rule 1654

Int [(Pq_)*((d_) + (e_.)*(x_)) " (m_.)*x((a_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :
> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]1}, Simp[(f*x(d + ex*x
)7(m + q - Dx*x(a + cxx™2)7(p + 1))/(cxe"(q - D*(m + q + 2%p + 1)), x] + Di
st[1/(cxe”q*(m + q + 2%xp + 1)), Int[(d + exx) " mx(a + c*xx~2) pxExpandToSum[c
xe"g*(m + q + 2%xp + 1)*Pq - c*xfx(m + q + 2%p + 1)*(d + exx)"q - f*x(d + ex*xx)
“(qg - 2)*%(axe™2x(m + q - 1) - cxd™2x(m + q + 2%xp + 1) - 2%c*d*ex(m + q + p)
*x), x], x], x]1 /; GtQlq, 1] && NeQ[m + q + 2*p + 1, 0]] /; FreeQ[{a, c, d,
e, m, pr, x] && PolyQ[Pq, x] && NeQ[c*d"2 + axe~2, 0] && !(EqQ[d, 0] && T
rue) && !(IGtQ[m, O] && RationalQ[a, c, d, e] && (IntegerQ[p] || ILtQ[p +
1/2, 01))

Rule 833

Int[((d_.) + (e_.)*(x_))"(m_)*x((f_.) + (g_.)*(x_))*((a_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Simp[(g*(d + e*x)"m*(a + c*x"2)"(p + 1))/(c*x(m + 2%p + 2)
), x] + Dist[1/(cx(m + 2%p + 2)), Int[(d + exx)"(m - 1)*x(a + c*x"2) " p*Simp[
ckdxfx(m + 2%p + 2) - axexgkm + ckx(exfx(m + 2xp + 2) + d*xgxm)*x, x], x], x]
/; FreeQ[{a, c, d, e, f, g, p}, x] && NeQ[cxd"2 + a*e”2, 0] && GtQ[m, 0] &
& NeQ[m + 2xp + 2, 0] && (IntegerQ[m] || IntegerQ[p] || IntegersQ[2+m, 2x*p]
) & '(IGtQ[m, 0] && EqQ[f, 01)

Rule 780

Int[((d_.) + (e_.)*(x_))*((f_.) + (g_)*xx_))*((a_) + (c_.)*(x_)"2)"(p_), x
_Symbol] :> Simp[(((exf + dxg)*(2*p + 3) + 2xexg*(p + 1)*x)*x(a + c*xx"2) " (p
+ 1))/ (2%cx(p + 1)*(2%p + 3)), x] - Dist[(axexg — ckdxf*(2xp + 3))/(cx(2*p
+ 3)), Int[(a + c*x”2)7p, x], x] /; FreeQ[{a, c, d, e, f, g, p}, x] && !Le
Qlp, -1]

Rule 217

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + bxx~2]] /; FreeQ[{a, b}, x] & !GtQ[a, O]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
(a, 2]11)/(Rt[a, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
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, 01 Il GtQlb, 0])

Rubi steps

(e+fx)2( A+Bx+Cx?)
(e + fx)? (A + Bx + Cx?) e Va2 - bex? | Ny dx
Va + bxVac - bex Va + bxVac — bex
(e+fx)?(~c(4Ab?+3a%C) f2+b2cf(Ce-4Bf)x
Cle + fx)° (az _ bzxz) Va?c - b2cx2f (<l @ )dx
4b2 f\a + bxVac — bex 4b2c f2\a + bxVac — bex
(e+fx)(P%
(Ce—4Bf)(e+ fr)? (a2 —b2x2)  Cle+ fx) (a2 ~12x2) Vale-bed® [ il
= - +
12b2f\/a+bx\/ac—bcx 4b2f\/u+bX\/ac—bcx
(Ce— 4Bf)(e + fx)? (a® - bzxz) Cle+ fx)? (a2 - 1P22) ( (4a2f2(2Ce + Bf) -
- 1202 fVa + bxVac — bex 4b2f\/a + bxVac — bex
(Ce—4Bf)(e+ fx)? (a* - bzxz) Cle+ fx)* (2 - 12) ( (4u2f2(2Ce + Bf) -
- 1202 fVa + bxVac — bex 4b2 f\a + bx\/ac—bcx
(Ce—4Bf)(e+ fx)? (4 = 12?)  Cle+ fx)° (a? - b%?) ( (4azf2(2Ce +Bf) -
- 1262 fva + bxVac — bex 4b2 f\a + bxvac — bex

Mathematica [A] time = 3.81353, size = 555, normalized size = 1.51

~12Va — bxVa + bx (6a3/2 sin~! ( i bx) + Va — bx(4a + bx){| = + ) (6a2Cf2 - 3abf(Bf + 2Ce) + b? (f(Af + 2Be) + (

Antiderivative was successfully verified.

[In] Integrate[((e + f*x)72x(A + B*x + Cxx"2))/(Sqrtla + b*x]*Sqrt[a*c - b*cxx])
,x]

[Out] (-24x(bxe - ax*xf)*(4*xa~2*Cxf + b~ 2% (Bkxe + 2%Axf) - axb*x(2%Ckxe + 3*Bxf))*Sqrt
[a - b*x]*Sqrt[a + bxx]*(Sqrtla - b*x]*Sqrt[1 + (b*x)/a] + 2*Sqrt[a]*ArcSin
[Sgrt[a - b*x]/(Sqrt[2]*Sqrtlal)]) - 12*%(6*a~24Cxf~2 - 3*axbxf*(2*Cxe + Bxf
) + b72x(Cxe”2 + f*(2«Bxe + Axf)))*Sqrt[a - b*x]*Sqrtla + b*x]*(Sqrt[a - bx
x]*(4*a + bxx)*Sqrt[1 + (b*x)/al + 6*a~(3/2)*ArcSin[Sqrt[a - b*x]/(Sqrt[2]*
Sqrtlal)]) - 4xf*x(2%bxCxe + b*Bxf - 4xa*xCxf)*Sqrtla - b*x]*Sqrt[a + b*x]*(S
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grtla - b*x]*Sqrt[1 + (b*x)/a]*(22*%a"2 + 9xaxb*x + 2xb72*x72) + 30*a~(5/2)x*
ArcSin[Sqrt[a - b*x]/(Sqrt[2]*Sqrtl[al)]) - Cxf~2*xSqrtl[a + b*x]*((a - b*x)*S
grt[1 + (bx*x)/a]*(160*%a~3 + 81xa~2*xb*x + 32%a*b~2%x"2 + 6%b~3*x~3) + 210%a”
(7/2)*Sqrt[a - bxx]*ArcSin[Sqrtl[a - b*x]/(Sqrt[2]*Sqrtlal)]) - 48x(Axb~2 +
ax(=(b*B) + a*xC))*(bxe - axf)~2+Sqrtla - b*x]*Sqrt[1 + (b*x)/al*ArcTan[Sqrt
[a - b*x]/Sqrtla + b*x]])/(24*b"5*Sqrt[c*x(a - bxx)]*Sqrt[1 + (bx*x)/al)

Maple [A] time = 0.025, size = 635, normalized size = 1.7

1 Vb?
Vbx + ay/—c (bx — a) | -6 Cx302 f2Vb2cy|—c (b2x2 - az) +12 Aarctan & a?b%cf? + 24 A arcta

24 cb* _c (b2x2 _ az)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((fxx+e) 2% (Ckxx"2+B*xx+A)/(b*x+a) " (1/2)/(-bxcxx+axc)~(1/2) ,x)

[Out] 1/24*(b*xx+a)”~(1/2)*(-c*(b*x-a)) ~(1/2) /cx (-6*xCxx~3*xb~2%f 2% (b~ 2*c) ~(1/2) *(-c
*(b~2%x"2-a"2)) " (1/2)+12xA*xarctan ((b~2*c) " (1/2) *x/ (-cx (b~ 2*x"2-a"2) ) ~(1/2))
*a " 2xb 2k cxf T2+24xAxarctan ((b™2*xc) " (1/2) *x/ (—cx (b™2*xx"2-a"2)) " (1/2) ) ¥b~4*c*
e 2+24xBxarctan((b~2*c) " (1/2) *x/ (—cx(b™2%x"2-a"2) ) ~(1/2) ) *a~2*xb~2*c*xe*xf-8*B
*x"2xb 2% £ 2% (b7 2%c) T (1/2) % (—cx (b~ 2*x"2-a"2) ) ~(1/2) +9*Cxarctan((b~2*c) ~(1/2
)Y¥x/ (—cx (b~ 2*x72-a"2)) " (1/2) ) *a~4xc*xf~2+12*xCxarctan((b~2*c) ~(1/2) *x/ (-c*x (b~
2*%x72-a"2)) " (1/2) ) *a"2*b"2*c*kxe"2-16*Cxx " 2*%b" 2xe*xf* (b~ 2%c) ~(1/2) * (—c* (b~ 2%x~
2-a"2)) " (1/2)-12xAx (b~ 2*%c) ~(1/2) ¥ (—cx (b~ 2*x"2-a"2) ) ~(1/2) *x*¥b~2*xf ~2-24*B* (b
~2%¢) T (1/2) * (—cx (b™2*x72-a"2) ) " (1/2) *x*b~ 2*e*xf-9*Cx (b~ 2xc) ~ (1/2) * (—c* (b~ 2*x
~2-a"2)) " (1/2) xx*xa~2*xf"2-12%Cx (b~ 2%c) ~(1/2) *(—c*x (b~ 2%x"2-a"2) ) " (1/2) *x*xb~2x
e 2-48%A* (b™2%c) " (1/2) ¥ (—c*x (b~ 2*x"2-a"2) ) " (1/2) ¥b~ 2*xe*xf-16*B*x (b~ 2xc) ~(1/2) *
(mc*x(b™2%x"2-a"2)) " (1/2) *a~2*xf~2-24xB* (b~ 2%c) " (1/2) *(—cx (b~ 2*xx"2-a"2) ) ~(1/2
)*b"2%e72-324C* (b~ 2*c) " (1/2) ¥ (—cx (b™2%x"2-a"2) ) ~(1/2) *a~2*xe*xf) /b~4/ (—c* (b™2
*x"2-a"2)) " (1/2)/(b™2%c)~(1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 2% (Cxx~2+B*x+A)/(b*x+a)~(1/2)/(-b*c*x+axc)”(1/2),x, algor
ithm="maxima")
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[Out] Exception raised: ValueError

Fricas [A] time = 1.9133, size = 1065, normalized size = 2.89

3 (8 Ba?b?ef + 4 (Cu2b2 +2 Ab4)e2 + (3 Ca* +4 Auzbz)fz)\/——clog (2 b2cx? — 2 V—bex + acVbx + aby/—cx — azc) +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*xx+e) 2% (Cxx~2+B*x+A)/(b*x+a)~(1/2)/(-b*cxx+a*xc)”~(1/2),x, algor
ithm="fricas")

[Out] [-1/48%(3*(8*Bxa~2*b~2*xexf + 4*(C*xa~2*%b~2 + 2*A*b~4)*e”2 + (3*xCxa~4 + 4xAxa
“2%b72) *x£72) *sqrt (-c) *Log(2xb~2%cxx"2 - 2*sqrt(-bxc*x + akxc)*sqrt(b*xx + a)x
bxsqrt(-c)*x - a”2xc) + 2% (6*Cxb~3*f"2%x"3 + 24*B*b~3%e”2 + 16%Bxa”~2*b*f~2
+ 16%(2xC*a”~2%b + 3*Axb~3)*exf + 8% (2xC*b~3xe*xf + Bxb~3*f72)*x"2 + 3% (4*Cxb
“3%e72 + 8xBxb”"3xexf + (3*%Ckxa~2*b + 4*xAxb”3)*f72)*x)*sqrt(-bkc*x + axc)*sqr
t(b*x + a))/(b~5%c), -1/24*%(3*(8*Bxa~2*xb~2xe*xf + 4*(C*xa”2*b"2 + 2%xA*b~4)*e”
2 + (3xC*a™4 + 4xA*xa”2%b”2)*f"2)*sqrt(c)*arctan(sqrt(-b*ckxx + axc)*sqrt(b*x
+ a)*bxsqrt (c) *x/(b7™2%c*x"2 - a”2%c)) + (6xCxb~3*f"2xx"3 + 24%Bxb~3xe”2 +
16%B*a”2xb*f~2 + 16%(2xC*xa~2xb + 3*A*b~3)*e*f + 8% (2*xCxb~3*exf + B*b~3xf~2)
*x"2 + 3% (4*%Cxb~3*%e”2 + 8*Bxb~3kexf + (3*xCxa~2xb + 4xA*b~3)*f~2)*x)*sqrt(-b
xc*xx + axc)*sqrt(b*x + a))/(b~5*c)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)**2% (Ckx*x*2+B*xx+A)/(b*xx+a)**(1/2)/(-b*ckx+axc)**(1/2),x)

[Out] Timed out

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e) 2% (Cxx~2+B*x+A)/(b*x+a) ~(1/2)/(-b*c*xx+a*xc)~(1/2),x, algor
ithm="giac")

[Out] Timed out
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@+jk)@4+Bx+Cx2)
3.29 Va+bx\Vac—bcx dx

Optimal. Leaf size=246

(a2 - 1222) (2 (202Cf2 - 17 (Ce - 3f(Af + Be))) ~ 2 fx(Ce—3Bf))  Vae—DPex tan™! ( beﬁ) (a(Bf + Ce)
6b* fVa + bxVac — bex * 2b3+JcVa + bxvac — bex

[Out] -(Cx(e + fxx)72%(a”2 - b™2xx72))/(3*b"2*f*Sqrt[a + b*x]*Sqrt[akc - b*c*x])
= ((2%x(2%a™2xC*f72 - b™2%(Cxe”2 - 3*xfx(Bke + A*xf))) - b 2xfx(Cke - 3*Bx*f)*x
)*(a”2 - b72xx72)) /(6%b~4xf*Sqrt[a + b*x]*Sqrtlaxc - bxc*x]) + ((2%Axb~2x*e

+ a”2x(Cxe + Bxf))*Sqrt[a”2xc - b~2*cxx~2]*ArcTan[(b*Sqrt [c]*x)/Sqrt[a~2*c

- b™2*c*xx"2]])/(2xb~3*Sqrt [c]*Sqrt [a + b*x]*Sqrt[axc - bxc*x])

Rubi [A] time = 0.400279, antiderivative size = 249, normalized size of antiderivative =

. . . ber of rul
1.01, number of steps used = 5, number of rules used = 5, integrand size = 38, e o e

= 0.132, Rules used = {1610, 1654, 780, 217, 203}

integrand size

Va2c-b2cx?

(az - bzxz) (2 (2512Cf2 - %bz (2C€2 —6f(Af + Be))) — b2 fx(Ce - 3Bf)) Va2c - b2cx2 tan™! ( bex ) (az(Bf +C
- 6b* fVa + bxvac — bex ’ 2b3+/cVa + bxVac — bex

Antiderivative was successfully verified.

[In] Int[((e + fxx)*(A + B*x + C*x72))/(Sqrtla + b*x]*Sqrtl[a*c - b*xc*x]),x]

[Out] -(Cx(e + f*x)"2x(a”2 - b™2*x72))/(3*b~2*xf*Sqrt[a + b*x]*Sqrt[a*xc - b*xcxx])
- ((2%x(2%a"2xC*xf~2 - (b72%(2*%C*xe”2 - 6*f*(Bxe + Axf)))/2) - b~ 2xf*(Cxe - 3%
Bxf)*x)* (a2 - b72xx72))/(6*xb~4xfxSqrt[a + b*x]*Sqrtla*xc - bxcxx]) + ((2%Ax
b~2xe + a"2%(Cxe + Bxf))*Sqrt[a~2xc - b~ 2*cxx"2]*ArcTan[(b*Sqrt [c]*x)/Sqrt[
a~2*c - b"2xc*x~2]])/(2¥b~3*Sqrt [c]*Sqrt[a + bxx]*Sqrt[axc - bxc*x])

Rule 1610

Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_)*x_D)) " (m_)*((e_.) + (f_.
)*(x_))"(p_.), x_Symbol] :> Dist[((a + b*x) FracPart[m]*(c + dxx) FracPart[
m])/(axc + bxd*x~2) FracPart[m], Int[Px*(axc + bxd*x~2) m*(e + f*x)7p, x],
x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && PolyQ[Px, x] && EqQ[b*xc + ax
d, 0] && EqQ[m, n] && !IntegerQ[m]

Rule 1654
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Int[(Pq )*((d_) + (e_.)*(x_)) " (m_.)*x((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :
> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]1}, Simp[(f*x(d + ex*x
)>(m + g - Dx(a + cxx"2)7(p + 1))/(c*e”(q - D)*(m + g + 2%p + 1)), x] + Di
st[1/(cxe”gx(m + q + 2%p + 1)), Int[(d + e*x) m*(a + c*x~2) p*ExpandToSum[c
xe“qx(m + q + 2%p + 1)*Pq - cxf*(m + q + 2%p + 1)x(d + exx)"q - £x(d + exx)
“(q - 2)*%(axe™2x(m + q - 1) - cxd™2x(m + q + 2%xp + 1) - 2%c*d*ex(m + q + p)
*x), x], x], x] /; GtQlq, 1] && NeQ[m + q + 2*p + 1, 011 /; FreeQ[{a, c, d,
e, m, p}r, x] && PolyQ[Pq, x] && NeQ[c*d~2 + axe~2, 0] && !(EqQ[d, 0] && T
rue) && !(IGtQ[m, O] && RationalQ[a, c, d, e] && (IntegerQ[p] || ILtQ[p +
1/2, 01))

Rule 780

Int[((d_.) + (e_)*x_))*x((f_.) + (g_)*x&x_))*((a_) + (c_)*(xx_)"2)"(p_), x
_Symbol] :> Simp[(((exf + dxg)*x(2xp + 3) + 2*kexg*(p + 1L)*xx)*x(a + cxx"2) " (p
+ 1))/ (2%cx(p + 1)*(2%p + 3)), x] - Dist[(axexg - c*xd*xfx(2+p + 3))/(c*x(2*p
+ 3)), Int[(a + c*x"2)7p, x], x] /; FreeQ[{a, c, d, e, f, g, p}, x] && !Le
Qlp, -1]

Rule 217

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x"2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtla, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQla/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rubi steps
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(e+fx) A+Bx+Cx
(e + fx) (A +Bx + sz) Va2 - bex? | ———— ) dx

dx = Ve Per?
Va + bxVac - bex Va + bxVac — bex

Cle+ fx)2 (a2 B b2x2) m f (e+ fx)(—c(BAbzi/%bzc f(Ce-3Bf)x) i

3b2fVa + bxVac — bex 3b2cf2va + bxVac — bex

Clo+ fop (- 122)  (2(2°CF2 - 307 (26 - 6f(Be + Af)) - 12 f(Ce - 38f,

3b2f\/a+bx\/ac—bcx 6b4f\/a+bx\/ac—bcx

e+ fa7 (- #9) ( (2a2c £2 - 112 (20 - 6f(Be + A f))) _PRf(Ce - 3Bf
b2f\/a+bx\/ac—bcx b4f\/a+bx\/ac—bcx

Cle + f2 (a2 - 1242) ( (2a2c £2 - 162 (2Ce ~ 6f(Be + A f))) ~ B2f(Ce - 3Bf}

3b2fVa + bxVac — bex 6b* fVa + bxVac — bex

Mathematica [A] time = 1.62425, size = 390, normalized size = 1.59

6\/a—bx\/a+bx(\/a—bx,/%x+1+2\/Esin'1(\/_C\/_))( a’Cf - 2ab(Bf+Ce)+b2(Af+Be))+Cf\/a+bx((a—l

Antiderivative was successfully verified.

[In] Integrate[((e + fxx)*x(A + Bxx + Cxx72))/(Sqrtl[a + b*x]*Sqrtla*c - b*xc*x]),x
]

[Out] -(6*(3*a~2*Cxf + b~2*%(Bxe + Axf) - 2xaxb*(Cxe + Bxf))x*Sqrt[a - b*x]*Sqrt[a
+ b*x]*(Sqrt[a - b*xx]*Sqrt[1 + (b*x)/a] + 2xSqrt[al*ArcSin[Sqrt[a - b*x]/(S
qrt[2]*Sqrt[al)]) + 3x(bxCxe + b*Bxf - 3xa*xCxf)xSqrtl[a - b*x]*Sqrtla + b*x]
x(Sqrtla - b*x]*(4*a + b*x)*Sqrt[l + (bxx)/a] + 6%a~(3/2)*ArcSin[Sqrt[a - b
*x]/(Sqrt [2]*Sqrt[al)]) + CxfxSqrtla + b*x]*((a - b*xx)*Sqrt[1 + (b*x)/al*(2
2%a”2 + 9xaxb*x + 2%b72*x72) + 30*%a~(5/2)*Sqrt[a - b*x]*ArcSin[Sqrtl[a - b*x
1/(Sqrt[2]*Sqrt[al)]) + 12x(A*b~2 + a*x(-(b*B) + axC))*(b*e - a*f)*Sqrtla -
b*x]*Sqrt[1 + (b*x)/al*ArcTan[Sqrt[a - b*x]/Sqrtla + bxx]])/(6*b~4*Sqrt [c*(

a - bxx)]*Sqrt[1 + (b*x)/al)
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Maple [A] time = 0.022, size = 365, normalized size = 1.5

1 b2 Vb2
m\/bx + ay/—c (bx — a)| 6 Aarctan ad bce + 3 Barctan ad a’b*cf + 3 Carctan |-
¢ —c (b2x2 - az) —c (bzx2 - az)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((fxx+e)*(Cxx~2+B*x+A)/(b*xx+a)~(1/2)/(-bxcxx+axc)~(1/2),x)

[Out] 1/6*(b*xx+a)”~(1/2)*(-c*(b*x-a)) ~(1/2)/cx(6xAxarctan((b~2*c)~(1/2)*x/(-cx(b~2
*x72-a"2)) " (1/2) ) *b~4*c*xe+3*Bxarctan((b~2*c) ~(1/2) *x/ (—cx (b~ 2*x"2-a"2) )~ (1/
2))*xa~2xb"2xc*xf+3*xCxarctan((b™2xc) " (1/2) *x/ (—c*x (b™2*xx"2-a"2)) " (1/2) ) *a"~2%b"

2% Ccxe—-2*%Ckx™2xb " 2% f* (—c*x (b™2%x"2-a"2) ) " (1/2) * (b~ 2*c) ~(1/2) -3*B* (b~ 2*c) ~(1/2
Yx(—cx(b™2*x72-a"2) )~ (1/2) *x*¥b~2*xf-3*C*x (b~ 2*c) ~(1/2) *(—cx (b~ 2%x"2-a"2) )~ (1/

2) *x*b " 2%e—6xA* (b™2%c) " (1/2) ¥ (—c*x (b~ 2*x"2-a"2)) ~(1/2) ¥*b~2*xf-6*B* (b~ 2*c) ~ (1/

2) % (—cx(b™2*x"2-2"2) ) ~(1/2) *b"2%e-4*C* (b~ 2*c) " (1/2) *(—c*x (b~ 2*x"2-a"2) ) ~(1/2
)*a~2xf) /(-c*x(b~2*%x"2-a"2)) " (1/2) /b~4/ (b 2xc) ~(1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)* (Ckxx~2+B*x+A)/(b*x+a)~(1/2)/(-b*c*x+axc)~(1/2),x, algorit
hm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 1.70071, size = 689, normalized size = 2.8

3 (Bazbf + (Cazb + 2Ab3)e)\/—_clog (2 b2cx? — 2 \~bex + acVbx + aby/—cx — azc) +2 (2 Cb*fx? + 6 Bb%e + 2 (2 C
12 b4c

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((f*xx+e)* (Cxx~2+B*x+A)/(b*x+a)~(1/2)/(-b*c*x+axc)~(1/2),x, algorit
hm="fricas")

[Out] [-1/12%(3*(B*a~2*b*f + (C*a"2xb + 2*A*b~3)*e)*sqrt(-c)*log(2*¥b~2%c*x~2 - 2%
sqrt (-bxc*x + axc)*sqrt(b*x + a)*bxsqrt(-c)*x - a~2xc) + 2% (24Cxb~2xf*x"2 +
6xB*b~2%e + 2% (2xC*ka~2 + 3xA*b~2)*f + 3*%(Cxb~2xe + Bxb~2xf)*x)*sqrt (-b*cxx

+ axc)*sqrt(b*x + a))/(b74x*c), -1/6*%(3x(Bxa~2*bxf + (Cxa~2*b + 2%xA*xb~3)*e)
xsqrt(c)*arctan(sqrt (-bxc*x + a*xc)*sqrt(b*x + a)*b*xsqrt(c)*x/(b"2*c*x"2 - a
T2xc)) + (2*%Cxb72xf*x"2 + 6%Bxb”2%e + 2x(2xCxa”2 + 3kAxb~2)*f + 3% (Cxb~2%e

+ B*b72xf)*x) *sqrt (-b*c*x + axc)*sqrt(b*x + a))/(b~4x*c)]

Sympy [C] time = 138.497, size = 736, normalized size = 2.99

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)* (Ckxx*2+B*x+A)/(bxx+a)**(1/2)/(-b*ckx+a*xc)**(1/2),%)

[Out] -IxAxaxf*meijerg(((-1/4, 1/4), (0, 0, 1/2, 1)), ((-1/2, -1/4, 0, 1/4, 1/2,
0), ), ax*2/(bx*2*x**2))/(4d*pi**(3/2)*b**2*sqrt(c)) - Axaxfxmeijerg(((-1,
-3/4, -1/2, -1/4, 0, 1), O), ((-3/4, -1/4), (-1, -1/2, -1/2, 0)), a*xx2*ex
p_polar (-2*Ix*pi)/ (b*x*2*xx*%2) )/ (4*pix*(3/2)*bx*2xsqrt(c)) - IxAxexmeijerg(((
1/4, 3/4), (1/2, 1/2, 1, 1)), (0, 1/4, 1/2, 3/4, 1, 0), ), a*x*x2/(b*xx2xx*
x2) )/ (4xpix*(3/2)*b*xsqrt(c)) + Axe*meijerg(((-1/2, -1/4, 0, 1/4, 1/2, 1), (
)), ((-1/4, 1/4), (-1/2, 0, 0, 0)), a*x*2xexp_polar (-2*Ixpi)/(b**2xx**2))/(4
*xpi*x*x (3/2)*bxsqrt(c)) - I*Bxax*2*f*meijerg(((-3/4, -1/4), (-1/2, -1/2, 0, 1
)), ((-1, -3/4, -1/2, -1/4, 0, 0), ()), a*xx2/(b**2*xx*x*2))/(4*pi**(3/2)*b**3
xsqrt(c)) + Bxaxx2*fxmeijerg(((-3/2, -5/4, -1, -3/4, -1/2, 1), ), ((-5/4,
-3/4), (=3/2, -1, -1, 0)), a*x*2*xexp_polar(-2xI*pi)/(bx*2xx**2))/(4*xpi**(3/
2) ¥b**3*xsqrt(c)) - I*Bxakxexmeijerg(((-1/4, 1/4), (0, 0, 1/2, 1)), ((-1/2, -
1/4, 0, 1/4, 1/2, 0), ), ax*x2/(bx*2*x*x*2))/(4*xpi*x*(3/2)*bx*2*xsqrt(c)) - B
*xaxexmeijerg(((-1, -3/4, -1/2, -1/4, 0, 1), O), ((-3/4, -1/4), (-1, -1/2,
-1/2, 0)), a*xx2*exp_polar(-2*Ixpi)/(b**2xx*%x2))/(4dxpix*(3/2)*b*x*2*sqrt(c))
- I*Cxax*3xfxmeijerg(((-5/4, -3/4), (-1, -1, -1/2, 1)), ((-3/2, -5/4, -1, -
3/4, -1/2, 0), ), a*x2/(b**2xx**2))/(4xpi**(3/2)*b**4d*sqrt(c)) - Cka*x*3xf
*meijerg(((-2, -7/4, -3/2, -5/4, -1, 1), O), ((-7/4, -5/4), (-2, -3/2, -3/
2, 0)), axx2xexp_polar (-2*Ixpi)/(b*x*2xx*%2))/(4*xpix*(3/2)*bx*x4*sqrt(c)) - I
*xCraxx2xe*meijerg(((-3/4, -1/4), (-1/2, -1/2, 0, 1)), ((-1, -3/4, -1/2, -1/
4, 0, 0), ), a*x*x2/(bx*2xx*%x2) )/ (4xpix*(3/2)*bx*3*xsqrt(c)) + Cxa**2*kexmei]j
erg(((-3/2, -5/4, -1, -3/4, -1/2, 1), O), ((-5/4, -3/4), (-3/2, -1, -1, 0)
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), ax*2kxexp_polar (-2xIxpi)/(bx*2xx**2))/(4*xpi**(3/2)*b**3*sqrt(c))

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*(Ckxx~2+B*x+A)/(b*x+a)”~(1/2)/(-bxc*x+axc)~(1/2),x, algorit
hm="giac")

[Out] Timed out
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A+Bx+Cx?
3.30 dx
\Va+bx\Vac—bcx

Optimal. Leaf size=177

YA
(azC + 2Ab2) Va2c - b2cx? tan™! (\/T%) B (a2 _ bzxz) e (a2 _ b2x2)
2b3+/cVa + bxVac — bex b2Va + bxVac —bex  2b2Va + bxVac - bex

[Out] -((Bx(a"2 - b™2*x72))/(b~2xSqrt[a + b*x]*Sqrt[a*c - b*c*x])) - (Cxxx(a”~2 -
b~2*x72))/(2xb~2*%Sqrt [a + b*x]*Sqrt[a*c - bxc*xx]) + ((2%xA*xb~2 + a~2xC)*Sqrt
[a™2xc - b~2*cxx"2]*ArcTan[(b*Sqrt [c]*x)/Sqrt[a~2%c - b~2xc*x"2]])/(2%b~3%S
qrt[cl*Sqrt[a + b*x]*Sqrt[a*xc - bxcxx])

Rubi [A] time = 0.124376, antiderivative size = 177, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 33, e -

0.152, Rules used = {901, 1815, 641, 217, 203}

integrand size

2 2\ +/ —1(__byex
(a C +2Ab ) a?c — b%cx? tan (m) i B (a2 _ bzxz) ) Cx (az _ bzxz)
2b3+/cVa + bxVac — bex b2Va + bxVac —bex  202Va + bxVac — bex

Antiderivative was successfully verified.

[In] Int[(A + Bxx + C*x"2)/(Sqrtla + b*x]*Sqrt[a*xc - b*c*x]),x]

[Out] -((B*(a"2 - b™2*x72))/(b~2xSqrt[a + b*x]*Sqrt[a*c - b*c*x])) - (Cxxx(a~2 -
b~2*x72))/(2xb~2*%Sqrt [a + b*x]*Sqrt[a*xc - b*xc*xx]) + ((2%xAxb~2 + a~2xC)*Sqrt
[a™2xc - b~2*cxx"2]*ArcTan[(b*Sqrt [c]*x)/Sqrt[a~2%c - b™2xc*x~2]])/(2%b~3%S
qrt[cl*Sqrt[a + b*x]*Sqrt[a*xc - bxcxx])

Rule 901

Int[((d_) + (e_)*(x_))"(m_)*x((f_) + (g_)*x_))"(m )*((a_.) + (b_.)*x(x_) +
(c_)*(x_)"2)"(p_.), x_Symbol] :> Dist[((d + e*x) FracPart[m]*(f + gxx) Fr
acPart[m])/(d*xf + exg*x~2) FracPart[m], Int[(d*f + exg*x~2) m*(a + b*x + c*

x"2)7p, %], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, n, p}, x] && EqQ[m - n, 0]
&& EqQ[exf + dxg, 0]

Rule 1815

Int[(Pq )*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{q = Expon[Pq, x],
e = Coeff[Pq, x, Expon[Pq, x]1}, Simp[(exx~(q - 1)*(a + b*x"2)"(p + 1))/ (bx
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(g + 2xp + 1)), x] + Dist[1/(b*(q + 2*p + 1)), Int[(a + b*x~2) “p*ExpandToSu
m[bx(q + 2*%p + 1)*Pq - axex(q - 1)*x7(q - 2) - bxex(q + 2%p + 1)*x7q, x], X
1, x1]1 /; FreeQ[{a, b, p}, x] && PolyQ[Pq, x] && !'LeQlp, -1]

Rule 641

Int[((d_) + (e_.)*(x_))*((a_) + (c_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[(ex*(
a+ cxx”2)7(p + 1))/ (2*cx(p + 1)), x] + Dist[d, Int[(a + c*x72)7p, x], x] /
; FreeQ[{a, c, d, e, p}, x] && NeQ[p, -1]

Rule 217

Int[1/Sqrt[(a_) + (b_

D*x(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],

x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] & 'GtQ[a, O]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a

, 01 Il GtQ[b, 01)

Rubi steps

A + Bx + Cx?

A+Bx+Cx2
VaZc — b%cx? f

Va2c—b2cx?

X =
Va + bxVac - bex

Va + bxVac - bex
2Ab2 2C)-2b2B
Cx (az _ bzxz) Va?c - b2cx? f HC) 2P dx

Va2c-b2cx?
2b2va + bxVac - bcx 2b2cvVa + bxVac - bex

B (az _ bzxz) . o (a2 _ bzxz) . ((ZAb2 + aZC) Va?c - bzch) i m

b2vVa + bxVac - bex  2b2Va + bxVac — bex 262\ a + bxVac - bex
B (a? - 1%2) Cx (a2 - 12?) ((2Ab2 + a2C) Vac - bzcxz) Subst (f
— + '
b2\a + bxVac — bex  2b2a + bxVac - bex 2b%\a + bxVac - b
L by
B (a2 - 122 Cx (a2 - b2x2) (2412 + a2C) Va?c - b2cx? tan™ (\/ﬁ

-~ +
b2Va + bxVac —bcx  2b2Va + bxVac — bex 2b3+/cVa + bxVac — bex
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Mathematica [A] time = 0.414243, size = 169, normalized size = 0.95
Va—bx ( B (4 fan™! (V:V‘Z) (a(aC — bB) + AV?) + bVa— bxva + bx(2B + Cx)) — 2+/aVa + bx(aC - 2bB) sin™"
a a+bx
263 +1ve(a - b)

Antiderivative was successfully verified.

[In] Integrate[(A + B*x + C*x72)/(Sqrtl[a + b*x]+*Sqrt[axc - bkc*x]),x]

[Out] -(Sqrtla - b*x]*x(-2*Sqrt[a]*(-2xb*B + a*C)*Sqrt[a + b*x]*ArcSin[Sqrt[a - bx*
x]/(Sqrt[2]*Sqrt[al)] + Sqrt[l + (b*x)/al*(bxSqrt[a - b*x]*Sqrtla + b*xx]*(2

*B + Cxx) + 4x(Axb~2 + ax(-(b*B) + axC))*ArcTan[Sqrt[a - b*x]/Sqrt[a + bxx]
1)))/(2xb~3*Sqrt[cx(a - b*x)]*Sqrt[1 + (b*x)/al)

Maple [A] time = 0.018, size = 180, normalized size = 1.

1 b2 1 )
—Vbx + anJ—c (bx — 1) |2 Aarctan - b%c + C arctan [ xVb2c a’c — CVh2c4/-c (b‘

2b?%c —c (b2x2 _ az) —c (b2x2 - az)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((Cxx~2+B*xx+A)/(bxx+a)~(1/2)/(-b*xckxx+axc)~(1/2),x)

[Out] 1/2*(b*x+a)”~(1/2)*(—c*(b*x-a)) ~(1/2) /b~ 2*x(2xA*xarctan((b~2*c) " (1/2) *x/ (-c*(b
~2%x"2-a"2)) " (1/2)) ¥*b~2*c+Crarctan((b~2*c) " (1/2) *x/ (-c*x (b~ 2*x"2-a"2)) ~(1/2)
)*a”2%c-C*x (b~ 2*c) " (1/2) * (—cx(b™2xx"2-a"2) ) " (1/2) *x-2*B* (—c*x (b~ 2*xx"2-a"2) ) ~(
1/2)*(b"2xc)~(1/2))/(—cx (b~ 2*x"2-a"2) )~ (1/2) /c/ (b~ 2%c) ~(1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.
Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(b*x+a)~(1/2)/(-b*c*x+axc)”~(1/2),x, algorithm="maxi
mall)
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[Out] Exception raised: ValueError

Fricas [A] time = 1.6435, size = 460, normalized size = 2.6

(Ca2+2Ab2)\/—_clog(2 cx? — 2 v/=bex + acVbx + aby/—cx — a? c)+2(Cbx+2Bb)\/ bex + acVbx + a (Caz"'

43¢ ’

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(b*xx+a)~(1/2)/(-b*c*x+a*xc)~(1/2),x, algorithm="fric
as n

[Out] [-1/4*%((Cxa”2 + 2xAxb~2)*sqrt(-c)*log(2xb~2*c*x~2 - 2*sqrt(-bxc*x + a*c)*sq
rt(b*x + a)xb*sqrt(-c)*x - a~2%c) + 2x(Cxbxx + 2*B*b)*sqrt(-b*c*x + a*c)*sq
rt(bxx + a))/(b"3xc), -1/2*%((Cxa”2 + 2*xAxb~2)*sqrt(c)*arctan(sqrt(-b*c*xx +
axc)*sqrt (b*xx + a)*bxsqrt(c)*x/(b"2%c*x"2 - a~2%c)) + (Cxb*x + 2*Bxb)*sqrt(
—-b*c*x + axc)xsqrt(b*x + a))/(b~3*c)]

Sympy [C] time = 25.8753, size = 338, normalized size = 1.91

13 11112 1 145114 2, 11 0
. 6,2 nan E 5 ’ a 2,6 _E/_ZI /Z/ E/ e . 6,2 _Z Z 7
1AGgs 1% % 10 2| AGss 1 ool ZBaG@6_£._10 11
‘4’2" 4’ " 4’4 27 _ 2/ 47742
3 3
4n2b\/E 4n2b+/c 4m2bh2+\Jc

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxx**x2+Bxx+A)/(b*x+a)**(1/2)/(-b*ckx+akxc)**(1/2),x)

[Out] -IxA*meijerg(((1/4, 3/4), (1/2, 1/2, 1, 1)), ((0, 1/4, 1/2, 3/4, 1, 0), O)
, ax*2/ (bx*x2xx*x2)) / (4xpix* (3/2)*b*sqrt(c)) + A*meijerg(((-1/2, -1/4, 0, 1/
4, 1/2, 1), O), ((-1/4, 1/4), (-1/2, 0, 0, 0)), a**2xexp_polar(-2*I*pi)/(b
*xk2xx*%%2) ) / (4xpi** (3/2) *b*sqrt(c)) - I*Bxa*meijerg(((-1/4, 1/4), (0, 0, 1/2
, 1)), ((-1/2, -1/4, 0, 1/4, 1/2, 0), ), ax*2/(b**x2*x**2))/(4*pi**(3/2)*Db
**2xsqrt(c)) - Bxaxmeijerg(((-1, -3/4, -1/2, -1/4, 0, 1), O), ((-3/4, -1/4
), (-1, -1/2, -1/2, 0)), a*x*2xexp_polar (-2*xIxpi)/(b*x*2xx**2))/(4*pi**(3/2)*
b**2%sqrt (c)) - I*Ckaxx2+meijerg(((-3/4, -1/4), (-1/2, -1/2, 0, 1)), ((-1,
-3/4, -1/2, -1/4, 0, 0), ), a*x*x2/(bx*2xx*%x2))/(4*xpix*(3/2)*b**3*sqrt(c))
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+ Cxax*x2*meijerg(((-3/2, -5/4, -1, -3/4, -1/2, 1), O), ((-5/4, -3/4), (-3/
2, -1, -1, 0)), ax*2xexp_polar (-2xIx*pi)/(b**x2*x**2))/(4*pi**(3/2)*b**3*sqrt
(c))

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+Bxx+A)/(b*x+a)~(1/2)/(-b*c*x+a*xc)~(1/2),x, algorithm="giac
n)

[Out] Timed out
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A+Bx+Cx?
3.31 f \/a+bx\/gc—bcx(€+fx)

Optimal. Leaf size=278

3 \/E(a2f+bzex)
2 2 1 vV - —L
Va2e = b2ex? (Af — Bef + Ce )tan (\/azc_b2cx2\/b2e2—a2f2 i a2c — b2cx2(Ce — Bf) tan™! ( azcﬁzcxz) C (gZ .

Vef2Va + bxvac — bexJb2e2 — a2 f2 b/cf2Va + bxVac — bex B b2 fva+1b

[Out] -((Cx(a”2 - b~2*x72))/(b~2+f*Sqrt[a + b*x]*Sqrt[axc - b*c*x])) - ((Cxe - Bx
f)*Sqrt[a™2*%c - b~2*c*x~2]*ArcTan[(b*Sqrt [c]*x)/Sqrt[a~2*c - b~ 2xc*xx"2]])/(
b*Sqrt [c]*f"2xSqrt[a + b*x]*Sqrt[axc - bkxc*x]) + ((Cxe”2 - Bkxexf + Axf~2)%S
grt[a™2xc - b~2*cxx"2]*ArcTan[(Sqrt[c]l*(a”2*f + b~2%exx))/(Sqrt[b~2*e”2 - a
~2%f72]*Sqrt[a”2%c - b~2*xcxx"2])])/(Sqrt [cl*f~2*xSqrt [b™2*xe”2 - a~2xf~2]*Sqr

tla + b*x]*Sqrt[a*xc - b*cxx])

Rubi [A] time = 0.464124, antiderivative size = 278, normalized size of antiderivative
number of rules

1., number of steps used = 7, number of rules used = 7, integrand size = 40,
0.175, Rules used = {1610, 1654, 844, 217, 203, 725, 204}

integrand size

Va2c-b2cx2[p2e2—a? 2 V2e—b2c2

c 112 zex
Va2 - b2cx? (Af? - Bef + C?) tan™" ( Yy ) Va2c - b2cx?(Ce - Bf) tan™! ( bfex ) C(a?
Vef2Va + bxVac — bex+/b%e? — a% f2 B bJcf2Va + bxVac — bex B b fva+b

Antiderivative was successfully verified.

[In] Int[(A + Bxx + C*x"2)/(Sqrtl[a + b*x]*Sqrtla*xc - bxc*x]*(e + f*x)),x]

[Out] -((Cx(a”2 - b™2*x72))/ (b 2xf*Sqrt[a + b*x]*Sqrt[a*c - b*xc*x])) - ((Ckxe - Bx
f)*Sqrt[a™2xc - b~ 2*c*xx"2] *ArcTan[(b*Sqrt [c]*x)/Sqrt[a™2*c - b™2xc*xx"2]])/(
b*Sqrt [c]*f~2*Sqrt[a + b*x]*Sqrt[a*xc - b*c*xx]) + ((Ckxe”2 - Bxexf + A*xf~2)%S
qrt[a™2xc - b 2xcxx 2] *ArcTan[(Sqrt[c]l*(a~2+f + b"2%exx))/(Sqrt[b™2*e”2 - a
~2+f72]*xSqrt [aT2%c - bT2xc*kx72])])/(Sqrt [c]*f72xSqrt [b™2%e™2 - a~2%f~2]*Sqr

tla + bxx]*Sqrtl[a*xc - bxc*x])

Rule 1610

Int[(Px_)*((a_.) + (b_)*x(x_ D))" (m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (f_.
)*(x_))"(p_.), x_Symbol] :> Dist[((a + b*x) FracPart[m]*(c + d*x) FracPart[
m])/(axc + bxd*x~2) FracPart[m], Int[Px*(axc + bxd*x"2) m*(e + f*x)7p, x],
x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && PolyQ[Px, x] && EqQ[b*c + ax*
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d, 0] && EqQ[m, n] && !IntegerQ[m]

Rule 1654

Int [(Pq_)*((d_) + (e_)*(x_))"(m_.)*x((a_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :
> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]]1}, Simp[(f*(d + e*x
)(m + g - Dx*x(a + cxx™2)"(p + 1))/(cxe”(q - 1)*(m + q + 2%p + 1)), x] + Di
st[1/(cxe"gx(m + q + 2%p + 1)), Int[(d + e*x) m*x(a + c*x~2) p*ExpandToSum[c
xe"qx(m + q + 2%p + 1)*Pq - cxf*(m + q + 2%p + 1)x(d + exx)"q - £x(d + exx)
“(q - 2)*%(a*e”2*%(m + q - 1) - c*d™2*(m + q + 2%xp + 1) - 2*cxd*ex(m + q + p)
*x), x], x], x] /; GtQlq, 1] && NeQ[m + q + 2%p + 1, 011 /; FreeQ[{a, c, d,
e, m, pt, x] && PolyQ[Pq, x] && NeQ[cxd~2 + a*e”™2, 0] && !(EqQ[d, O] && T
rue) && !(IGtQ[m, O] && RationalQ[a, c, d, e] && (IntegerQlp] || ILtQ[p +
1/2, 01))

Rule 844

Int[((d_.) + (e_.)*(x_))"(m)*x((f_.) + (g_.)*x(x_))*((a_) + (c_.)*x(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*x(a + c*x"2)7p, x], x] + D
ist[(exf - d*g)/e, Int[(d + e*x)"m*(a + c*x~2)7p, x], x] /; FreeQl[{a, c, d,
e, f, g, m, pt, x] && NeQ[cxd~2 + a*e”2, 0] && !IGtQ[m, O]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && 'GtQ[a, O]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtl[a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 725

Int[1/(((d_) + (e_.)*(x_))*Sqrtl(a_) + (c_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(c*d™2 + a*e”™2 - x72), x], x, (a*e - c*d*x)/Sqrtla + c*x72]] /; FreeQ
[{a, ¢, d, e}, x]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/Rt[-a, 2]*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 0])
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Rubi steps
[ 2.2 A+Bx+Cx?
A + Bx + Cx? dx = atc - bex f (e+fx)Va2c—b2cx? ax
\/a+bx\/ac—bcx(e+fx) Va + bxVac - bex
2 22 [ —AVcf2+b7cf (Ce-Bf)x

S G Pes? e+ foVe P

b2 fa + bxvac - bex b2cf2Va + bxVac — bex
—BAVA2e — B2y 1 2 _

- C(az—bzxz) _((Ce Bf)Va4c bcx)fmdx+((Ce Bef

bzf\/a+bx\/ac—bcx fz\/a+bx\/ac—bcx

1
C (612 - bzxz) _ ((Ce a Bf)m) Subst (f 1+b2cx? dx, Y Vachbzc;

_bzf\/a + bxVac — bex f2\a + bxVac - bex
— BFWa2e — D2ex2 tan-L ﬂ) Ce? — Be
- C(u2 _ bzxz) ) (Ce - Bf)Va“c — b*cx? tan ( R . ( f
b2 f\a + bxVac — bex bJcf2Va + bxVac — bex

Mathematica [A] time = 0.7290006, size = 225, normalized size = 0.81

_1[ Va-bx\Jaf—be Y N CfVa+b —Va-bx-————="—=
2(f(Af-Be)+Ce?) tan 1(—m _uff_be) ) 2tan 1(%)(aCf—be+bCe) . \/?

B

a—bx 7

f2+/c(a - bx)

Antiderivative was successfully verified.

[In] Integrate[(A + B*x + C*x72)/(Sqrtl[a + b*x]*Sqrt[axc - bxckxx]*(e + f*xx)),x]

[Out] (Sqrtla - bxx]*((Cxf*Sqrtl[a + bxx]*(-Sqrtla - bxx] - (2*Sqrt[a]*ArcSin[Sqrt
[a - b*x]/(Sqrt[2]*Sqrtlal)])/Sqrt[1 + (b*x)/al))/b"2 + (2%x(b*Cxe - b*Bxf +
axCxf)*ArcTan[Sqrt[a - b*x]/Sqrtla + b*x]])/b”™2 + (2%(C*xe”2 + fx(-(B*e) +
Axf))*ArcTan[(Sqrt [-(b*xe) + a*f]*Sqrtla - b*xx])/(Sqrt[-(bxe) - axf]xSqrtl[a
+ b*x])]1)/(Sqrt[-(b*xe) - axf]l*Sqrt[-(b*xe) + axf])))/(£72+Sqrtlcx(a - b*x)])
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Maple [B] time = 0., size = 503, normalized size = 1.8

262 _ 12
) fx1+ e [bzcex a2cf + ¢ (‘1 f;Z b ez) —c (b2x2 _ az)fJ] v2cf2Vb2c + Bln [2 ﬁ [bzcex +a’cf

Verification of antiderivative is not currently implemented for this CAS.

1
m -Aln

[In] int((Cxx~2+Bxx+A)/(f*x+e)/ (b*x+a) ~(1/2)/(-bxcxx+axc)~(1/2),x)

[Out] (—Ax1n(2%(b~2*ckexx+a”2xcxf+(ckx(a™2*xf"2-b"2%xe~2)/£f"2) " (1/2)*(—cx (b~ 2*x"2-a"
2)) " (1/2)*f) / (f*xx+e) ) *b~2xc*xf 2% (b~ 2%c) " (1/2) +B*1n (2% (b~ 2xcxexx+a~2*c*xf+ (c*
(a™2*%f72-b"2%e"2) /£72) " (1/2) *(—c*x (b™2%x"2-a"2) ) " (1/2) *f) / (f*x+e) ) *b"2*c*xex*f
*(b~2%c) " (1/2)+B*arctan((b~2%c) ~(1/2)*x/ (—cx(b~2%x"2-a"2)) ~(1/2) ) *b~2xc*f "2
*(cx(a™2¢f72-b"2*%e”2) /£72) " (1/2) -C*1n (2% (b~ 2*c*xe*xx+a~2*xcxf+ (ckx (a~2+%f~2-b~ 2%
e”2)/f72) " (1/2) ¥ (—cx(b™2*xx"2-a"2) ) ~(1/2) *f) / (f*x+e) ) *b~2xcxe™ 2% (b~ 2%c) " (1/2
)—-Cxarctan((b~2x%c) " (1/2) *x/ (—cx(b~2*x"2-a"2)) "~ (1/2) ) *b~2*c*xexf* (cx (a~2*f~2-

b~ 2%e"2) /£72) " (1/2) -CxE~ 2% (b~2%c) " (1/2) *(cx (a~2*xf~2-b"2%xe"2) /£~2) " (1/2) *(-c
*(b™2%x"2-a"2)) " (1/2) ) *(bxx+a) " (1/2) *(—cx(b*x-a)) ~(1/2) /b"2/ (c*x(a~2*%f"2-b"2
xe”2)/£72)7(1/2)/(b™2%c)~(1/2)/£73/c/(—cx(b™2%x"2-a"2) ) ~(1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(f*xx+e)/(b*x+a)”~(1/2)/(-bxc*x+axc)~(1/2),x, algorit
hm="maxima")

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((Cxx~2+B*x+A)/(f*x+e)/(b*x+a) ~(1/2)/(-b*xc*x+a*xc)~(1/2),x, algorit
hm="fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f A + Bx + Cx?

V—c(—a + bx)Va + bx (e + fx

) dx
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((Ckx**2+B*x+A)/(fxx+e)/(bkx+a)**(1/2)/(-bxckx+a*c)**(1/2),x)

[Out] Integral((A + B*x + Cxx*x2)/(sqrt(-c*(-a + b*x))*sqrt(a + b*x)*(e + f*x)),
x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(f*xx+e)/(b*x+a)”~(1/2)/(-bxc*x+axc)~(1/2),x, algorit
hm="giac")

[Out] Timed out
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A+Bx+Cx?
3.32 f \/a+bx\/ac—bcx(e+fx)2

Optimal. Leaf size=322

_ _ \/E(a2f+bzex)

Ce-B 242 2 (3 2 1

£ (@ - 122) ( PR ;2 f)) Va?c - B2cx® (a2 f2(2Ce — Bf) - b? (Ce® - Aef?)) tan ( N
+

Va + bx(e + fx)Vac — bex (bze2 - azfz) Vef2va + bxvac - bex (b2e2 _ ﬂ2f2)3/2

[Out] (fx(A + (ex(Cxe - Bxf))/f72)*(a"2 - b™2*x72))/((b"2xe”2 - a"2xf~2)*Sqrt[a +
b*x] *Sqrt [a*c - b*cxx]*(e + f*xx)) + (CxSqrtl[a”2*c - b~2*xc*x"2]*ArcTan[(b*S
gqrtlcl*x)/Sqrt[a~2*c - b~ 2*c*x~2]])/(b*Sqrt [c]*f~2xSqrt[a + b*x]*Sqrtla*xc -
bxckxx]) + ((a72%xf72%x(2xCxe - B*xf) - b~2x(Cxe”3 - Axexf~2))*Sqrt[a”2xc - b~
2xcxx~2] *ArcTan[(Sqrt [c]*(a”2*xf + b™2*exx))/(Sqrt[b~2*xe”2 - a~2xf~2]*Sqrt[a

“2%c - b72xc*x"2])])/(Sqrt[c]*f72%x(b"2*%e"2 - a~2xf72)7(3/2)*Sqrt[a + b*x]*S
grtlaxc - bxcx*x])

Rubi [A] time = 0.530435, antiderivative size = 322, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 7, integrand size = 40, "> % _

integrand size
0.175, Rules used = {1610, 1651, 844, 217, 203, 725, 204}

f(a? - 1222 (A + —e(C;‘zBf )) VaZe — e (2 f2(2Ce - Bf) - b? (Ce - Aef?)) tan™! ( VE(a2f+tPex)

Va2c—b2cx2\[b2e2 a2 f2

—+
Va + bx(e + fx)Vac — bex (b2€2 - azfz) Vef2va + bxvac - bex (b2€2 _ 02f2)3/2

Antiderivative was successfully verified.

[In] Int[(A + B*x + Cxx"2)/(Sqrtla + b*x]*Sqrtla*c - bxc*xx]*(e + f*x)72),x]

[Out] (fx(A + (ex(Ckxe - Bxf))/f72)*(a"2 - b™2*x72))/((b"2xe”2 - a"2xf"2)*Sqrt[a +
b*x] *Sqrt [a*c - b*cxx]*x(e + f*xx)) + (CxSqrtl[a”2*c - b~2*xc*x"2]*ArcTan[(b*S
grtlcl*x)/Sqrt[a~2*c - b~ 2*c*xx~2]])/(b*Sqrt [c]*f~2xSqrt[a + b*x]*Sqrtla*xc -
bxckxx]) + ((a72%xf72%x(2xCxe - B*xf) - b~2%x(Cxe”3 - Axexf~2))*Sqrt[a”2xc - b~
2xcxx~2] *ArcTan[(Sqrt [c]*(a”2*xf + b™2*exx))/(Sqrt[b~2*xe”2 - a~2xf~2]*Sqrt[a

“2%c - b™2xc*x72])])/(Sqrt[c]*f72x(b"2*%e”2 - a~2xf72)7(3/2)*Sqrt[a + b*x]*S
grtlaxc - bxcx*x])

Rule 1610

Int[(Px_)*((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*x((e_.) + (f_.
)*(x_))"(p_.), x_Symbol] :> Dist[((a + b*x) FracPart[m]*(c + d*x) FracPart[
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m])/(a*c + b*d*x~2) FracPart[m], Int[Px*(a*c + bxd*x"2) m*x(e + f*x)7p, x],
x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] && PolyQ[Px, x] &% EqQ[b*c + ax
d, 0] && EqQ[m, n] && !IntegerQ[m]

Rule 1651

Int [(Pq_)*((d_) + (e_.)*x(x_)) " (m_)*((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :>
With[{Q = PolynomialQuotient[Pq, d + e*x, x], R = PolynomialRemainder [Pq,

d + exx, x]}, Simp[(exR*x(d + exx)"(m + 1)*(a + c*x"2)"(p + 1))/((m + 1)*(c*
d"2 + a*e”™2)), x] + Dist[1/((m + 1)*(c*d"2 + a*e”2)), Int[(d + e*x)"(m + 1)
*x(a + cxx72) “p*ExpandToSum[(m + 1)*(c*xd™2 + a*e™2)*Q + cxd*Rx(m + 1) - c*ex
Rx(m + 2%p + 3)*x, x], x], x]] /; FreeQ[{a, c, d, e, p}, x] & PolyQ[Pq, x]
&& NeQ[c*xd™2 + axe”™2, 0] && LtQ[m, -1]

Rule 844

Int[((d_.) + (e_D)*(x_)) " (m_)*x((f_.) + (g_)*(x_))*((a_) + (c_)*(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*(a + c*xx"2)7p, x], x] + D
ist[(exf - d*g)/e, Int[(d + e*x)"m*(a + c*xx~2)7p, x], x] /; FreeQ[{a, c, d,
e, £, g, m, p}, x] && NeQ[cxd"2 + a*e”2, 0] && 'IGtQ[m, O]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x"2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQl[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 725

Int[1/(((d_) + (e_.)*(x_))*Sqrtl(a_) + (c_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(c*d™2 + a*xe™2 - x72), x], x, (a*e - cxd*x)/Sqrt[a + c*x"2]] /; FreeQ
[{a, ¢, 4, e}, x]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 0])
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Rubi steps
(2 2.2 A+Bx+Cx?
A + Bx + Cx? g = afc — bex f (e+fx)y2Va2c—b2cx? *
Va + bxVac - bex(e + fx)? Va + bx\ac - bex

b2e2 _

f(A N e(CE—Bf)) (az _ bzxz) Vi2Zc - Bex2 f 7

f? + (e+fx)Va2c—b2cx?
(b2€2 - azfz) Va + bxVac — bex(e + fx) c (bzez - azfz) Va + bxVac — bea
Fla+ 220 (@ - 2) ) (c (58 - ) Vare—12e?) [ =
(b262 - a2f2) Va + bxVac - bex(e + fx) f (bze2 - a2f2) Va + bxVac — bex
f (A + @) (az - bzxz) (C (# - azf) Va%c - bzcxz) Subst (f
+
(b2(32 - a2f2) Va + bxVac - bex(e + fx) f (b232 - azfz) Va + bxy
f (A + e(C;Bf)) (a2 - bzxz) CVa2c — b2cx? tan™! (‘/%) (’12.
+ +—
(b2€2 - azfz) vVa + bxVac - bex(e + fx) b\/EfZ\/a + bx\ac — bex

C(Ab26+112 (Ce—Bf))+cC(

Mathematica [A] time = 0.968873, size = 309, normalized size = 0.96

_y[ Nabayaf e
2 eNa-bi{ fAf-Be+Ce) tan 1(W—m) fex-a)Varbx(f(Af-Bo+Ce?) Ve[ ) pres

(-af~be)¥2(af-be)? (e+fx)(af=be)(af+be) \—af-be~af-be b
f2+/c(a - bx)

2Va-bx(2Ce-Bf) tan’l(m) ZCmtan_l( Va—b:

Antiderivative was successfully verified.

[In] Integrate[(A + Bxx + Cxx"2)/(Sqrtl[a + b*x]*Sqrtlaxc - bxc*x]*(e + f*x)72),x
]

[Out] ((£f*x(Cxe”2 + f*x(-(Bxe) + Axf))x*(-a + b*x)*Sqrtla + b*xx])/((-(bxe) + axf)x(b
xe + axf)*x(e + f*xx)) - (2xC*xSqrtl[a - b*x]*ArcTan[Sqrt[a - b*x]/Sqrtl[a + b*x

11) /b - (2% (2%C*xe - Bxf)*Sqrt[a - b*x]*ArcTan[(Sqrt[-(b*xe) + a*f]*Sqrtla -
b*x])/(Sqrt[-(bxe) - axfl*Sqrtla + b*x])])/(Sqrt[-(b*xe) - a*xf]*Sqrt[-(b*e)

+ axf]) + (2+b"2*%ex(Cxe™2 + f*x(-(Bxe) + Axf))*Sqrtla - b*x]*ArcTan[(Sqrt[-(

bxe) + axf]l*Sqrtla - bx*x])/(Sqrt[-(b*xe) - axfl*Sqrtla + bxx])])/((-(bxe) -
axf)~(3/2)x(-(b*xe) + a*xf)~(3/2)))/(£72*Sqrtlc*x(a - b*x)])
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Maple [B] time = 0., size = 1200, normalized size = 3.7

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((Cxx~2+B*x+A)/(f*x+e) 2/ (b*x+a) " (1/2)/(-bxcxx+a*xc)~(1/2),x)

[Out] (Ax1n(2x (b~ 2*cxexx+a " 2*xcxf+(c*x(a~2*xf " 2-b"2%xe"2)/f72) " (1/2)*(—cx(b"2*xx"2-a"2
V)T (1/2)*£f) / (£*xx+e) ) *x*b~2xcxexf ~3% (b™2%c) ~(1/2) -B*1n(2* (b~ 2xcxexx+a ~2%xc*xf+
(cx(a™2+%f72-b"2%e”2) /£72) " (1/2) * (—c* (b™2%x"2-a"2) ) ~(1/2) *f) / (f*x+e) ) *x*a~ 2%
cxf 4% (b7 2%c) " (1/2) +2*Cx1n (2% (b~ 2*ckxexx+a " 2*ckf+(cx (a"2*xf~2-b"2*xe”~2) /£72) ~(
1/2) % (—cx (b~ 2*x72-a"2) )~ (1/2)*f) / (fxx+e) ) *x*a” 2xc*xe*xf 3% (b~™2*c) ~(1/2)-C*x1n(
2% (b™2%ckexx+a " 2xcxf+(cx (a™2xf"2-b"2*%e™2) /£72) “(1/2) ¥ (—cx (b~ 2*x"2-a"2) )~ (1/
2)*f) / (f*xx+e) ) *x*xb~2%xcxe”3*xf* (b~ 2%c) " (1/2)+Cxarctan((b~2*c) ~(1/2) *x/ (-cx (b~
2%x"2-a"2)) "~ (1/2) ) *xx*xa " 2xckxf"4*x (cx (a"2xf"2-b"2%e"2) /£72) " (1/2) -Cxarctan((b~
2%c) " (1/2) *x/ (mcx(b™2*xx"2-a"2) ) " (1/2) ) *x*b~ 2*xc*xe~2*xf "2x (c*x (a~2+%f"2-b"2*e"2)
/£72) 7 (1/2) +A*1n (2% (b~ 2*xcxe*xx+a~2*xcxf+ (cx (a™2%f"2-b"2%e”2) /£72) ~(1/2) * (—c*(
bT2%x"2-a"2)) " (1/2) *f) / (f*x+e) ) ¥b~ 2xc*xe ™ 2xf " 2% (b~ 2%c) " (1/2) -B*x1n(2* (b~ 2*c*e
*x+a”2¢ckf+(cx(a™2xf72-b"2%e72) /£72) " (1/2) ¥ (—cx (b™2*xx"2-a"2) ) ~(1/2) *f) / (f*x
+e) ) *a " 2xckxexf 3% (b72%c) " (1/2) +2*4Cx1n (2% (b~ 2xcxexx+a~2*xcxf+(c*x (a™2xf"2-b" 2%
e”2)/f72) " (1/2) *(—cx(b™2*xx"2-a"2) ) ~(1/2) *f) / (f*xx+e) ) *a~2xcxe" 2%~ 2% (b"2%c) ~
(1/2)-C*1n(2* (b~ 2*cxe*xx+a~2*cxf+(c*x (a"2*xf"2-b"2%e”2) /£72) “(1/2) * (—c* (b~ 2*x"~
2-a"2)) " (1/2)*f) / (fxx+e) ) *b"2*c*xe"4x (b~ 2%c) ~(1/2) +Cxarctan((b™2*xc) ~(1/2) *x/
(mc*x(b™2%x"2-a"2)) " (1/2) ) *a~2xcxexf~3* (c*x (a™2*f"2-b"2*e~2) /£f~2) ~(1/2) -C*arc
tan((b™2*xc) " (1/2)*x/ (—c*x (b~ 2*x"2-a"2)) " (1/2) ) *b"2xc*xe” 3xf* (cx (a~2*f"2-b " 2*e
~2)/£72) 7 (1/2) -Axf~4x (—cx (b™2%x"2-a"2) ) ~(1/2) % (b~ 2*xc) " (1/2) * (cx (a~2*f"2-b"2
*e72) /£72) " (1/2) +Bxexf~3x (—c* (b™2%x"2-a"2) ) " (1/2) * (b~ 2*c) ~(1/2) * (c*x (a™2*f"2
-b"2%e72) /£72) " (1/2) -Cxe~2*xf 2% (—c*x (b™2%x"2-a"2) ) " (1/2) * (b~ 2*c) " (1/2) *(c*(a
“2xf72-b"2%e72) /£72) " (1/2) ) /cx (—c*x (b*xx-a) ) " (1/2) * (bxx+a) " (1/2) / (mc* (b~ 2%x~2
-a”2))"(1/2)/ (axf+bxe) / (axf-bxe)/(fxx+e)/(b"2%c) " (1/2) / (cx(a™2*xf"2-b"2*e"2)
/£72)°(1/2)/£73

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(f*x+e) 2/ (b*x+a)~(1/2)/(-b*c*x+axc)”(1/2),x, algor
ithm="maxima")
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[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(f*xx+e) 2/ (b*xx+a) ~(1/2)/(-b*c*xx+a*xc)~(1/2),x, algor

ithm="fricas")

[Out] Timed out

Sympy [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxx**2+B*xx+A)/(f*x+e)**2/(bxx+a)**(1/2)/(-b*ckx+a*xc)**(1/2),%)

[Out] Exception raised: ValueError

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(f*x+e) 2/ (b*x+a) ~(1/2)/(~b*cxx+a*xc)”(1/2),x, algor
ithm="giac")

[Out] Timed out
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A+Bx+Cx?
3.33 f \/a_l_bx\/gc—bcx(e-l-fx)?’

Optimal. Leaf size=363

(az - bzxz) (2a2f2(2Ce ~Bf) - % (f(Be -3Af) + Cez)) f (az N bzxz) (A + e(cjc_zBf)) Vaze - bca
+ +
2fVa + bx(e + fx)Vac — bex (12e2 - a22)’ 2Va + bx(e + fx)*Vac - bex (b2 - a2f2)

[Out] (fx(A + (ex(Cxe - Bxf))/f72)*(a"2 - b™2%x72))/(2x(b"2*e"2 - a~2xf~2)*Sqrt[a
+ b*x]*Sqrt[a*xc - bxckxx]*x(e + f*x)72) + ((2%a~2%xf72*%(2%Cxe - B*xf) - b~ 2*ex
(Cxe™2 + fx(Bxe - 3xA*xf)))*(a”2 - b~2*x72))/(2xf*x(b"2*%e”2 - a~2*xf~2) "2*Sqrt

[a + b*x]*Sqrt[a*xc - b*cxx]x(e + f*xx)) + ((A*x(2%b~4*e”2 + a~2*%b"2*f~2) + a~

2% (2%a”2%C*xf72 + b~ 2*xex(Cke - 3*B*f)))*Sqrt[a”2*%c - b 2*c*x~2]*ArcTan[(Sqrt
[c]*(a™2*f + b~ 2%e*x))/(Sqrt[b~2*e”2 - a~2*xf~2]*Sqrt[a”2*c - b~ 2*c*xx"2])])/
(2%Sqrt [c]*(b™2%e”2 - a”2%f~2)7(5/2)*Sqrt[a + b*x]*Sqrt[a*xc - b*cxx])

Rubi [A] time = 0.58763, antiderivative size = 361, normalized size of antiderivative =

0.99, number of steps used = 5, number of rules used = 5, integrand size = 40, number of rules

= 0.125, Rules used = {1610, 1651, 807, 725, 204}

integrand size

(a2 - 1242) (242 f2(2Ce - Bf) - 12 (ef (Be — 3Af) + C&°)) f (2= 22) (a+ 250 Vare - b
+ +
2fVa + bx(e + fx)Vac — bex (e — a2 f2)2 2Va + bx(e + fx)2ac - bex (1262 - a2f2)

Antiderivative was successfully verified.

[In] Int[(A + B*x + C*xx"2)/(Sqrtla + b*x]*Sqrtla*c - bxc*x]*(e + f*x)~3),x]

[Out] (fx(A + (ex(Cxe - Bxf))/f72)*(a”2 - b™2%x72))/(2x(b"2*%e"2 - a~2xf~2)*Sqrt [a
+ b*x]*Sqrt[a*xc - bxcxx]*x(e + f*xx)72) + ((2%a~2xf"2%x(2xCxe - B*xf) - b~2%(C

xe”3 + exfx(Bxe - 3xAxf)))*(a”2 - b™2*xx72))/(2xf*(b"2%xe”2 - a~2xf"2) "2%xSqrt

[a + b*x]*Sqrt[a*xc - b*cxx]x(e + f*xx)) + ((2%a~4*Cxf~2 + a~2xb~2*ex(Cxe - 3

*Bxf) + Ax(2xb~4*e”2 + a”24b”2*xf72))*Sqrt[a2*%c - b~ 2*c*x"2]*ArcTan[(Sqrt[c
Ix(a"2*f + b™2xex*x))/(Sqrt[b™2xe”2 - a~2xf"2]*Sqrt[a~2*c - b~ 2*c*x~2])]1) /(2

xSqrt [c]*(b™2%xe”2 - a™2xf72) 7 (5/2)*Sqrtla + b*x]*Sqrt[a*xc - b*xcxx])

Rule 1610

Int [(Px_)*((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_)) " (n_)*x((e_.) + (f_.
)*(x_))"(p_.), x_Symbol] :> Dist[((a + b*x) FracPart[m]*(c + dxx) FracPart[
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m])/(a*c + b*d*x~2) FracPart[m], Int[Px*(a*c + bxd*x"2) m*x(e + f*x)7p, x],
x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] && PolyQ[Px, x] &% EqQ[b*c + ax
d, 0] && EqQ[m, n] && !IntegerQ[m]

Rule 1651

Int [(Pq_)*((d_) + (e_.)*x(x_)) " (m_)*((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :>
With[{Q = PolynomialQuotient[Pq, d + e*x, x], R = PolynomialRemainder [Pq,

d + exx, x]}, Simp[(exR*x(d + exx)"(m + 1)*(a + c*x"2)"(p + 1))/((m + 1)*(cx
d"2 + a*e”™2)), x] + Dist[1/((m + 1)*(c*d"2 + a*e”2)), Int[(d + e*x)"(m + 1)
*x(a + cxx72) “p*ExpandToSum[(m + 1)*(c*xd™2 + a*e™2)*Q + cxd*Rx(m + 1) - c*ex
Rx(m + 2%p + 3)*x, x], x], x]] /; FreeQ[{a, c, d, e, p}, x] & PolyQ[Pq, x]
&&% NeQ[c*xd™2 + axe”™2, 0] && LtQ[m, -1]

Rule 807

Int[((d_.) + (e_)*xD) (@ )*((£f_.) + (g_.)*x_))*x((a) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> -Simp[((exf - dxg)*x(d + exx)"(m + 1)*(a + c*x72)"(p + 1))
/(2x(p + 1)*(cxd™2 + a*xe”2)), x] + Dist[(c*d*f + axexg)/(c*d”2 + axe”2), In
tl(d + exx)"(m + 1)*(a + c*x"2)7p, x], x] /; FreeQ[{a, c, d, e, £, g, m, p}
, x] && NeQ[c*d™2 + axe”2, 0] && EqQ[Simplify[m + 2xp + 3], 0]

Rule 725

Int[1/(((d_) + (e_.)*(x_))*Sqrtl(a_) + (c_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(c*xd™2 + a*xe™2 - x72), x], x, (a*e - cxd*x)/Sqrt[a + c*x"2]] /; FreeQ
[{a, ¢, d, e}, x]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] |l LtQ[b, 01)

Rubi steps
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[ 0.2 A+Bx+Cx?
A + Bx + Cx? dx = afc — bex f (e+fx)3Va2c—b2cx? ax
Va + bxVac - bex(e + fx)3 Va + bxvac — bex
CouB 2c(Ab2e+u2(Ce—Bf))—c(2
f (A S ;_2 f )) (az - bzxz) Va2c — b2cx? f N
= +
2 (bze2 - a2f2) Va + bxVac — bex(e + fx)2 2c (bze2 - a2f2) Va + b:
(Ce-Bf)
flAa+3 ezf (az_bzxz) 2a%f?(2Ce — Bf) — b? (Ce® + ef (B
2 (b2e2 - a2f2) Va + bxVac - bex(e + fx)2 2f (bzez _ a2f2)2 Vi + bavs
e(Ce-Bf)
flA+ ezf (az_bzxz) 2a%f?(2Ce — Bf) — b? (Ce® + ef (B:
2 (b2e2 - a2f2) Va + bxVac — bex(e + fx)2 2f (bzez _ a2f2)2 Va + bxvs
(Ce-Bf)
FlA+ D) (a2 - 122) 202 f2(2Ce - Bf) - 12 (Cé + e f (B
= f —+
2 (bze2 - azfz) Va + bxVac — bex(e + fx)? 2f (b2e2 _ azfz)z Va + bxVi

Mathematica [A] time = 1.83553, size = 492, normalized size = 1.36

_ m\/af—be
bz\/a—bx(f(Af—Be)+Cez) (2(e+fx)(a2f2+2b262) tan™! ( m)+3ef\/a—bx\/a+bx\/—af—be\/af—be) . 2f(bx—a)m(Bf—2Ce) f(bx—a)m

(e+fx)(~af-be)52(af—be)52 (e+fx)(a2 f2-b2e2) (e+fx)2(a

2f2e(a—bx)

Antiderivative was successfully verified.

[In] Integrate[(A + Bxx + Cxx"2)/(Sqrtl[a + b*x]*Sqrtl[axc - bxc*x]*(e + f*x)73),x
]

[Out] ((f*x(Cxe”2 + f*x(-(Bxe) + Axf))x*(-a + b*x)*Sqrtla + b*xx])/((-(bxe) + axf)x(b
xe + axf)*x(e + f£xx)72) + (2xf*(-2xCxe + B*xf)*(-a + b*x)*Sqrtla + b*x])/((-(
b~2%e”2) + a"2xf"2)*(e + f*x)) + (4*xCxSqrtl[a - b*x]*ArcTan[(Sqrt[-(b*xe) + a
xf]xSqrt[a - b*x])/(Sqrt[-(b*e) - axf]l*Sqrtla + bxx])])/(Sqrt[-(bxe) - axf]

xSqrt [-(bxe) + axf]) - (4*b~2xe*x(2*Cxe - Bxf)*Sqrtl[a - bxx]xArcTan[(Sqrt[-(

bxe) + axf]l*Sqrtla - b*x])/(Sqrt[-(b*xe) - axfl*Sqrtla + bxx])])/((-(bxe) -
axf)~(3/2)x(-(b*e) + a*xf)~(3/2)) + (b72%(C*xe”2 + fx(-(B*e) + Axf))*Sqrtla -

b*x] * (3*exf*Sqrt [~ (b*e) - a*f]l*Sqrt[-(b*xe) + axf]*Sqrtla - b*x]*Sqrt[a + b

xx] + 2%x(2xb"2%e”2 + a”2xf"2)x(e + fxx)*ArcTan[(Sqrt[-(bxe) + axf]*Sqrtla -
bxx])/(Sqrt[-(b*xe) - axfl*Sqrtla + b*xx])]))/((-(b*xe) - a*xf)~(5/2)*(-(bxe)
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+ axf) " (5/2)*(e + f*xx)))/(2xf72*Sqrt[cx(a - b*x)])

Maple [B] time = 0., size = 1848, normalized size = 5.1

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((Cxx~2+B*xx+A)/(fxx+e) 3/ (bxx+a) (1/2)/(-bxcxx+axc) (1/2) ,x)

[Out] -1/2*(C*1n(2* (b~ 2*xcxe*x+a~2*xcxf+(c*x(a"2%f7"2-b"2%e”2) /£72) ~(1/2) *(—c* (b~ 2*x"~
2-a"2)) " (1/2)*f) / (f*¥x+e) ) *x~2*%a " 2%b " 2xc*xe” 2*xf "2+2%xA*x1n (2% (b~ 2*cxe*xx+a 2% c*f
+(cx(a™2xf"2-b"2%xe"2) /£f72) " (1/2) ¥ (—cx (b~ 2*x"2-a"2) ) " (1/2) *f) / (f¥x+e) ) *x*a~2
*b 2% cke*xf"3-6xBx1n (2% (b~ 2xckxexx+a " 2*xc*xf+(cx (a™2xf"2-b"2%xe”~2) /£72) ~(1/2) * (-
cx(b™2%x72-a"2)) " (1/2) *f) / (f*xx+e) ) *x*a~2%b " 2*c*ke” 2xf " 2+2*xCx1n (2% (b~ 2% cke*x+
a~2xcxf+(cx(a™2%f"2-b"2%e"2) /£72) " (1/2) ¥ (—cx (b~ 2*x"2-a"2) ) ~(1/2) *f) / (£ *x+e)
)*x*ka"2%b "2k cxe "3k f+A*a"2xf T4k (—cx (b7 2xx72-a"2) ) " (1/2) ¥ (cx (a"2*f"2-b"2*e”2)
/E£72)7(1/2) -3*B*1n (2% (b~ 2xcxexx+a~2*xc*xf+(cx(a"2*xf~2-b"2%xe~2) /£72) ~(1/2) *(-c
*(b72%x72-a"2)) " (1/2)*f) / (fxx+e) ) *x"2%a"2*%b " 2*kckxexf~3+2xAx1n (2% (b~ 2*c*e*x+a
~2kckf+(ck(a”2xf"2-b"2%xe”2) /£72) T (1/2) * (—cx (b~ 2*x"2-a"2) ) ~(1/2) *f) / (f*xx+e))
*b "4k cke 4+4*Cx1n (2% (b~ 2xcxexx+a~2kckf+(c*x (a™2xf"2-b"2%e”~2) /£72) ~(1/2) * (—c*
(b~2*x72-a"2) )~ (1/2)*f) / (fxx+e) ) *x*xa " 4d*xcxe*xf " 3+A*x1n (2% (b~ 2*xcxe*xx+a~2*cxf+(c
*(a"2+%f72-b"2*%e72) /£72) " (1/2) % (—c*x (b™2*x"2-a"2) ) ~(1/2) *f) / (fxx+e) ) *a~2%b~ 2%
cxe”2+%f72-3*B*x1n (2* (b~ 2*xcxexx+a~2xc*xf+ (cx (a™2*f"2-b"2*%e”2) /£72) ~(1/2) * (—c*(
b"2*x72-a"2) ) " (1/2) *f) / (f*x+e) ) *a"2xb"2xcxe 3*xf -3k A*xx kb~ 2ke*f 3% (—cx (b~ 2%x~
2-a"2)) " (1/2)*(cx(a~2*%f"2-b"2%e”~2) /£72) ~(1/2) +B*xx*b~2%e " 2%xf " 2% (—c* (b~ 2*%x~2-
a”2)) " (1/2)x(cx(a™2*%f72-b"2%e~2) /£72) 7 (1/2) —4*Cxx*a~2xe*xf 3% (-cx (b~ 2*x"2-a"
2))"(1/2) *(cx(a~2%xf"2-b"2%e”~2) /£72) " (1/2) +C*xx*b~2%e " 3*f* (—cx (b~ 2*%x"2-a"2)) "
(1/2)*(cx(a™2*%f72-b"2*%e"2) /£72) ~(1/2) +A*1n (2% (b~ 2*c*ke*xx+a ~ 2xcxf+ (cx (a~2%f 72
-b"2%e"2) /£72) " (1/2) % (—cx (b™2*%x"2-a"2) ) ~(1/2)*f) / (fxx+e) ) *xx~2*%a~2%b" 2xc*xf "4
+2%Ax1n (2% (b~ 2xckxexx+a~2%xckf+(ck (a™2xf"2-b"2%e”2) /£72) ~(1/2) *(—c*x (b~ 2*x"2-a
“2))7(1/2)*f) / (fxx+e) ) *x"2%b " 4d*xcxe 2% f "2+4xAx1n (2% (b~ 2*cxexx+a” 2xc*xf+(cx (a”
2%f72-b"2*%e”2) /£72) T (1/2) * (—cx (b~ 2%x"2-a"2) ) ~(1/2) *f) / (f*x+e) ) *x*b " 4*c*xe 3%
f4+2*xBxx*a”~2*xf “4* (—cx (b™2%x"2-a"2) ) " (1/2) *(cx (a~2*xf~2-b"2%e"2) /£72) " (1/2) -4x*
Axb"2%e” 2% f " 2% (—cx (b™2%x"2-a"2) ) " (1/2) *(cx (a™2*xf~2-b"2xe"2) /£~2) " (1/2) +B*xa”
2%exf 3% (—cx (b 2%xx"2-a"2) ) ~(1/2)* (cx(a~2*%f~2-b"2%e”2) /£72) " (1/2) +2*B*xb~2%e”
3xf*x(—cx(b™2*xx"2-a"2)) " (1/2) *(c*x(a"2*f"2-b"2*%e~2) /£72) " (1/2) -3*C*xa~ 2%~ 2*f"~
2% (—cx (b7 2*x72-a"2) ) " (1/2) % (cx(a~2*%f"2-b"2*e™2) /£72) ~(1/2) +2*Cx1n (2% (b~ 2*c*
exx+a " 2xckxf+(cx(a™2xf"2-b"2%xe"2) /£72) " (1/2) * (mcx (b~ 2*x"2-a"2) ) ~(1/2) *£) / (£ *
x+e) ) *x"2%xa " 4xckf T4+2+%Cx1In (2% (b~ 2% cxexx+a~2xc*xf+ (cx (a™2*%f"2-b"2*%e”2) /£72) ~(
1/2)*x(—cx(b™2%x"2-a"2) ) " (1/2) *f) / (f*x+e) ) *a~4*c*xe " 2*%f ~2+Cx1n (2*% (b~ 2*cxexx+a
“2xcxf+(cx(a"2%f72-b"2%e”2) /£72) T (1/2) % (—cx (b~ 2*x"2-a"2) ) ~(1/2) *f) / (f*x+e))
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*a~2%b"2%c*xe”4) /cx (—c*x (bxx-a)) " (1/2)*(b*xx+a) ~(1/2)/(-cx(b~2xx"2-a"2)) ~(1/2)
/ (axf+bx*e) /(axf-bxe)/(a"2*%f"2-b"2%e"2) / (fxx+e) "2/ (c*x(a~2*xf"2-b"2*%e"2) /£f~2) "
(1/2)/f

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(f*x+e) 3/ (b*x+a)~(1/2)/(-b*cxx+axc)”(1/2),x, algor
ithm="maxima"

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+Bxx+A)/(f*x+e) 3/ (b*xx+a) ~(1/2)/(-b*c*x+a*xc)~(1/2),x, algor
ithm="fricas")

[Out] Timed out

Sympy [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxx**2+Bxx+A)/(f*x+e)**3/(bxx+a)**(1/2)/(-b*ckx+a*xc)**(1/2),x)

[Out] Exception raised: ValueError
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Giac [B] time = 10.6782, size = 2238, normalized size = 6.17

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+Bxx+A)/(f*xx+e) 3/ (b*xx+a)~(1/2)/(-b*c*xx+a*xc)~(1/2),x, algor
ithm="giac")

[Out] -(2*%Cxa~4*sqrt(-c)*c™2*xf"2 + Axa~2%b"2*sqrt(-c)*c ™ 2xf~2 - 3*Bxa~2xb~2*sqrt(
—c)*xc”2xfxe + C*ka”2%b " 2xsqrt(-c)*c™2%e”2 + 2%xAxb~4xsqrt(-c)*c”"2xe”2)*arctan
(1/2%(2xbxc~2xe + (sqrt(-bxc*x + a*c)*sqrt(-c) - sqrt(2xa*c™2 + (b*cxx - ax
c)*c))"2xf)/(sqrt(a™2*f72 - b~ 2*xe”"2)*c"2))/((a"4*f 4xabs(c) - 2*%a~2*b~2*f"2
xabs(c)*e”2 + b~4xabs(c)*e”4)*sqrt(a™2*f72 - b"2*e"2)*c"2) + 2% (16%B*a”~6xbx
sqrt (-c)*c™8*f"5 - 32%Ckxa”~6xbxsqrt(-c)*c™8*f 4xe - 24*A*a”4*xb~3*sqrt(-c)*c”
8xf~4*xe + 4xAxa”4xb”2x(sqrt(-bxc*x + akxc)*sqrt(-c) - sqrt(2*a*xc™2 + (b*c*x
- axc)*c)) " 2*sqrt(-c)*c"6*f"5 + 8*B*xa~4xb~3xsqrt(-c)*c~8*xf"3%e”2 + 20*B*a”4
*b~ 2% (sqrt (-bxc*x + a*xc)*sqrt(-c) - sqrt(2*a*xc™2 + (bxc*x - a*c)*c)) 2*sqrt
(—c)*c™6*xf"4xe + 4*Bka~4xb*(sqrt(-b*ckx + axc)*sqrt(-c) - sqrt(2*xaxc”2 + (b
*xC*kX — axc)*xc)) “dxsqrt(-c)*xcT4*xf75 + 8*%Cxa~4*b~3*sqrt(-c)*c~8xf"2%e”3 - 44x
Cxa~4*xb~2* (sqrt (-b*xc*xx + a*xc)*sqrt(-c) - sqrt(2xa*xc™2 + (b*cxx - axc)*c))”2
xsqrt (—c)*c™6xf"3%e”2 - 40*A*a"2%b”4x(sqrt(-b*c*xx + axc)xsqrt(-c) - sqrt(2x*
axc”2 + (bxc*x - axc)*c)) 2xsqrt(-c)*c 6xf"3*%e”2 - 8xCkxa~4*b*(sqrt(-bxc*x +
axc)*sqrt(-c) - sqrt(2xa*xc”2 + (b*ckxx - a*xc)*c)) 4d*xsqrt(-c)*c 4*xf~4*xe - 6%
Axa~2xb~3*%(sqrt (-bxc*x + a*xc)*sqrt(-c) - sqrt(2xa*c™2 + (bkc*xx - axc)*c)) "4
*sqrt (-c) *c 4*xf 4xe - A*a"2xb~2*(sqrt(-b*cxx + axc)*sqrt(-c) - sqrt(2xaxc™2
+ (bxc*xx - a*xc)*c)) "6xsqrt(-c)*c™2xf75 + 16*xB*a~2+b " 4x(sqrt(-b*c*kx + a*xc)x*
sqrt(-c) - sqrt(2xaxc”™2 + (b*cxx - axc)*c)) 2*sqrt(-c)*c~6*f"2xe”~3 + 10*B*a
“2xb73* (sqrt (-bxcxx + axc)*sqrt(-c) - sqrt(2xaxc”2 + (b*ckx - axc)xc)) 4*sq
rt(-c)*c™4*f"3%e”2 + 3*Bxa"2*%b"2*(sqrt(-b*cxx + axc)*sqrt(-c) - sqrt(2*xaxc”
2 + (b*c*x — axc)*c)) 6xsqrt(-c)*c™2xf"4xe + 8xCkxa~2%b "4 (sqrt(-b*c*xx + axc
)*sqrt(-c) - sqrt(2xa*xc”2 + (b*cxx - axc)*c)) "2*sqrt(-c)*c 6*xfxe”4 - 14xCx*a
“2%b73*(sqrt (-b*c*xx + axc)xsqrt(-c) - sqrt(2*axc™2 + (b*c*x - akxc)*c)) 4dxsq
rt(-c)*c™4xf"2%e”3 - 12%xAxb~5*(sqrt(-b*c*xx + a*xc)*sqrt(-c) - sqrt(2*xaxc™2 +
(b*c*x - axc)*c)) 4xsqrt(-c)*c™4*f"2%xe”3 - b*kCxa~2*xb~2*(sqrt(-b*xc*x + a*c)
xsqrt(-c) - sqrt(2*axc™2 + (b*c*x - axc)*c)) 6xsqrt(-c)*c™2*xf73*%e”2 - 2xA*b
“4x(sqrt (~bkxcxx + axc)*sqrt(-c) - sqrt(2xa*xc”™2 + (b*c*xx - axc)*c)) 6xsqrt(-
c)*c2xf"3%e”2 + 4*Bxb~b*(sqrt(-b*xcxx + axc)*sqrt(-c) - sqrt(2xa*c”2 + (b*c
*xX — axc)*c)) “4d*xsqrt(-c)*c 4*xfxe”4 + 4*xCxb~5*(sqrt(-b*c*x + a*c)*sqrt(-c) -
sqrt(2*a*xc™2 + (bxcxx - axc)*c)) “4xsqrt(-c)*c4*xe”5 + 2*xCxb~4x(sqrt (~b*c*x
+ axc)xsqrt(-c) - sqrt(2*axc”™2 + (b*cxx - axc)*c)) 6xsqrt(-c)*c™2xfxe”4)/(
(a™4xf~6*abs(c) - 2xa”2*b”"2xf 4xabs(c)*e”2 + b~4xf 2*abs(c)*e™4)*(4*a"2%c™4
xf + 4xb*(sqrt(-bxc*xx + a*xc)*sqrt(-c) - sqrt(2xa*c™2 + (bkc*x - a*c)*c)) 2%
c"2xe + (sqrt(-bxc*x + a*xc)*sqrt(-c) - sqrt(2xa*c™2 + (bkcxx - axc)*c)) “4x*f
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)72)
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x(a+bx+cx2)

V=1+dxV1+dx
Optimal. Leaf size=87

3.34

Vedx = 1Vdx +1 (2 (3ad? + 2c) + 3bd2x) , beosh™(dy) cxVidy—1Vdx +1

6d* 243 3d?

[Out] (c*xx~2*Sqrt[-1 + d*x]*Sqrt[1 + d*x])/(3*d"2) + (Sqrt[-1 + d*x]*Sqrt[1 + dxx
1%(2%(2%c + 3*a*xd™2) + 3%bxd~2xx))/(6%d"4) + (b*ArcCosh[d*x])/(2%d"3)

Rubi [A] time = 0.146105, antiderivative size = 151, normalized size of antiderivative =

. . f rul
1.74, number of steps used = 5, number of rules used = 5, integrand size = 30, number of rules

= 0.167, Rules used = {1610, 1809, 780, 217, 206}

integrand size

_ d
(1 - d2x2) (2 (3ad2 + 2c) + 3bd2x) . bVd2x? - 1tanh™ (\/‘#) B cx? (1 - dzxz)
6d4Vdx —1Vdx +1 2d3vVdx —1Vdx + 1 3d2vdx —1Vdx +1

Antiderivative was successfully verified.

[In] Int[(x*(a + b*x + c*xx"2))/(Sqrt[-1 + d*x]*Sqrt[1l + d*x]),x]

[Out] -(c*x™2*%(1 - d72xx72))/(3*d"2*Sqrt[-1 + d*x]*Sqrt[1 + d*x]) - ((2%(2*%c + 3%
a*xd”2) + 3xbkxd"2*x)*(1 - d72*x72))/(6%d"4xSqrt[-1 + d*x]*Sqrt[l + d*x]) + (
b*Sqrt[-1 + d72*x"2]*ArcTanh[(d*x)/Sqrt[-1 + d"2xx72]])/(2xd"3*Sqrt[-1 + dx*
x]*Sqrt[1 + dx*x])

Rule 1610

Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_)*x)D))"(m_)*((e_.) + (f_.
)*(x_))~(p_.), x_Symbol] :> Dist[((a + b*x) FracPart[m]*(c + d*x) FracPart[
m])/(axc + bxd*x~2) "FracPart[m], Int[Px*(axc + bxd*x~2) m*(e + f*x)7p, x],
x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && PolyQ[Px, x] && EqQ[b*xc + ax
d, 0] && EqQ[m, n] && !IntegerQ[m]

Rule 1809

Int[(Pq )*((c_.)*x(x_)) " (m_.)*((a_) + (b_.)*x(x_)"2)"(p_), x_Symbol] :> With[
{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]1}, Simp[(f*(c*x)"(m + q -
D*(a + bxx™2)"(p + 1))/(b*c™(q - 1)*(m + q + 2*p + 1)), x] + Dist[1/(b*x(m
+ g+ 2xp + 1)), Int[(c*x) m*(a + b*x"2) p*ExpandToSum[b*(m + q + 2%p + 1)x
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Pq - bxfx(m + q + 2%p + 1)*x"q - axf*(m + q - 1)*x"(q - 2), x], x], x] /; G
tQlgq, 1] && NeQ[m + q + 2xp + 1, 0]] /; FreeQ[{a, b, c, m, p}, x] && PolyQ[
Pq, x] && ( 'IGtQ[m, 0] || IGtQ[p + 1/2, -11)

Rule 780

Int[((d_.) + (e_)*x(x_))*((f_.) + (g_.)*(x_))*((a_) + (c_.)*(x_)"2)"(p_), x
_Symbol] :> Simp[(((exf + dxg)*x(2xp + 3) + 2kexg*(p + 1)*x)*(a + c*xx"2) " (p
+ 1))/ (2xcx(p + 1)*x(2xp + 3)), x] - Dist[(axe*xg - cxd*xf*(2*p + 3))/(cx(2*p
+ 3)), Int[(a + c*xx"2)7p, x], x] /; FreeQ[{a, ¢, d, e, f, g, p}, x] & !Le
Qlp, -1]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && 'GtQ[a, O]

Rule 206
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/

Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] |l LtQ[b, 01)

Rubi steps

X (El + bx + sz) \/szzf ﬂ+bx+cx

Y = V14222
\/—1+dx\/1+dx \/ 1+dx\/1+dx
x(2c+3ad?+3bd2x)
) 12 (1 _ d2x2) . V-1 + d?x? IW dx
3d2v/-1 + dxV1 + dx 3d2y/-1 + dxV1 + dx
(@) (s i-ae) (WTEER) [
3d2v/-1 + dx V1 + dx 6d4V-1 + dxV1 + dx 2421 + dxV1 + dx
22 (1 - d22?) (2/(2¢ + 3ad?) + 3bd2x) (1 - d22?) (b V-1 + dzxz) Subst (f T
- - +
3d2v/-1 + dxV1 + dx 6d4V-1 + dxV1 + dx 24241 + dx

- d
x2 (1 - d2x2) B (2 (2c + 3ad2) + 3bd2x) (1 - dzxz) N bV-1 + d2x2 tanh™" (m
3d24/-1 + dxV1 + dx 6d4V-1 + dxV1 + dx 2431 + dxV1 + dx
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Mathematica [A] time = 0.344116, size = 149, normalized size = 1.71

VTPV T (36220 + b) + 20 (222 + 2)) + 6V~ Tsin ™ (Y2 d(2ad - b) + 20) - 12VT = tanh ™ (|

6d4V1 - dx

Warning: Unable to verify antiderivative.

[In] Integrate[(x*(a + bxx + c*x72))/(Sqrt[-1 + d*x]*Sqrt[1 + dx*x]),x]

[Out] (Sqrt[-(-1 + d*x)~2]*Sqrt[1 + d*x]*(3*d"2*(2%a + bxx) + 2xc*(2 + d"2*x"2))
+ 6%(2%c + d*(-b + 2%a*xd))*Sqrt[-1 + d*x]*ArcSin[Sqrt[1 - d*x]/Sqrt[2]] - 1
2x(c + d*(-b + axd))*Sqrt[1l - d*x]*ArcTanh[Sqrt[(-1 + d*x)/(1 + d*x)]])/ (6%
d~4xSqrt[1 - d*x])

Maple [C] time = 0., size = 137, normalized size = 1.6

d
csgn ( )de —1Vdx +1 (2 csgn (d) x?cd*Vd?x2 — 1 + 3 csgn (d) Vd2x2 — 1xbd? + 6 csgn (d) Vd?x2 — 1ad? + 4 csgn (d)

6d4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*x(c*xx"2+b*x+a)/(d*x-1)"(1/2)/(d*x+1)"(1/2) ,x)

[Out] 1/6%(d*x-1)"(1/2)*(d*x+1)~(1/2)*(2xcsgn(d) *x~2*c*xd~2* (d"2xx~2-1) " (1/2) +3*cs
gn(d)*(d~2%x72-1) " (1/2) *x*b*d~2+6*csgn (d) * (d"2*x~2-1) " (1/2) *a*d~2+4*csgn(d)
*(d72xx72-1) 7 (1/2) *c+3*x1n((csgn(d) * (d"2*xx"2-1) ~(1/2) +d*x) *csgn(d) ) xb*d) *csg
n(d)/d~4/(d"2xx~2-1)"(1/2)

Maxima [A] time = 2.13899, size = 147, normalized size = 1.69

2 \/
Vd2x2 —1cx®>  Vd2x2 - 1bx N Vd?x? —1a N blog (Zd X +2Ved2a? — 1\/d_2) 2Vd?x? - 1c

32 P P INELE YL

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(c*x~2+b*x+a)/(d*x-1)"(1/2)/(d*x+1)~(1/2),x, algorithm="maxima"
)
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[Out] 1/3%sqrt(d™2*x"2 - 1)*c*x72/d”2 + 1/2%sqrt(d™2*x72 - 1)*b*xx/d"2 + sqrt(d~2x%
X"2 - 1)*a/d”2 + 1/2%bxlog(2%d"2xx + 2xsqrt(d™2*x72 - 1)*sqrt(d~2))/(sqrt(d
"2)*xd"2) + 2/3*%sqrt(dT2*xx"2 - 1)*c/d74

Fricas [A] time = 1.62428, size = 176, normalized size = 2.02

3bdlog (—dx + Vdx + 1Vdx - 1) - (2 cd?x? + 3bd?x + 6 ad® + 4c)\/dx +1Vdx -1

6d4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(c*x~2+b*x+a)/(d*x-1)"(1/2)/(d*x+1)~(1/2),x, algorithm="fricas"
)

[Out] -1/6%(3*b*d*xlog(-d*x + sqrt(d*x + 1)*sqrt(d*x - 1)) - (2%c*xd"2*x"2 + 3xb*d~
2*%x + 6%a*xd”2 + 4xc)*xsqrt(dxx + 1)*sqrt(d*x - 1))/d"4

Sympy [C] time = 44.2604, size = 308, normalized size = 3.54

11 1 3 1 1 3 1
. 0,11 1,-3-1 101 2in B
6,2 11 0/ Y 1 . 26 Py T Ty e 6,2 1 4
aGegl 1 1% % 1 7z | Ggg 371 1 1 |zz| bGes 371 1
_E/_ZIO/ Z/ E/O _Z’_Z _11_51_510 _11_21_51_1101(
e * E * Ry
4242 4m24? 4nad

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(c*x**2+b*x+a)/(d*x-1)*x(1/2)/(d*x+1)**(1/2),x)

[Out] a*meijerg(((-1/4, 1/4), (0, 0, 1/2, 1)), ((-1/2, -1/4, 0, 1/4, 1/2, 0), O)
, 1/ (dx*x2xx*%x2)) / (4xpix* (3/2)*d**2) + I*xa*meijerg(((-1, -3/4, -1/2, -1/4, 0
, 1), O), ((-3/4, -1/4), (-1, -1/2, -1/2, 0)), exp_polar(2xI*pi)/(d**2xx**
2))/ (4xpi**(3/2)*d**2) + b*meijerg(((-3/4, -1/4), (-1/2, -1/2, 0, 1)), ((-1
, —3/4, -1/2, -1/4, 0, 0), ), 1/(d**2xx*%*2))/(4*xpi**(3/2)*d**3) - I*b*mei
jerg(((-3/2, -5/4, -1, -3/4, -1/2, 1), O), ((-5/4, -3/4), (-3/2, -1, -1, 0
)), exp_polar(2%Ix*pi)/(d**2*x**2))/(4*pi**(3/2)*d**3) + c*meijerg(((-5/4, -
3/4), (-1, -1, -1/2, 1)), ((-3/2, -5/4, -1, =-3/4, -1/2, 0), ), 1/(d**2*xx*
x2) )/ (4xpix*(3/2)*d**4) + Ixc*meijerg(((-2, -7/4, -3/2, -5/4, -1, 1), O),
((-7/4, -5/4), (-2, -3/2, -3/2, 0)), exp_polar (2xI*pi)/(d**2*xx**2))/(4d*pi**
(3/2) *d*x4)
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Giac [A] time = 2.21004, size = 130, normalized size = 1.49

6bd" log (|~ Vetx +1 + Vidx = 1]) - (6 ad™t = 3bd"® + 6 cd® + (2 (dx + 1)cd® + 3bd™® — 4¢d®)(dx + 1)) Vel +1Velx — 1
) 3840

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(c*x™2+b*x+a)/(d*x-1)"(1/2)/(d*x+1)~(1/2),x, algorithm="giac")

[Out] -1/3840%*(6%b*d~10*log(abs(-sqrt(d*x + 1) + sqrt(d*x - 1))) - (6*a*d~11 - 3x*
b*d~10 + 6*cxd™9 + (2x(d*x + 1)*c*d™9 + 3*b*d~10 - 4*cxd~9)*(d*x + 1))*sqrt
(d*x + 1)*sqrt(d*x - 1))/d
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a+bx+cx?

V=1+dxV1+dx
Optimal. Leaf size=52

(20d? + c) cosh™'(@x)  Vix—1Vax+1(2b +cx)

243 242

3.35

[Out] ((2*%b + cxx)*Sqrt[-1 + d*x]*Sqrt[1l + d*x])/(2%d"2) + ((c + 2%a*d~2)*ArcCosh
[d*x])/(2%d"3)

Rubi [B] time = 0.0706656, antiderivative size = 135, normalized size of antiderivative =

2.6, number of steps used = 5, number of rules used = 5, integrand size = 29, number of rules_

integrand size
0.172, Rules used = {901, 1815, 641, 217, 206}

Vd?x? -1 (Zadz + c) tanh™ ( \/‘%) b (1 _ dzxz) ox (1 _ d2x2)

2B3Vdx - 1Vdx + 1 C BNdx—1Vdx+1  2d2Vdx - 1vdx + 1

Antiderivative was successfully verified.

[In] Int[(a + b*x + c*x72)/(Sqrt[-1 + d*x]*Sqrt[1 + d*x]),x]

[Out] -((b*x(1 - d72*x72))/(d"2*Sqrt[-1 + d*x]*Sqrt[l + d*x])) - (c*xx*(1 - d~2*x"2
))/(2xd"2xSqrt[-1 + d*x]*Sqrt[1l + d*x]) + ((c + 2*%axd”2)*Sqrt[-1 + d72xx"2]
xArcTanh [ (d*x)/Sqrt[-1 + d72*x72]]1)/(2*%d"3*Sqrt[-1 + d*x]*Sqrt[1 + dx*x])

Rule 901

Int[((d_) + (e_)*(x_))"(m_)*x((f_) + (g_)*(x_))"(m )*((a_.) + (b_.)*x(x_) +
(c_.)*(x_)"2)"(p_.), x_Symbol] :> Dist[((d + exx) FracPart[m]*(f + g*x) Fr
acPart[m])/(d*f + exg*x~2) FracPart[m], Int[(d*f + e*xgxx~2) mx(a + b*x + c*

x~2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, n, p}, x] && EqQ[m - n, 0]
&& EqQ[exf + dxg, 0]

Rule 1815

Int[(Pq_ )*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{q = Expon[Pq, x],
e = Coeff[Pq, x, Expon[Pq, x]1}, Simp[(exx~(q - 1)*(a + b*x~2)"(p + 1))/ (bx
(g + 2xp + 1)), x] + Dist[1/(bx(q + 2*p + 1)), Int[(a + b*x"2) “p*ExpandToSu
m[bx(q + 2*p + 1)*Pq - axex(q - 1)*x7(q - 2) - bxex(q + 2*p + 1)*x7q, x], X
1, x11 /; FreeQ[{a, b, p}, x] && PolyQ[Pq, x] && !'LeQ[p, -1]
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Rule 641

Int[((d_) + (e_.)*(x_))*((a_) + (c_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[(ex*(
a+ cxx”2)7(p + 1))/ (2%cx(p + 1)), x] + Dist[d, Int[(a + c*x"2)7p, x], x] /
; FreeQ[{a, c, d, e, p}, x] && NeQ[p, -1]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x"2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps
[ . 2.2 a+bx+cx?
a+ bx + cx? 1+dxfm

x =
V-1 +dxV1 + dx V-1 +dxV1 + dx
o (1 ~ d2x2) m f c+2ad?+2bd?x

_ N N=w
2d24/-1 + dx\1 + dx 2d24/-1 + dx\1 + dx
2 1
_ b (1 _ dzxz) i ox (1 _ dzxz) . ((c + 2ad ) V-1+ d2x2) ) Waywo dx
BA-1 +dxeV1 +dx  2d2V-1 + dx V1 + dx 2d24/-1 + dxV1 + dx
b(1 - 222) x (1 %) ((c +20d2) VT + deZ) Subst ( [ o
BA-1 +dxeV1 +dx  2d2vV-1 + dxV1 + dx 2d24/-1 + dx\1 + dx
2
) b (1 _ dzxz) R (1 _ dzxz) . (c + 2ad ) V-1 + d?x? tanh™ (m)
BA-1 +dxV1 +dx  2d2V-1 + dx V1 + dx 2d3v-1 + dxV1 + dx

Mathematica [B] time = 0.213604, size = 126, normalized size = 2.42

4V1 —dx tanh™ (\/ - 1) (d(ad = b) + ) + d/—(dx — 1)2Vdx + 1(2b + cx) + 2Vdx —1(2bd - ¢) sin” ( 1\/_;7‘)
2d3y1 —dx

Warning: Unable to verify antiderivative.
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[In] Integrate[(a + b*x + c*xx72)/(Sqrt[-1 + dxx]*Sqrt[1 + d*x]),x]

[Out] (d*x(2*b + cxx)*Sqrt[-(-1 + d*x)~2]*Sqrt[1 + d*x] + 2*(-c + 2%b*xd)*Sqrt[-1 +
dxx]*ArcSin[Sqrt[1 - d*x]/Sqrt[2]] + 4*x(c + d*x(-b + axd))*Sqrt[1 - d*x]*Ar
cTanh[Sqrt[(-1 + d*x)/(1 + d*x)]1])/(2*d"3*Sqrt[1 - d*x])

Maple [C] time = 0., size = 120, normalized size = 2.3

csgn (@) Vdx —1Vdx +1 (ngn (d)dVd?x? —1xc + 2 csgn (d)dVd?x2 —1b + 2 In ((csgn (d) Vd2x2 -1 + dx) csgn (d))

243
Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*x"2+b*x+a)/(d*x-1)"(1/2)/(d*x+1)"(1/2),x)

[Out] 1/2%(d*x-1)7(1/2)*(d*x+1)~(1/2)*(csgn(d) *d* (d"2%x"2-1) "~ (1/2) *x*c+2*csgn(d) *
dx(d72%x72-1) " (1/2) #*b+2*1n((csgn(d) * (d"2*xx"2-1) 7~ (1/2) +d*x) *csgn (d) ) xa*xd~2+1
n((csgn(d)*(d~2*xx"2-1) " (1/2)+d*x) *csgn(d) ) *c)*csgn(d) /d~3/(d"2*xx~2-1)"(1/2)

Maxima [B] time = 2.83955, size = 142, normalized size = 2.73

alog(2d2x+2\/d2xz—1\/c?) VB2 1ex VB2 _1b clog(2d2x+2\/d2x2—1\/ﬁ)
N T T e T N

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*xx~2+b*x+a)/(d*x-1)~(1/2)/(d*x+1)~(1/2),x, algorithm="maxima"

[Out] a*log(2xd~2*x + 2*sqrt(d™2#x"2 - 1)*sqrt(d™2))/sqrt(d~2) + 1/2*sqrt(d™2*x~2
- D*xc*xx/d"2 + sqrt(d™2*x72 - 1)*b/d"2 + 1/2*%cxlog(2*d~2*x + 2*sqrt(d~2*x~
2 - 1)xsqrt(d”2))/(sqrt(d~2)*d"2)

Fricas [A] time = 1.63294, size = 150, normalized size = 2.88

(cdx +2bd)Vdx + 1Vdx =1 - (2ad? + c) log (~dx + Vdx + 1Vdx - 1)

243
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x+a)/(d*x-1)~(1/2)/(d*x+1)~(1/2),x, algorithm="fricas")

[Out] 1/2*%((cxd*x + 2*%bxd)*sqrt(d*x + 1)*sqrt(d*x - 1) - (2%a*d”™2 + c)*log(-d*x +
sqrt(d*x + 1)*sqrt(d*x - 1)))/d"3

Sympy [C] time = 21.3621, size = 277, normalized size = 5.33

13 11 1 1 11 11
1 11, B 2in 11 0,0,1,1
62 ’ 757t 1 . 26 s A NEY e 6,2 s Y
aGgg| 114 22 Zz| 4Ges| & 1t 1 22 Ges| 1 1% %1 7
O/ Z/E/ Z/llo B _ZIZ _510/0/0 + _EI_Z/O/ Z/E/O
3 3 3
4m2d 4m2d 4m242

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((cxx**2+b*x+a)/(d*x-1)**(1/2)/(d*x+1)*x(1/2) ,%)

[Out] a*meijerg(((1/4, 3/4), (1/2, 1/2, 1, 1)), (0, 1/4, 1/2, 3/4, 1, 0), O), 1
/ (d**2xx*%2)) / (4*pi**(3/2)*d) - Ixa*meijerg(((-1/2, -1/4, 0, 1/4, 1/2, 1),

0, ((-1/4, 1/4), (-1/2, 0, 0, 0)), exp_polar(2*I*pi)/(d**2*x**2))/(4*pi**
(3/2)*d) + bxmeijerg(((-1/4, 1/4), (0, 0, 1/2, 1)), ((-1/2, -1/4, 0, 1/4, 1

/2, 0), ), 1/(d**2xxx*2))/(4*xpi**(3/2)*d**2) + I*b*meijerg(((-1, -3/4, -1

/2, -1/4, 0, 1), O), ((-3/4, -1/4), (-1, -1/2, -1/2, 0)), exp_polar(2xI*pi

)/ (d*x*2%x*x%2) ) / (d*pi*x* (3/2)*d*x*2) + c*meijerg(((-3/4, -1/4), (-1/2, -1/2, 0

, 1)), ((-1, -3/4, -1/2, -1/4, 0, 0), ()), 1/(d*x2*x**2))/(4*pi**(3/2)*d**3

) - Ixc*meijerg(((-3/2, -5/4, -1, -3/4, -1/2, 1), O), ((-5/4, -3/4), (-3/2

, =1, =1, 0)), exp_polar(2xIxpi)/(dx*2xx**2))/(4xpix*(3/2)*d**3)

Giac [A] time = 2.51824, size = 104, normalized size = 2.

((dx +1)cd* +2bd° - cd4)\/dx +1Vdx-1-2 (2 ad® + cd4) log (|—\/dx +1 4+ Vdx - 1|)
192d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*xx~2+b*x+a)/(d*x-1)~(1/2)/(d*x+1)~(1/2),x, algorithm="giac")

[Out] 1/192%(((d*x + 1)*cxd~4 + 2%bxd~5 - c*d"4)*sqrt(d*x + 1)*sqrt(d*x - 1) - 2%
(2*xa*d™6 + c*d"4)*log(abs(-sqrt(d*x + 1) + sqrt(d*x - 1))))/d
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2

a+bx+cx
3.36 f xV—=1+dxV1+dx

Optimal. Leaf size=55

-1
atant (VT TVar+1) 4 L0 () VB ]

[Out] (cxSqrt[-1 + dxx]*Sqrt[l + d*x])/d"2 + (bxArcCosh[d*x])/d + axArcTan[Sqrt[-
1 + dxx]*Sqrt[1 + d*x]]

Rubi [B] time = 0.184666, antiderivative size = 135, normalized size of antiderivative =

. . ber of rul
2.45, number of steps used = 8, number of rules used = 8, integrand size = 32, e e e

= 0.25, Rules used = {1610, 1809, 844, 217, 206, 266, 63, 205}
- -1 _d
aVd2x2 —1tan™! (\/dzx2 - 1) . bVd2x2 —1tanh (@) B (1 _ dzxz)
Vidx —1Vdx +1 dVdx —1Vdx +1 d?>Vdx - 1Vdx +1

integrand size

Antiderivative was successfully verified.

[In] Int[(a + bxx + c*x72)/(x*Sqrt[-1 + d*x]*Sqrt[1 + d*x]),x]

[Out] -((c*x(1 - d72%x72))/(d"2xSqrt[-1 + d*x]*Sqrt[1 + d*x])) + (axSqrt[-1 + d~2x%
x"2]*%ArcTan[Sqrt[-1 + d"2*x"2]])/(Sqrt[-1 + d*x]*Sqrt[l + d*x]) + (b*Sqrt[-

1 + d72*x72]*ArcTanh [ (d*x)/Sqrt[-1 + d72%x72]])/(d*Sqrt[-1 + d*x]*Sqrt[1 +

d*x])

Rule 1610

Int[(Px_)*((a_.) + (b_.)*x(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*x((e_.) + (f_.
)*(x_))~(p_.), x_Symbol] :> Dist[((a + b*x) FracPart[m]*(c + dxx) FracPart[
m])/(a*xc + b*d*x~2) FracPart[m], Int[Px*(a*c + bxd*x"2) mx(e + f*x)“p, x],
x] /; FreeQ[{a, b, c, d, e, £, m, n, p}, x] && PolyQ[Px, x] &% EqQ[b*c + ax
d, 0] && EqQ[m, n] && !IntegerQ[m]

Rule 1809

Int [(Pq ) *((c_.)*x(x_)) " (m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[
{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]]}, Simp[(f*(c*x)~(m + q -
D*(a + bxx"2)"(p + 1))/(b*xc”(q - 1)*(m + q + 2*p + 1)), x] + Dist[1/(b*(m
+ g+ 2%p + 1)), Int[(c*x)"mx(a + b*x~2) “pxExpandToSum[b*(m + q + 2*%p + 1)%
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Pq - bxfx(m + q + 2%p + 1)*x"q - axf*(m + q - 1)*x"(q - 2), x], x], x] /; G
tQlgq, 1] && NeQ[m + q + 2xp + 1, 0]] /; FreeQ[{a, b, c, m, p}, x] && PolyQ[
Pq, x] && ( 'IGtQ[m, O] || IGtQ[p + 1/2, -11)

Rule 844

Int[((d_.) + (e_)*(x_))"(m_)*x((f_.) + (g_)*x_))*((a_) + (c_)*(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*x(a + c*xx"2)7p, x], x] + D
ist[(exf - d*g)/e, Int[(d + e*x)"m*(a + c*xx~2)7p, x], x] /; FreeQ[{a, c, d,
e, £, g, m, p}, x] && NeQ[cxd"2 + a*e”2, 0] && 'IGtQ[m, O]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x"2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

Rule 206

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1) *(a + b*x)7p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 63

Int[((a_.) + (b_D)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)x(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/Db]

Rubi steps
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f a+bx+cx
X =
xV-1 +dxV1 + dx

Mathematica [B]

V-1 + dxV1 + dx

c (1 - dzxz)

m ad +bd X
1+d f x\/—1+d2x

+
d2v-1 + dxV1 + dx

21 + dxV1 + dx

\— 2.2 1 _ 2.2 1
(1) +(” TR [ i (WA [ s
A2V-1 + dx\1 + dx V=1 + dxV1 + dx V=1 + dxV1 + dx
_ 242 2 _ 22 <
i c(l—dzxz) (a\/ 1+dx)Subst(fxmdxxx)+(bV 1+dx)SL
A2V-1 + dxV1 + dx 2v/-1 + dxV1 + dx V-
- ) (a\/—1+d2x2) Subst(f—
c(l-dn?) bVl EdRTtanh (m)+ 7"

- +
A2-1 + dxV1 + dx

Warning: Unable to verify antiderivative.

A2\-1 + dxV1 + dx

c (1 - dzxz)

dvV=1 + dx\1 + dx 2vV-1 + dx\i

a1+ d?x? tan™" (\/—1 + dzxz) bV-1 + @222 tanh ™" ( ax
V-1+d

ad?Vd2x2-1 tan™! (\/dzxz—l)+cd2x2—20\/ 1-d2x2 sin™! ( Vid )—c

+
V-1 + dxV1 + dx dV-1 + dxV1 + dx

time = 0.406817, size = 128, normalized size = 2.33

V2

Vdx-1Vdx+1

—2(c - bd) tanh ™! (. /jx—:)

dZ

[In] Integrate[(a + b*x + c*x72)/(xxSqrt[-1 + d*x]*Sqrt[1 + d*x]),x]

[Out] ((-c + cxd"2*x"2 - 2%c*xSqrt[l - d~2*x"2]*ArcSin[Sqrt[1 - d*x]/Sqrt[2]] + ax
d72%Sqrt[-1 + d™2xx"2]*ArcTan[Sqrt[-1 + d72*x72]])/(Sqrt[-1 + d*x]*Sqrt[1 +
d*x]) - 2%(c - bxd)*ArcTanh[Sqrt[(-1 + d*x)/(1 + d*x)]])/d"2

Maple [C] time = 0., size = 95, normalized size = 1.7

csgn (d)
72

(—csgn (d) arctan (

1
Vd?2x2 -1

) ad? + csgn (d) Vd2x? - 1c + In ((csgn (d) V(dx + 1) (dx - 1) + dx) csgn (d) )

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((c*x~2+bxx+a)/x/(d*x-1)"(1/2)/(d*xx+1)~(1/2),x)

[Out] (-csgn(d)*arctan(1l/(d"2*x72-1)"(1/2))*a*d"2+csgn(d)*(d"2*x"2-1)~(1/2) *c+1n(
(csgn(d)* ((d*x+1)*(d*x-1))~(1/2)+d*x)*csgn(d) ) xb*d) * (d*x-1) ~(1/2) * (d*x+1) ~(
1/2)/d"2xcsgn(d) /(d"2xx"2-1)"(1/2)

Maxima [A] time = 2.30598, size = 86, normalized size = 1.56

1 blog (2d2x +2 Vd2x? —1\/d_2) Ny
—aarcsin + +
(%@J vz >

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x+a)/x/(d*x-1)"(1/2)/(d*x+1)~(1/2),x, algorithm="maxima"
)

[Out] -axarcsin(1/(sqrt(d~2)*abs(x))) + b*xlog(2xd~2*x + 2*sqrt(d™2*x"2 - 1)*sqrt(
d"2))/sqrt(d™2) + sqrt(d™2*x72 - 1)*c/d"2

Fricas [A] time = 1.55962, size = 184, normalized size = 3.35

2 ad? arctan (~dx + Vidx + 1Vdx — 1) - bd log (~dx + Vdx + 1\dx - 1) + Vdx + 1Vdx - 1c
dZ

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x+a)/x/(d*x-1)"(1/2)/(d*x+1)~(1/2),x, algorithm="fricas"
)

[Out] (2*%axd”"2*arctan(-d*x + sqrt(d*x + 1)*sqrt(d*x - 1)) - b*xdxlog(-d*x + sqrt(d
xx + 1)*sqrt(d*x - 1)) + sqrt(d*x + 1)*sqrt(d*x - 1)*c)/d"2

350 117, 113 ) S SR
5,3 Yy 7L, o4 6,2 nan YA Y] . 2
e IR e P I S o I IS S W P I

2/ 4/ 7 4/2 + 4 4 V4 2/ 2/ + /4/ 2/ 4/ 7

3 3 3

472 472 4r2d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((cxx**2+b*xx+a)/x/(d*xx-1)*x(1/2)/(d*x+1)**(1/2),x)

[Out] -a*meijerg(((3/4, 5/4, 1), (1, 1, 3/2)), ((1/2, 3/4, 1, 5/4, 3/2), (0,)), 1
[ (d*x*2%x*%2) ) / (4*pi**(3/2)) + Ixa*meijerg(((0, 1/4, 1/2, 3/4, 1, 1), O), (

(1/4, 3/4), (0, 1/2, 1/2, 0)), exp_polar(2*I*pi)/(d**2*x**2))/(4*xpi**(3/2))

+ b*meijerg(((1/4, 3/4), (1/2, 1/2, 1, 1)), (0, 1/4, 1/2, 3/4, 1, 0), O)

, 1/ (d**2xx*x2)) / (4xpix*(3/2)*d) - I*b*meijerg(((-1/2, -1/4, 0, 1/4, 1/2, 1

), O), ((-1/4, 1/4), (-1/2, 0, 0, 0)), exp_polar(2xI*pi)/(d**2kx**2))/(4*p
i%%(3/2)*d) + c*meijerg(((-1/4, 1/4), (0, 0, 1/2, 1)), ((-1/2, -1/4, 0, 1/4

, 1/2, 0), ()), 1/(d*x2%x*x2))/(4*pix*(3/2)*d**2) + Ixc*meijerg(((-1, -3/4,

-1/2, -1/4, 0, 1), O), ((-3/4, -1/4), (-1, -1/2, -1/2, 0)), exp_polar(2*I

*xpi) / (dx*k2xx*%2) ) / (4xpix* (3/2) xd**2)

Giac [A] time = 2.13435, size = 96, normalized size = 1.75

blog ((\/dx +1 - Vdx - 1)2) N Vix + 1Vdx — 1c

1 2
_2aarctan(§ (\/dx+1—\/dx_1) )_ y >

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((cxx™2+b*x+a)/x/(d*x-1)~(1/2)/(d*x+1)~(1/2),x, algorithm="giac")

[Out] -2*axarctan(1/2*x(sqrt(d*x + 1) - sqrt(d*x - 1))72) - bxlog((sqrt(d*x + 1) -
sqrt(d*x - 1))72)/d + sqrt(d*x + 1)*sqrt(d*x - 1)*c/d"2



230

2

a+bx+cx
337 f x2/=1+dxV1+dx

Optimal. Leaf size=55

T -1
avdx ]J.C dx +1 +btan_](\/dx——1M)+CCOSI; (dx)

[Out] (axSqrt[-1 + d*x]*Sqrt[1 + d*x])/x + (c*ArcCosh[d*x])/d + b*ArcTan[Sqrt[-1
+ d*x]*Sqrt[1 + d*xx]]

Rubi [B] time = 0.179683, antiderivative size = 135, normalized size of antiderivative =

. . ber of rul
2.45, number of steps used = 8, number of rules used = 8, integrand size = 32, e e e

= 0.25, Rules used = {1610, 1807, 844, 217, 206, 266, 63, 205}
242 _ -1 242 _ 242 _ -1 (__dx )
) a(l—dzxz) +b d?x? —1tan (\/dx 1)+c\/dx 1tanh (\/m
xVdx —1Vdx +1 Vdx —1Vdx +1 dvVdx —1Vdx +1

integrand size

Antiderivative was successfully verified.

[In] Int[(a + b*x + c*x72)/(x"2*%Sqrt[-1 + d*x]*Sqrt[1 + d*x]),x]

[Out] -((ax(1 - d72*x72))/(x*Sqrt[-1 + d*x]*Sqrt[1 + d*x])) + (b*Sqrt[-1 + d~2*x~
2] *ArcTan[Sqrt[-1 + d™2*x72]])/(Sqrt[-1 + d*x]*Sqrt[l + d*x]) + (c*Sqrt[-1

+ d72*xx"2]*ArcTanh [ (d*x) /Sqrt [-1 + d"2*x"2]])/(d*Sqrt[-1 + d*x]*Sqrt[1 + dx

x])

Rule 1610

Int[(Px_)*((a_.) + (b_)*x(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*x((e_.) + (f_.
)*(x_))"(p_.), x_Symbol] :> Dist[((a + b*x) FracPart[m]*(c + dxx) FracPart[
m])/(a*xc + b*d*x~2) FracPart[m], Int[Px*(a*c + bxd*x"2) m*(e + f*x)7p, x],
x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p}, x] && PolyQ[Px, x] &% EqQ[b*c + ax
d, 0] && EqQ[m, n] && !IntegerQ[m]

Rule 1807

Int [(Pq_)*((c_.)*(x_)) " (m_)*((a_) + (b_.)*x(x_)"2)"(p_), x_Symbol] :> With[{
Q = PolynomialQuotient[Pq, c*x, x], R = PolynomialRemainder[Pq, c*x, x]}, S
imp[(R*x(cxx)~(m + 1)*(a + b*x"2)"(p + 1))/(a*xcx(m + 1)), x] + Dist[1/(axc*(
m+ 1)), Int[(c*x)"(m + 1)*x(a + b*x"2) “p*ExpandToSum[a*c*(m + 1)*Q - b*Rx(m
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+ 2*%p + 3)*x, x], x], x]] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x] && LtQ
[m, -1] && (IntegerQ[2*p] || NeQ[Expon[Pq, x], 1])

Rule 844

Int[((d_.) + (e_)*(x_))"(m_)*x((f_.) + (g_)*(x_))*((a_) + (c_)*(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*(a + c*xx"2)7p, x], x] + D
ist[(exf - d*g)/e, Int[(d + exx) mx(a + c*xx"2)7p, x], x] /; FreeQ[{a, c, d,
e, £, g, m, p}, x] && NeQ[cxd"2 + a*e”2, 0] && 'IGtQ[m, O]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] & 'GtQ[a, O]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtl[a, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 63

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/Db]

Rubi steps
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m f a+bx+cx?

f a+bx+cx o xzm
x2V-1 + dx V1 + dx V=1 + dx\V1 + dx
— 2.2 b+cx
afi-d) N[ e

+
xV-1 + dxV1 + dx V-1 + dxV1 + dx
N 2.2 A 2.2
¢ (1-d) N (b L +dx )fx\/—l+d2x dax N (C T+ )f\/—1+d2x
xV-1 + dxV1 + dx V-1 + dxV1 + dx V-1 + dxV1 + dx

a (1 _ dzxz) (b\/—l + d2x2) Subst (f dx, x, xz) (c\/—l + dzxz) Sub

__ n xV-1+d%x "
xV-1 + dxV1 + dx 2V-1 + dxV1 + dx V-1
bv-1+ dzxz) Subst [f !

N 2+2 ( 2
) a(l—dzxz) +c 1 + d?x? tanh™ (m)+ di2+d_2
xV-1 + dxV1 + dx dV-1 + dxV1 + dx A2V-1 + dx V1 -
~ a (1 - dzxz) . bV-1 + d2x2 tan™ (V—l + d2x2) X cV-1 + d%x? tanh™ (m

xV-1 + dxV1 + dx V-1 + dx V1 + dx dvV-1 + dxV1 + dx

Mathematica [A] time = 0.16739, size = 89, normalized size = 1.62

a (dz 2 - 1) + bxVx? -1 tan™ (\/m) 2ctanh™ ( dx_l)

dx+1
+

xVdx —1Vdx +1 d

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*x + c*x72)/(x"2*Sqrt[-1 + d*x]*Sqrt[l + dxx]),x]

[Out] (ax(-1 + d"2*x"2) + bxx*Sqrt[-1 + d™2*x"2]*ArcTan[Sqrt[-1 + d"2*x72]])/(x*S
qrt[-1 + d*x]*Sqrt[1l + d*x]) + (2%cxArcTanh[Sqrt[(-1 + d*x)/(1 + d*x)]1])/d

Maple [C] time = 0., size = 96, normalized size = 1.8

csgn (d)

1
Ir (— arctan (—_dez = )

csgn (d) dxb + csgn (d) dVd2x2 —1a + In ((csgn (d) Vd?x2 -1 + dx) csgn (d)) xc) Vix

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((c*xx™2+b*x+a)/x"2/(d*x-1)"(1/2)/(d*x+1)~(1/2),x%)

[Out] (-arctan(1/(d"2*x"2-1)"(1/2))*csgn(d)*d*x*b+csgn(d)*d*(d~2*x"2-1)"(1/2)*a+l
n((csgn(d)*(d~2*x"2-1) " (1/2)+d*x) *csgn(d) ) *x*c) * (d*x-1) " (1/2) x (d*xx+1)~(1/2)
xcsgn(d)/(d"2*xx"2-1)"(1/2)/d/x

Maxima [A] time = 3.56079, size = 86, normalized size = 1.56

1 )+ clog(2d2x+2\/d2x2—1\/(ﬁ) X Ny
V2|

—barcsin (

7 x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x+a)/x~2/(d*x-1)~(1/2)/(d*x+1)~(1/2),x, algorithm="maxim
al’

[Out] -b*arcsin(1/(sqrt(d™2)*abs(x))) + c*xlog(2xd~2*x + 2*sqrt(d™2*x"2 - 1)*sqrt(
d"2))/sqrt(d”™2) + sqrt(d™2*x"2 - 1)*a/x

Fricas [A] time = 1.1004, size = 203, normalized size = 3.69

ad?x + 2 bdx arctan (—dx + Vdx + 1Vdx - 1) + Vdx + 1Vdx - 1ad - cx log (—dx + Vdx +1Vdx - 1)
dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x+a)/x~2/(d*x-1)"(1/2)/(d*x+1)~(1/2),x, algorithm="frica
Sll

[Out] (axd™2*x + 2*bxd*x*arctan(-d*x + sqrt(d*x + 1)*sqrt(d*x - 1)) + sqrt(d*x +
1)*sqrt(d*x - 1)*a*xd - c*x*log(-d*x + sqrt(d*x + 1)*sqrt(d*x - 1)))/(d*x)

Sympy [C] time = 28.1729, size = 216, normalized size = 3.93

35
p2im 5,3 =, —,1 1,1,—
dzxz] bG6'6 [1 % ! E 2
_ 2" 4 4

adG>?
66 ( % 1,1,0
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((cxx**x2+b*xx+a)/x**2/(d*x-1)*x(1/2)/(d*x+1)**(1/2),x)

[Out] -a*d*meijerg(((5/4, 7/4, 1), (3/2, 3/2, 2)), ((1, 5/4, 3/2, 7/4, 2), (0,)),
1/ (d**2%x**2)) / (4*pi**(3/2)) - I*axd*meijerg(((1/2, 3/4, 1, 5/4, 3/2, 1),

0), ((3/4, 5/4), (1/2, 1, 1, 0)), exp_polar(2xIx*pi)/(d**2*x**2))/(4*xpi**(3

/2)) - b*meijerg(((3/4, 5/4, 1), (1, 1, 3/2)), ((1/2, 3/4, 1, 5/4, 3/2), (O

,)), 1/ (dx*x2xx*%x2)) / (4xpix*(3/2)) + Ixb*meijerg(((0, 1/4, 1/2, 3/4, 1, 1),

0), ((1/4, 3/4), (0, 1/2, 1/2, 0)), exp_polar(2*I*pi)/(d**2*x**2))/(4*pi**
(3/2)) + cxmeijerg(((1/4, 3/4), (1/2, 1/2, 1, 1)), ((0, 1/4, 1/2, 3/4, 1, 0

), ), 1/(d*x2xxx%2))/(4*pi**(3/2)*d) - I*c*meijerg(((-1/2, -1/4, 0, 1/4,

1/2, 1), O), ((-1/4, 1/4), (-1/2, 0, 0, 0)), exp_polar(2xIxpi)/(d**2xx**2)

)/ (Axpix*(3/2)*d)

Giac [A] time = 2.62059, size = 112, normalized size = 2.04

1 2 8 ad? 2
2 bd arctan (E (\/dx +1—Vdx - 1) ) - (W—M)4+4 +clog ((\/dx +1—Vdx - 1) )

d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x+a)/x~2/(d*x-1)~(1/2)/(d*x+1)~(1/2),x, algorithm="giac"
)

[Out] -(2*bxd*arctan(1/2x(sqrt(d*x + 1) - sqrt(d*x - 1))72) - 8xa*d~2/((sqrt(d*x
+ 1) - sqrt(d*x - 1))74 + 4) + cxlog((sqrt(d*x + 1) - sqrt(d*x - 1))72))/d
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2

a+bx+cx
3.38 f x3V-1+dxV1+dx

Optimal. Leaf size=83

(adz 4 2c) tan-! (\/dx——l\/de) N aVdx —1Vdx +1 N bVdx —1Vdx +1

2x2 X

N =

[Out] (a*xSqrt[-1 + d*x]*Sqrt[1 + d*xx])/(2*x"2) + (b*Sqrt[-1 + d*x]*Sqrt[1 + d*x])
/x + ((2%c + axd~2)*ArcTan[Sqrt[-1 + d*x]*Sqrt[1 + d*x]])/2

Rubi [A] time = 0.191248, antiderivative size = 129, normalized size of antiderivative =

. . ber of rul
1.55, number of steps used = 6, number of rules used = 6, integrand size = 32, e e e

= 0.188, Rules used = {1610, 1807, 807, 266, 63, 205}

Vd2x2 -1 (adz + 20) tan™! (Vd2x2 - 1) a (1 _ dzxz) b (1 _ dzxz)
2Vdx —1Vdx + 1 - 2x2/dx — 1Vdx + 1 - xVdx —1Vdx +1

integrand size

Antiderivative was successfully verified.

[In] Int[(a + b*x + c*x72)/(x"3*Sqrt[-1 + d*x]*Sqrt[1 + d*x]),x]

[Out] -(a*x(1 - d"2*x72))/(2*xx"2*Sqrt[-1 + d*x]*Sqrt[1 + d*x]) - (b*x(1 - d72*x"2))
/(xxSqrt[-1 + d*x]*Sqrt[1 + d*x]) + ((2%c + a*d"2)*Sqrt[-1 + d~2*x"2]*ArcTa
n[Sqrt[-1 + d™2*x72]])/(2*Sqrt[-1 + d*x]*Sqrt[1 + dxx])

Rule 1610

Int [(Px_)*((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_)) " (n_)*x((e_.) + (f_.
)*(x_))~(p_.), x_Symbol] :> Dist[((a + b*x) FracPart[m]*(c + dxx) FracPart[
m])/(a*xc + bxd*x~2) "FracPart[m], Int[Px*(a*xc + bxd*x~2) m*(e + f*x)7p, x],
x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && PolyQ[Px, x] && EqQ[b*c + ax*
d, 0] && EqQ[m, n] && !IntegerQ[m]

Rule 1807

Int[(Pg )*((c_.)*(x_)) " (m_)*((a_) + (b_.)*x(x_)"2)"(p_), x_Symbol] :> With[{
Q = PolynomialQuotient[Pq, c*x, x], R = PolynomialRemainder[Pq, c*x, x]}, S
imp[(R*x(cxx)"(m + 1)*(a + b*x"2)"(p + 1))/(a*cx(m + 1)), x] + Dist[1/(axc*(
m+ 1)), Int[(c*xx)"(m + 1)*(a + b*x"2) “p*ExpandToSum[a*c*(m + 1)*Q - b*R*(m
+ 2*%p + 3)*x, x], x], x]] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x] && LtQ
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[m, -1] && (IntegerQ[2*p] || NeQ[Expon[Pq, x], 11)

Rule 807

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_.)*xx_))*((a_) + (c_.)*x(x_)"2)"(p
_.), x_Symbol] :> -Simp[((exf - dxg)*x(d + exx)"(m + 1)*(a + c*x72)"(p + 1))
/(2%(p + 1)*(c*xd"2 + a*e”2)), x] + Dist[(c*xd*f + a*xexg)/(c*d™2 + a*e”2), In
tl(d + exx)"(m + 1)*(a + c*x"2)7p, x], x] /; FreeQl{a, c, d, e, f, g, m, p}
, x] && NeQ[c*d™2 + axe”2, 0] && EqQ[Simplify[m + 2xp + 3], 0]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 63

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + bxx)~(1/p)]1, x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
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m a+bx+cx?
1+d f x3\/—1+d2x

f a+bx+cx
X =
x3V-1 + dx V1 + dx V=1 + dx\V1 + dx
2b+ 2C+ad
N 2.2
a(1-d*?) . 1+dxfx2m
2x2V-1 + dx V1 + dx 2v-1 + dxV1 + dx

2 1
_ 4 (1 _ dzxz) . b (1 _ d2x2) ((Zc + ad ) V-1+ dzxz) f ayy dx
22241 + dxV1 +dx  xV-1 +dxV1 +dx 2V-1 + dxV1 + dx
2 1
_ a (1 _ d2x2) ) b (1 _ dzxz) . ((Zc + ad ) V-1+ d2x2) Subst (f =
2x24-1 + dxV1 +dx  xV-1+dxV1 +dx 4V-1 + dxV1 + dx
2¢ + ad?) V-1 + dzxz) Subst !
a (1 - dzxz) b (1 - dzxz) (( ) [f diz+;—§
=- - +
2x24-1 + dxV1 +dx  xV-1 +dxV1 +dx 2424 -1 + dxV1 + da
a (1 _ dzxz) b (1 _ dzxz) (2c + adz) V-1 + d2x2 tan~! (\/—1 + d2:
= - +
2x24-1 + dxV1 +dx  xV-1+dxV1 +dx 2V-1 + dxV1 + dx

Mathematica [A] time = 0.116759, size = 82, normalized size = 0.99

(dz 2 - 1) (a +2bx) + x*Vd?x2 -1 (ad2 + ZC) tan™! (Vd2x2 - 1)
2x2Vdx —1Vdx +1

Antiderivative was successfully verified.

[In] Integratel[(a + b*x + cxx72)/(x"3*Sqrt[-1 + d*x]*Sqrtl[l + dx*x]),x]

[Out] ((a + 2xbxx)*(-1 + d™2*x72) + (2*c + a*xd™2)*x"2*Sqrt[-1 + d"2xx"2]*ArcTan[S
grt[-1 + d72*xx72]]1)/(2*xx"2xSqrt [-1 + d*x]*Sqrt[1 + d*x])

Maple [C] time = 0., size = 103, normalized size = 1.2

(ngn (d)) 25 Ndx—1Vdx +1 (arctan ( ) x2ad? + 2 arctan (

)xzc —2Vd?x2 —1xb - Vd2x2 - 1a

1 1
Vd2x2 -1 Vd?x? -1

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((c*xx™2+b*x+a)/x"~3/(d*x-1)"(1/2)/(d*x+1)~(1/2),x)

[Out] -1/2%(d*x-1)"(1/2)*(d*x+1)~(1/2)*csgn(d) "2*(arctan(1/(d"2*x"2-1)"(1/2))*x~2
xaxd~2+2*arctan(1/(d"2*x72-1) " (1/2) ) *x"2*c-2* (d"2*x"2-1) ~(1/2) xx*b- (d~2*x"2
-1)7(1/2)*a)/(d"2*xx"2-1)"(1/2) /x"2

time = 4.01953, size = 88, normalized size = 1.06

1 2 _ ( 1 ) . . ( 1 ) N Vd2x2 —1b N Vd2x2 —1a
—— ad? arcsin | —— | — carcsin
2 Va2|x| Va2|x| x 2 x?

Verification of antiderivative is not currently implemented for this CAS.

Maxima [A]

[In] integrate((c*x~2+b*x+a)/x~3/(d*x-1)"(1/2)/(d*x+1)~(1/2),x, algorithm="maxim

a.ll

[Out] -1/2%a*d”2*arcsin(1/(sqrt(d~2)*abs(x))) - c*arcsin(1/(sqrt(d~2)*abs(x))) +
sqrt(d™2*x72 - 1)*b/x + 1/2%sqrt(d™2*x"2 - 1)*a/x"2

Fricas [A] time = 1.17296, size = 173, normalized size = 2.08

2 bdx? +2 (ad2 + 2c)x2 arctan (—dx + Vdx +1Vdx - 1) + (2bx + a)Vdx +1Vdx -1

2 x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x+a)/x~3/(d*x-1)~(1/2)/(d*x+1)~(1/2),x, algorithm="frica

S|l

[Out] 1/2%(2%b*d*x~2 + 2*(axd”2 + 2xc)*x"2xarctan(-d*x + sqrt(d*x + 1)*sqrt(d*x -
1)) + (2xb*x + a)*sqrt(d*x + 1)*sqrt(d*x - 1))/x"2

Sympy [C] time = 33.6278, size = 212, normalized size = 2.55
79 5 53 7 5 7 33
-, -1 2,2,= 1,-,5,-,2,1 2in | =, =2
5,3 747 Yl 1 . 2,6 7 AT )t gl Er 5,3 747 Y
”dzce,e 37395 o zad2G6/6 183 33 ez 2 bdGg'g 4y 22 72
=,=-,2,5,= 0 [« =, = 1,=,2,0|4 1,=,=,-,2 0 |4«
2/ 4/ /4/ 2 + 4/4 7 2/ 2/ 14/ 2/ 4/
3 3 3
42 4712 42
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((cxx**x2+b*xx+a)/x**3/(d*xx-1)*x(1/2)/(d*x+1)**(1/2),x)

[Out] -axd**2*meijerg(((7/4, 9/4, 1), (2, 2, 5/2)), ((3/2, 7/4, 2, 9/4, 5/2), (0,
)), 1/(d*x2%x*x*2))/(4*pi**(3/2)) + Ixaxd**2*meijerg(((1, 5/4, 3/2, 7/4, 2,

1), O), (574, 7/4), (1, 3/2, 3/2, 0)), exp_polar(2*I*pi)/(d**2*xx**2))/(4x
pix*(3/2)) - bxd*meijerg(((5/4, 7/4, 1), (3/2, 3/2, 2)), ((1, 5/4, 3/2, 7/4

, 2), (0,)), 1/(d**2*x**2))/(4*pi**(3/2)) - Ixb*d*meijerg(((1/2, 3/4, 1, 5/

4, 3/2, 1), O), ((3/4, 5/4), (1/2, 1, 1, 0)), exp_polar(2*Ixpi)/(d**2xx**2

))/ (4*pi**(3/2)) - c*meijerg(((3/4, 5/4, 1), (1, 1, 3/2)), ((1/2, 3/4, 1, 5

/4, 3/2), (0,)), 1/(d**2*xx*%*2))/(4*pi**(3/2)) + Ixcxmeijerg(((0, 1/4, 1/2,

3/4, 1, 1), O), ((1/4, 3/4), (0, 1/2, 1/2, 0)), exp_polar(2xIx*pi)/(d**2*xx*

*2)) / (4xpix*(3/2))

Giac [B] time = 1.98699, size = 196, normalized size = 2.36

)2) . 2 (0P (VEHT- VA1) 4 b2 (Vi1 4 adP (Vi1 -V-T) 16 b2

(ad3 +2 cd) arctan (% (\/dx +1-Vdx -1 ((W—Mf%f

d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x+a)/x~3/(d*x-1)"(1/2)/(d*x+1)~(1/2),x, algorithm="giac"
)

[Out] -((a*xd”3 + 2*cxd)*arctan(1/2x(sqrt(d*x + 1) - sqrt(d*x - 1))72) + 2x(axd”3%
(sqrt(d*x + 1) - sqrt(d*x - 1))76 - 4*bxd"2*x(sqrt(d*x + 1) - sqrt(d*x - 1))

“4 - 4*xaxd"3x(sqrt(d*x + 1) - sqrt(d*x - 1))72 - 16%b*d~2)/((sqrt(d*x + 1)

- sqrt(d*x - 1))74 + 4)72)/d
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2

a+bx+cx
3.39 f x4 =1 +dxV1+dx

Optimal. Leaf size=116

Vdx —1Vdx + 1 (2ad? + 3¢ idx — 1V dx — 1V
( )+ﬂ dx 13dx+1 1 (\/dJC——1M)+b dx —1Vdx +1

+ =bd? tan~!
3x 3% p 4 tan 222

[Out] (axSqrt[-1 + d*x]*Sqrt[1 + d*xx])/(3*x73) + (b*Sqrt[-1 + d*x]*Sqrt[1 + d*x])
/(2xx72) + ((3*%c + 2*xa*xd”2)*Sqrt[-1 + d*x]*Sqrt[1 + d*x])/(3*x) + (b*d™2xAr
cTan[Sqrt[-1 + d*x]*Sqrt[1 + d*x]])/2

Rubi [A] time = 0.217163, antiderivative size = 171, normalized size of antiderivative =

. . . ber of rul
1.47, number of steps used = 7, number of rules used = 7, integrand size = 32, e o e

= 0.219, Rules used = {1610, 1807, 835, 807, 266, 63, 205}

integrand size

(1 _ dzxz) (2ud2 + 3c) 4 (l _ dzxz) b (1 _ d2x2) bd2Vd2x2 — 1 tan™! (\/dzxz - 1)
- - +
3xVdx —1vVdx +1 3x3Vdx —1Vdx +1  2x2Vdx —1Vdx +1 2Vdx —1Vdx + 1

Antiderivative was successfully verified.

[In] Int[(a + b*x + c*x72)/(x74*Sqrt[-1 + d*x]*Sqrt[1 + d*x]),x]

[Out] -(a*(1 - d"2*%x72))/(3*x"3*Sqrt[-1 + d*x]*Sqrt[1 + d*x]) - (b*x(1 - d72*x"2))
/(2xx"2xSqrt [-1 + d*x]*Sqrt[1 + dxx]) - ((3xc + 2%xa*xd~2)*(1 - d72%x72))/(3x
xxSqrt[-1 + d*x]*Sqrt[1l + d*x]) + (b*d~2+Sqrt[-1 + d~2*x~2]*ArcTan[Sqrt[-1

+ d72xx72]])/(2xSqrt[-1 + dxx]*Sqrt[1 + d*x])

Rule 1610

Int[(Px_)*((a_.) + (b_.)*x(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*x((e_.) + (f_.
)*(x_))~(p_.), x_Symbol] :> Dist[((a + b*x) FracPart[m]*(c + dxx) FracPart[
m])/(a*c + b*d*x~2) FracPart[m], Int[Px*(a*c + bxd*x"2) mx(e + f*x)“p, x],
x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && PolyQ[Px, x] && EqQ[bxc + ax
d, 0] && EqQ[m, n] && !IntegerQ[m]

Rule 1807

Int [(Pq ) *((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{
Q = PolynomialQuotient[Pq, c*x, x], R = PolynomialRemainder[Pq, c*x, x]}, S
imp[(R*(c*x)"(m + 1)*(a + b*x"2)"(p + 1))/(axcx(m + 1)), x] + Dist[1/(a*xcx(
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m+ 1)), Int[(cxx)"(m + 1)*(a + b*x"2) “p*ExpandToSum[a*c*x(m + 1)*Q - b*R*(m
+ 2%p + 3)*x, x], x], x]] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x] && LtQ
[m, -1] && (IntegerQ[2*p] || NeQ[Expon[Pq, x], 1])

Rule 835

Int[((d_.) + (e_.)*(x_))"(m)*x((f_.) + (g_.)*x(x_))*((a_) + (c_.)*x(x_)"2)"(p
_.), x_Symbol] :> Simp[((exf - d*xg)*(d + exx)"(m + 1)*x(a + c*xx"2)"(p + 1))/
((m + 1)*(cxd™2 + a*xe”2)), x] + Dist[1/((m + 1)*(c*d™2 + a*xe”2)), Int[(d +
exx) " (m + 1)x(a + c*x72) "p*Simp[(cxd*f + axexg)*x(m + 1) - cx(exf - dxg)*(m
+ 2%p + 3)*x, x], x], x] /; FreeQ[{a, c, 4, e, f, g, p}, x] && NeQ[c*d"2 +
axe”2, 0] &% LtQ[m, -1] && (IntegerQ[m] || IntegerQ[p] || IntegersQ[2+*m, 2%
pl)

Rule 807

Int[((d_.) + (e_)*x_D))"(m )*((£f_.) + (g_.)*(x_))*((a_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> -Simp[((exf - dxg)*x(d + exx)"(m + 1)*(a + c*x"2)"(p + 1))
/(2x(p + 1)*(cxd™2 + a*xe”2)), x] + Dist[(cxd*f + axexg)/(c*d”2 + axe”2), In
tl(d + exx)"(m + 1)*(a + c*x"2)7p, x], x] /; FreeQl{a, c, d, e, £, g, m, p}
, x] && NeQ[c*d™2 + axe”2, 0] && EqQ[Simplify[m + 2xp + 3], 0]

Rule 266

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(mn_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - D *(a + b*x)7p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 63

Int[((a_.) + (b_D)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)x(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/Db]

Rubi steps
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= 7 o a+bx+cx?
f a+bx +cx v —1+d2x2f m
x4V-1 + dxV1 + dx V-1 + dxV1 + dx
3b+ 3c+2ad
a(1-d2) V4+ﬂﬂfxw1$?
- 3x3vV=1 + dxV1 + dx 3vV-1 + dxV1 + dx
3c+2ad2 +3bd%x
_ a (1 _ d2x2) ) b (1 _ d2x2) V-1 + d2x2 f W dx
33V-1 +dxvV1 +dx  2x2V-1 + dxy1 + dx 6vV-1 + dxV1 + dx
a(1-a22) b-?)  (3c+2ad)(1- i) (bPVATE
- 33V-1+dxV1+dx  2x2V-1+dxV1 +dx  3xV-1+dxV1 +dx 2V-1 +
a(1-2) bA-d?)  (c+20R)(1- i) (PVTHE
o33V A +drVi+dr 23V 1 +dxVi+dx 3xvV—1 + dxvl + dx 4
W1+ 222
a (1 - dzxz) b (1 - d2x2) (3c + 2ad2) (1 - dzxz) ( 4
- 33V-1+dxV1+dx  2x2V-1+dxV1+dx  3xV-1+dxV1 +dx
a (1 - dzxz) b (1 - dzxz) (3c + 2ud2) (1 - dzxz) bd? V-1 + d2x

Mathematica [A]

_3x3\/—1 +dxV1 + dx

oy dtdeVltdr

3xV-1 + dxV1 + dx

time = 0.116358, size = 94, normalized size = 0.81

(22 ~1) (a (48242 + 2) + 3x(b + 20%)) + Bbd*V® —1 tan™ (\/dzxz — 1)

6x3Vdx —1Vdx +1

Antiderivative was successfully verified.

[In] Integratel[(a + b*x + cxx72)/(x"4*Sqrt[-1 + d*x]*Sqrtl[l + dx*x]),x]

2vV-1

[Out] ((-1 + d”2*xx"2)*(3*x*(b + 2%kc*x) + ax(2 + 4xd"2*x"2)) + 3*b*d~2xx~3*Sqrt[-1
+ d72*%x"2]*ArcTan[Sqrt[-1 + d"2*x"2]])/(6*%x~3*Sqrt[-1 + d*xx]*Sqrt[1 + dx*x]

)

Maple [C]

time = 0.,

(csgn (d)) (esen @) o Var +1 (3 arctan(

1
Vd2x2 -1

size = 123, normalized size = 1.1

) 3bd? — Va2 —1x2ad? — 6 Vd2x® —1x2c — 3 Vd2x2 —1xb - 2 V.
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*x~2+b*x+a)/x~4/(d*xx-1)"(1/2)/(d*xx+1)~(1/2),x)

[Out] -1/6%(d*x-1)~(1/2)*(d*x+1)~(1/2)*csgn(d) ~2*(3*arctan(1l/(d"2*x"2-1)"(1/2))*x
“3%b*xd"2-4% (d72%x72-1) 7 (1/2) *x"2*%a*d"2-6* (d72*x72-1) T (1/2) *x"2xc-3* (d"2%x"2
-1)7(1/2) *x*¥b-2*% (d"2*x~2-1) " (1/2) *a) / (d"2%x~2-1) ~(1/2) /x~3

Maxima [A] time = 3.64281, size = 119, normalized size = 1.03

1 . ] 2Vd2x2 —1ad?>  Vd2x2-1c Vd2x2-1b Vd2x2 -1a
—— bd* arcsin + + + +
2 V2| 3x x 2x? 3x8

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((cxx~2+b*x+a)/x~4/(d*x-1)~(1/2)/(d*x+1)~(1/2),x, algorithm="maxim
al’

[Out] -1/2%b*d"2*arcsin(1/(sqrt(d~2)*abs(x))) + 2/3*%sqrt(d™2*x"2 - 1)*a*xd”2/x + s
qrt(d™2*x"2 - 1)*c/x + 1/2%sqrt(d~2*x"2 - 1)*b/x"2 + 1/3*sqrt(d™2*x"2 - 1)*
a/x"3

Fricas [A] time = 1.0307, size = 216, normalized size = 1.86

6 bd%x3 arctan (—dx + Vdx + 1Vdx - 1) +2 (2 ad®> +3 cd)x3 + (2 (2 ad?+3 c)x2 +3bx+2 a)\/dx +1Vdx -1

6 x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x+a)/x~4/(d*x-1)~(1/2)/(d*x+1)~(1/2),x, algorithm="frica
S")

[Out] 1/6*(6%b*d~2*x"3*arctan(-d*x + sqrt(d*x + 1)*sqrt(d*x - 1)) + 2x(2%a*xd"3 +
3xckd) *x73 + (2% (2*%a*xd”2 + 3*kc)*x"2 + 3*bkxx + 2*%a)*sqrt(dxx + 1)*sqrt(d*x -
1))/x"3
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Sympy [C] time = 58.436, size = 219, normalized size = 1.89

9 55 3 7 9 5 7 9
2U1 223 270221 2in 791 22,2
3,53 7 7 Y 3,~2,6 A Y Y 2 ~5,3 747 7 < 1
ad°Ggg| & 5" 1 22 7z | ad°Gge A B 72| UGes|s 7295 2 v
2/1/5/ 113 0 Z’Z 512/210 E/ 212/ Z/E 0
E 3 B 3 i
42 42 42

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x**2+bxx+a)/x**4/(d*x-1)**(1/2)/(d*x+1)**(1/2),%)

[Out] -axdx*3*meijerg(((9/4, 11/4, 1), (5/2, 5/2, 3)), ((2, 9/4, 5/2, 11/4, 3), (
0,)), 1/(@x*2xxx*2))/(4xpi**(3/2)) - I*xaxd**3*meijerg(((3/2, 7/4, 2, 9/4, 5

/2, 1), O), ((7/4, 9/4), (3/2, 2, 2, 0)), exp_polar(2*I*pi)/(d**2*x**2))/(
4xpi**(3/2)) - bxd*x2*meijerg(((7/4, 9/4, 1), (2, 2, 5/2)), ((3/2, 7/4, 2,

9/4, 5/2), (0,)), 1/(d*x2*x**2))/(4*pi**(3/2)) + Ixb*xd**2*meijerg(((1, 5/4,

3/2, 7/4, 2, 1), O), ((5/4, 7/4), (1, 3/2, 3/2, 0)), exp_polar(2*I*pi)/(d
*xk2xx*%2) ) / (4dxpi*x*(3/2)) - cxd*meijerg(((5/4, 7/4, 1), (3/2, 3/2, 2)), ((1,

5/4, 3/2, 7/4, 2), (0,)), 1/(d**2*x*%2))/(4*pi**(3/2)) - I*c*d*meijerg(((1

/2, 3/4, 1, 5/4, 3/2, 1), O), ((3/4, 5/4), (1/2, 1, 1, 0)), exp_polar(2*Ix

pi)/ (dx*2xx**2)) / (4xpi**(3/2))

Giac [B] time = 2.36273, size = 266, normalized size = 2.29

)2) . 2(3 bd3(\/dx+1—\/dx—l)10—12 cdz(x/dx+1—\/M)8—96ad4(\/dx+1—\/¢ﬁ)4—% cd?(Vx+1-Vix-

3bd3 arctan(% (\/dx+1 —Vdx -1 —
((\/dx+1—\/dx—1) +4)

3d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((cxx™2+b*x+a)/x"4/(d*x-1)"(1/2)/(d*x+1)"(1/2) ,x, algorithm="giac"
)

[Out] -1/3%(3*bxd~3*arctan(1/2x(sqrt(d*x + 1) - sqrt(d*x - 1))72) + 2x(3*bxd~3*(s
qrt(d*x + 1) - sqrt(d*x - 1))710 - 12%c*d"2*x(sqrt(d*x + 1) - sqrt(d*x - 1))

8 - 96*axd"4*(sqrt(d*x + 1) - sqrt(d*x - 1))74 - 96%c*d™2*x(sqrt(d*x + 1) -
sqrt(d*x - 1))74 - 48%bxd~3*(sqrt(d*x + 1) - sqrt(d*x - 1))72 - 128*axd™4

- 192%c*d"2)/((sqrt(d*x + 1) - sqrt(d*x - 1))74 + 4)73)/d
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2

a+bx+cx
340 | e ™

Optimal. Leaf size=199

-1 { Vxr1Vd+e
Vx-1vx +1 (aez — bde + cdz) Vx-1vx +1 (—dez(3a + 4c) + bd%e + 2be® + cd3) tanh (\;%\/d—:r:) (dZ(ZQ +
- + +
2 (2 - ) (d + ex)? 2e (2 - ¢2)’ (d + ex) (d = e)2(d-

[Out] -((c*d™2 - b*xd*e + axe”2)*Sqrt[-1 + x]*Sqrt[l + x])/(2%xex(d"2 - e"2)*(d + e
xx)72) + ((c*d™3 + bxd"2*%e - (3*a + 4*xc)*d*e”2 + 2xbxe”3)*Sqrt[-1 + x]*Sqrt

[1 + x])/(2%xex(d"2 - e72)72x(d + exx)) + (((2*%a + c)*d"2 - 3xbxd*e + (a + 2
xc)*e”2)*ArcTanh[(Sqrt[d + e]*Sqrt[1l + x])/(Sqrtl[d - e]l*Sqrt[-1 + x]1)])/((d

- e)7(5/2)x(d + e)~(5/2))

Rubi [A] time = 0.328291, antiderivative size = 242, normalized size of antiderivative =

1.22, number of steps used = 5, number of rules used = 5, integrand size = 32, number of rules

= 0.156, Rules used = {1610, 1651, 807, 725, 206}

integrand size

B (1 - xz) (c (d3 - 4dez) —e (3ade -b (dz + 282))) . (1 - xz) (aez — bde + cdz) B Va2 — 1 tanh™ (%
2e\/x—1\/x+1(d2—62)2(d+ex) Zevx—lvx+1(d2—ez)(d+ex)2 2vVx -1

Antiderivative was successfully verified.

[In] Int[(a + b*x + c*x72)/(Sqrt[-1 + x]*Sqrt[1 + x]*(d + e*x)~3),x]

[Out] ((c*d™2 - bxd*e + a*e”2)*(1 - x72))/(2xex(d"2 - e72)*Sqrt[-1 + x]*Sqrt[1l +
x]*(d + exx)72) - ((c*x(d"3 - 4xd*e”2) - e*(3xaxdxe — bx(d™2 + 2%e”2)))*(1 -
x72))/(2xex(d"2 - e72)72xSqrt[-1 + x]*Sqrt[1l + x]*(d + exx)) - ((3*b*xdxe -
ax(2%d™2 + e72) - c*(d"2 + 2xe”2))*Sqrt[-1 + x"2]*ArcTanh[(e + d*x)/(Sqrt[
d~2 - e72]*Sqrt[-1 + x72])])/(2%x(d"2 - e72)7(6/2)*Sqrt[-1 + x]*Sqrt[1 + x])

Rule 1610

Int[(Px_)*((a_.) + (b_.)*x(x_ D))" (m_)*((c_.) + (d_.)*(x_))"(n_)*x((e_.) + (f_.
)*(x_))~"(p_.), x_Symbol] :> Dist[((a + b*x) FracPart[m]*(c + d*x) FracPart[
m])/(a*xc + b*d*x~2) FracPart[m], Int[Px*(a*xc + b*d*x~2) " m*(e + f*x)7p, x],
x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && PolyQ[Px, x] && EqQ[b*c + ax*
d, 0] && EqQ[m, n] && !IntegerQ[m]
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Rule 1651

Int[(Pq )*((d_) + (e_.)*x(x_)) " (m_)*((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :>
With[{Q = PolynomialQuotient[Pq, d + e*x, x], R = PolynomialRemainder [Pq,

d + exx, x]}, Simp[(exR*x(d + exx)"(m + 1)*(a + c*x"2)"(p + 1))/((m + 1)*(c*
d"2 + a*e”™2)), x] + Dist[1/((m + 1)*(c*xd"2 + a*e”2)), Int[(d + e*x)"(m + 1)
x(a + c*x72) p*ExpandToSum[(m + 1)*(c*d"2 + a*e”2)*Q + cxd*R*x(m + 1) - c*ex
R¥x(m + 2xp + 3)*x, x], x], x]] /; FreeQ[{a, c, d, e, p}, x] && PolyQ[Pq, xI]
&% NeQ[c*xd™2 + axe”2, 0] && LtQ[m, -1]

Rule 807

Int[((d_.) + (e_.)*(x_))"(m)*x((f_.) + (g_.)*x(x_))*((a_) + (c_.)*x(x_)"2)"(p
_.), x_Symbol] :> -Simp[((exf - d*g)*(d + exx)"(m + 1)*(a + c*x"2)"(p + 1))
/(2x(p + 1)*(cxd™2 + axe”2)), x] + Dist[(c*xd*f + axexg)/(c*d”2 + axe”2), In
tl(d + exx)"(m + 1)*(a + c*x"2)7p, x], x] /; FreeQl{a, c, d, e, £, g, m, p}
, x] && NeQlc*xd™2 + axe”2, 0] && EqQ[Simplify[m + 2xp + 3], 0]

Rule 725

Int[1/(((d_ ) + (e_.)*(x_))*Sqrtl(a_) + (c_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(c*xd™2 + a*xe™2 - x72), x], x, (a*e - cxd*x)/Sqrt[a + c*x"2]] /; FreeQ
[{a, ¢, d, e}, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rubi steps
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+bx+cx?
V1422 [y
f a+ bx + cx? f (d+ex)3V-1+x2

dx =
V-1 +xV1 + x(d + ex)? V-1+xV1+x

2
—2(ad+cd—be)—(bd+ % —ae—Zce)x
d

~ (cd2 — bde + aez) (1 -~ xz) B V-1+22 [ RN o
2 (dz - ez) V-1 + xV1 + x(d + ex)? 2 (d2 - ez) V-1+xV1l+x

X

(e -bde+a?)(1-2%)  (c(d - 4de?) - e(Bade — b (8 +2%))) (1 -
~ 20( - ) V1 + xVI + x(d + ex)? 2e (@2 = ) VT + 2V + x(d + ex)
(P -bde+a?)(1-2%)  (c(d - 4de?) - e(3ade — b (8 +2%))) (1 -
~ 20( - ) V1 + xVI +x(d + ex)? 2e (@2 = ) VT 2V + x(d + ex)
(cd? — bde + ae?) (1 - x?) (c (2 - 4de?) - e (3ade - b (d? +2¢2))) (1 - ;

" 2 (@2 = €2) V=1 + xV1 + x(d + ex)? B e (2 - 62)2 V=T + VI + x(d + ex)

Mathematica [A] time = 0.8129, size = 336, normalized size = 1.69

[
[2(2d2+62) (d+ex) tan ™! [ % ]—3deﬂx/ﬁ\/(z—_d@](e(ae—bd)+cd2) 4d(2cd—be) te
e eVx-1Vx+1(e(ae-bd)+cd?)  2e\x—1vx+1(2cd—be)
(e=d)>2(d+¢)>/2 (d+ex) B (d—e)(d+e)(d+ex)? + (d—e)(d+e)(d+ex) + (e—d)’
2¢?

Warning: Unable to verify antiderivative.

[In] Integratel[(a + b*x + c*xx72)/(Sqrt[-1 + x]*Sqrt[l + x]*(d + e*x)~3),x]

[Out] (-((ex(cxd"2 + ex(-(bxd) + axe))*Sqrt[-1 + x]*Sqrt[l + x])/((d - e)*x(d + e)
x(d + exx)”"2)) + (2%ex(2xcxd - bxe)*Sqrt[-1 + x]*Sqrt[l + x])/((d - e)*(d +
e)*x(d + e*x)) + (4xcxArcTan[(Sqrt[-d + el*Sqrt[(-1 + x)/(1 + x)])/Sqrtld +
e]]l)/(Sqrt[-d + el*Sqrtld + e]) + (4*d*(2%c*d - bxe)*ArcTan[(Sqrt[-d + e]x
Sqrt[(-1 + x)/(1 + x)])/Sqrtld + el])/((-d + e)~(3/2)*x(d + e)7(3/2)) + ((c*

d”2 + ex(-(b*d) + axe))*(-3xd*exSqrt[-d + el*Sqrt[d + e]*Sqrt[-1 + x]*Sqrt[

1+ x] + 2%(2%d72 + e72)*(d + exx)*ArcTan[(Sqrt[-d + el*Sqrt[(-1 + x)/(1 +
x)])/8qrtld + e]1))/((-d + e)7(5/2)*(d + e)~(5/2)*(d + exx)))/(2%e"2)
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Maple [B] time = 0.052, size = 1095, normalized size = 5.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*x"2+b*x+a)/(exx+d) " 3/(-1+x)~(1/2)/(1+x)~(1/2) ,x)

[Out] -1/2%(-2xbxd~3*e*x((d"2-e72)/e"2) " (1/2)*(x"2-1)"(1/2) -b*d*e~3*((d"2-e72)/e"2
)T (1/2) % (x72-1) " (1/2)+3*cxd"2*xe" 2% ((d"2-e72) /e"2) " (1/2) *(x72-1) " (1/2) +2*x1n(
-2%(-((d"2-e72)/e"2) " (1/2)*(x72-1) " (1/2) *e+d*x+e) / (exx+d) ) *x " 2*a*d " 2*e~2-3*
In(-2%(-((d"2-e72)/e"2) " (1/2)*(x72-1) " (1/2) *e+d*x+e) / (exx+d) ) ¥x~2*b*d*e”3+1
n(-2x(-((d"2-e72)/e"2) " (1/2) *(x~2-1) " (1/2) *e+d*x+e) / (e*x+d) ) *x~2%c*xd " 2%e~2+
4x1n (2% (-((d"2-e"2)/e"2) " (1/2) *(x"2-1) " (1/2) *e+d*x+e) / (e*xx+d) ) *x*a*xd 3*e+2
*1n (2% (-((d"2-e72)/e"2) " (1/2)*(x72-1) "~ (1/2) *e+d*x+e) / (e*xx+d) ) *x*a*xd*e~3-6%
In(-2%(-((d"2-e72)/e"2) " (1/2)*(x72-1) " (1/2) *e+d*x+e) / (exx+d) ) *x*¥b*d"2*e”2+4
*axd"2%e 2% ((d"2-e72)/e”2) " (1/2)*(x"2-1) " (1/2) —x*b*xd"2*e"2x ((d"2-e"2) /e"2) "
(1/2)*(x"2-1)"(1/2)+1n(-2x(-((d"2-e"2) /e~ 2) " (1/2) *(x~2-1) " (1/2) *e+d*x+e) /(e
*x+d) ) *x"2%a*xe”4+2*x1n (-2* (- ((d"2-e72) /e”2) " (1/2)*(x~2-1) " (1/2) xe+d*x+e) / (ex
x+d) ) *x"2%c*ke"4+1n(-2x (- ((d"2-e72) /e"2) " (1/2) *(x72-1) " (1/2) *e+d*x+e) / (exx+d
))*axd"2xe”2-3%1n(-2x (- ((d"2-e72) /e"2) " (1/2) *(x72-1) " (1/2) *e+d*x+e) / (exx+d)
)*b*xd " 3*e+2+x1In(-2% (- ((d"2-e72) /e"2) " (1/2) % (x"2-1) " (1/2) *e+d*x+e) / (exx+d) ) *C
*d"2%xe"2-a*xe"4x((d"2-e72)/e”2) " (1/2)*(x72-1) " (1/2)+2x1n(-2* (- ((d"2-e"2) /e~2
)7 (1/2) % (x72-1) " (1/2) xe+d*x+e) / (exx+d) ) *a*d~4+1n(-2*x (- ((d"2-e72) /e"2) " (1/2)
*(x72-1) " (1/2) *e+dxx+e) / (exx+d) ) ¥ckxd~4-x*cxd"3*xex ((d"2-e72) /e”2) ~(1/2)*x(x"2
-1)7(1/2) +4*xx*cxd*xe”3*x ((d"2-e72) /e72) " (1/2) *(x72-1) " (1/2) +3*x*a*xd*e~3* ((d"2
-e72)/e”2)"(1/2)*(x72-1) " (1/2)+2*1In(-2x (- ((d"2-e"2) /e~ 2) " (1/2)*(x~2-1) "~ (1/2
)*xe+d*x+e) / (e*xx+d) ) *x*kckd " 3xe+d*x1n (-2% (- ((d"2-e72) /e”2) " (1/2)*x(x"2-1)"(1/2)
xe+dxx+e) / (exx+d) ) *x*xckxdke 3-2xx*bxe 4% ((d"2-e72)/e”2) " (1/2)*(x~2-1)~(1/2))
*(1+x) " (1/2) % (-1+x) ~(1/2) / (x2-1)"(1/2) / (d-e) / (d+e) / (d"2-e72) / (exx+d) "2/ ((d
"2-e72)/e”2)"(1/2) /e

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*xx~2+b*x+a)/(exx+d) 3/ (-1+x)~(1/2)/(1+x)~(1/2),x, algorithm="ma
xima")
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[Out] Exception raised: ValueError

Fricas [B] time = 1.24824, size = 2485, normalized size = 12.49

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~2+b*x+a)/(exx+d)~3/(-1+x)~(1/2)/(1+x)~(1/2),x, algorithm="fr
icas")

[Out] [1/2*(c*d”7 + b*d"6xe - (3*a + 5*c)*d"5*e”2 + b*d~4*xe~3 + (3*a + 4*c)*d " 3*e
4 - 2%b*d"2*%e”5 + (cxd"5*e”2 + b*d"4*e”3 - (3*%a + b5xc)*d"3%e”4 + b*d"2*e”5
+ (3*a + 4xc)*d*xe”6 - 2xb*e”7)*x"2 + ((2*%a + c)*d"4xe”2 - 3*xb*d"3*e”3 + (a
+ 2xc)*d"2xe"4 + ((2%a + c)*d"2*e”4 - 3*xbxd*e”5 + (a + 2*c)*e”6)*x"2 + 2x*(
(2%a + c)*d"3*e”3 - 3*bxd"2*e"4 + (a + 2*c)*d*e”5)*x)*sqrt(d”2 - e~ 2)xlog((
d™2%x + d*e + (d72 - €72 + sqrt(d”2 - e72)*d)*sqrt(x + 1)*sqrt(x - 1) + sqr
t(d™2 - e”2)x(d*x + e))/(e*xx + d)) + (2*%bxd"5*xe”2 - (4*xa + 3*c)*d"4*e”3 - b
*d"3%e”4 + (B*xa + 3*c)*d"2xe”5 - b*d*e”6 - a*xe”7 + (cxd"5xe”2 + b*d"4*e”3 -
(3*a + b*c)*d"3*e”4 + bxd"2*%e”5 + (3*%a + 4xc)xd*e”6 - 2xb*e”7)*x)*sqrt(x +
D*sqrt(x - 1) + 2x(cxd"6*%e + bxd~5*e”2 - (3xa + b*c)*d"4*e”3 + b*xd"3*e”4
+ (3*a + 4xc)*d"2xe”5 - 2%bxd*e”6)*x)/(d"8%e”"2 - 3*d"6*e”4 + 3*xd"4*e”6 - d~
2%e”8 + (d”6xe”4 - 3*%d"4*e”6 + 3*%d"2*e"8 - e710)*x"2 + 2x(d"7*e”3 - 3*d"5*e
"5 + 3*%d"3*%e”7 - d*e”9)*x), 1/2%(c*d”7 + b*d"6*e - (3*a + bxc)*d"5*e”2 + bx
d"4*e”3 + (3*a + 4xc)*d"3*e”4 - 2*b*kd"2*e”5 + (cxd"5xe”2 + b*d"4*e”3 - (3*a
+ Bxc)*d"3*e"4 + b*d"2%e”5 + (3*a + 4xc)*d*e”6 — 2xb*xe”T7)*x"2 - 2x((2*a +
c)*d"4*e”2 - 3*b*d"3*e”3 + (a + 2*xc)*d"2*%e"4 + ((2*a + c)*d"2*xe"4 - 3xbxd*e
"5 + (a + 2*xc)*e”6)*xx"2 + 2% ((2*a + c)*d"3*e”3 - 3*bxd"2*e"4 + (a + 2*c)*d*
e"b)*x)*sqrt(-d~2 + e"2)*arctan(-(sqrt(-d~2 + e"2)*e*xsqrt(x + 1)*sqrt(x - 1
) - sqrt(-d”2 + e"2)*x(exx + d))/(d"2 - e72)) + (2xb*d"5xe”2 - (4*a + 3*c)*d
“4xe”3 - bkd"3*e”4 + (5xa + 3%c)*d"2*e”5 - bxd*e"6 - axe”7 + (c*d"b*e”2 + b
*d"4*e”3 - (3*a + b*xc)*d"3%e”4 + b*d"2%e”5 + (3*a + 4xc)*d*e”6 - 2*b*e”7)*x
)ksqrt(x + 1)*sqrt(x - 1) + 2x(cxd"6*%e + bxd"5*xe”2 - (3xa + b*c)*d"4*e”3 +
b*d"3*e~4 + (3%a + 4*c)*d"2%e”5 - 2*b*d*e”6)*x)/(d"8%e”2 - 3*d"6*e”4 + 3*d”
4xe”6 - d72%e”8 + (d"6xe”4 - 3*%d"4*e”6 + 3*d"2*e"8 - e710)*x"2 + 2x(d"7*e”3
- 3*%d"5*e”5 + 3*d"3*e”7 - d*e”9)*x)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((cxx**2+bxx+a)/(e*xx+d)**3/(-1+x)**x(1/2)/(1+x)**(1/2),%)

[Out] Timed out

Giac [B] time = 3.45873, size = 817, normalized size = 4.11

0 2 > \/x+ \/— e+2d 6 )
(Zad + cd® — 3 bde + ae +2ce arctan e 2(2cd4(ﬂ/x+1—’/x—1) e+4cd5(</x+1—’/x—1)
+

(d4 - 2d2%? + e4)\/ + e2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*xx~2+bxx+a)/(exx+d)~3/(-1+x)~(1/2)/(1+x)~(1/2),x, algorithm="gi
ac u)

[Out] -(2*axd™2 + c*d~2 - 3xb*dxe + axe”2 + 2*cxe”2)xarctan(1/2*x((sqrt(x + 1) - s
grt(x - 1))72%e + 2*d)/sqrt(-d~2 + e72))/((d"4 - 2xd"2*e"2 + e"4)*sqrt(-d~2
+ e72)) + 2x(2xc*kd"4x(sqrt(x + 1) - sqrt(x - 1)) "6%e + 4*cxd b*(sqrt(x + 1
) - sqrt(x - 1))74 - 2*xaxd™2*(sqrt(x + 1) - sqrt(x - 1))76%e”3 - Bxcxd~2*(s
grt(x + 1) - sqrt(x - 1))76%e”3 + 4*xbxd"4*x(sqrt(x + 1) - sqrt(x - 1)) 4*e +
3xbxd*(sqrt(x + 1) - sqrt(x - 1))76*e”4 - 12*%a*xd"3*(sqrt(x + 1) - sqrt(x -
1))74%xe”2 - 14%c*d™3*(sqrt(x + 1) - sqrt(x - 1))74%e”2 - ax(sqrt(x + 1) -
sqrt(x - 1))76%e”5 + 10xb*d"2*(sqrt(x + 1) - sqrt(x - 1)) 4xe”3 + 8*cxd 4x*(
sqrt(x + 1) - sqrt(x - 1))72%e - 6xa*xd*(sqrt(x + 1) - sqrt(x - 1)) 4xe”4 -
8xckdkx(sqrt(x + 1) - sqrt(x - 1))"4*e”4 + 16%b*d"3*(sqrt(x + 1) - sqrt(x -
1))72%e”2 + 4xbx(sqrt(x + 1) - sqrt(x - 1))74*e”5 - 40*xa*xd"2*x(sqrt(x + 1) -
sqrt(x - 1))72%e”3 - 44xc*d™2*(sqrt(x + 1) - sqrt(x - 1))72xe”3 + 20*b*xd*(
sqrt(x + 1) - sqrt(x - 1))72*%e"4 + 8xc*d"3*e”2 + 4xax(sqrt(x + 1) - sqrt(x
- 1))72%e”5 + 8*%b*d"2%e”3 - 24*axd*e”4 - 32xckd*e”4 + 16xbxe”5)/((d"4*e"2 -
2xd"2xe"4 + e76)*((sqrt(x + 1) - sqrt(x - 1)) 4*e + 4*d*(sqrt(x + 1) - sqr
t(x - 1))72 + 4xe)”2)
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3.41 [(a+bxy*Ve +dxyJe + fx (A + Bx + sz) dx
Optimal. Leaf size=1348

result too large to display

[Out] ((d*e - c*f)*(8*xa~2xd"2+xf 2+ (C*x(5xd"2*e”2 + 6xcxdxexf + 5+xc™2+%f72) + 8*xd*xfx*
(2%A*d*f - Bkx(d*e + c*f))) - 8xaxb*d*f*(Cx(7*d"3*e”3 + 9*xcxd~2xe”2*f + 9*c”
2xdxexf"2 + Txc"3*f73) + 2xd*xf* (8xAxdxf*x(d*e + cxf) — B*x(5+%d"2*e”2 + 6*cxdx*
exf + 5*xc72xf72))) + b72x(Cx(21*d"4*e~4 + 28xc*d"3*e”3*f + 30*c~2*%d"2*xe 2*f
T2 + 28%cT3kd*exf"3 + 21xcT4xf74) + 4kA*fk (2xAxd*xFx (5xd"2%e”2 + 6kxckdkexf +
5xc72*%f72) — Bx(7*d"3%e”3 + Okxc*kd"2%e”2*f + 9kc T 2xd*exf"2 + Txc73*%f73))))*
Sqrtc + dxx]*Sqrtle + fxx])/(512%d"5*f75) + ((8%a~2%d~2*f 2% (Cx(5*d~2%e™2
+ Bxcxdkexf + BxcT2%xf"2) + 8xdxfx(2%Axd*f - Bx(d*e + cxf))) - 8Sxaxbxdxfx*(Cx
(7T*d"3%e"3 + 9%ckd™2%e”2*%f + 9Okc™2%d*exf~2 + 7xc ™ 3*f~3) + 2xd*f*(8xAxd*xf*(d
xe + c*xf) - Bx(5xd"2*e”2 + 6xcxd¥exf + B*xc”2*xf72))) + b72x(Cx(21*%d"4*e"4 +
28*%cxd~3*%e"3xf + 30%c”2xd"2%e”"2*xf"2 + 28%c”3kxd*exf"3 + 21xc"4*f"4) + 4dxdxfx
(2%A*d*f* (5xd"2%e”2 + 6kxckxdxexf + 5xc™2+%f72) - Bk (7*d"3*%e”3 + 9xcxd ™ 2%e”2x*f
+ OxcT2%d¥exf"2 + T*c"3*%f73))))*(c + d*x)"(3/2)*Sqrtle + f*x])/(256*d"5%f"
4) - ((2xa*xCxd*xf - bx(4xBxd*f - 3*Ckx(dxe + cxf)))*(a + b*x) 2x(c + d*x)~(3/
2)*%(e + £*x)7(3/2))/(20%b*xd~2%£f72) + (C*(a + b*x) " 3*(c + d*x)~(3/2)*(e + f*
x)7(3/2))/ (6xbxd*f) - ((c + d*x)~(3/2)*(e + £*x)~(3/2)*(64*a"~3*Cxd"3*xf~3 -
8*a " 2xbxd"2*xf 2% (16*xBxd*f - T7*Ck(d*e + c*f)) — 8*xaxb~2xd*f*(C*(35%d"2*e"2 +
38xcxd*exf + 35xcT2+%f72) + 10*d*xf*(8xAxd*f — 5+Bx(dxe + c*xf))) + b~ 3*x(7xCx
(15%d"3%e"3 + 17*xc*d"2%xe”2xf + 17+c™2xd*e*xf~2 + 15xc ™ 3*f"3) + 4*xd*xf*(50%xA*d
*f*x(d*e + c*f) - Bx(35xd"2xe”2 + 38*ckd*exf + 35xc™2xf72))) + 6xb*xd*f*(10*b
*d*f* (2%bkckCkxe + axCkxdxe + axc*xCkxf - 4*xA*xbkd*xf) + (4dxaxdxf - T+b*x(d*e + c*
£))*x(2%a*xCxd*xf — bx (4*%Bxd*f - 3*Ckx(d*e + c*f))))*x))/(960*¥b*d"4*f~4) - ((dx*
e - c*xf) 2% (8%a”"2xd"2*xf " 2x (C* (5%d"2%e"2 + 6*xckdkexf + Hxc™2%f72) + 8*xd*xf*(2
xAxdxf - Bx(dxe + c*f))) - 8kaxb*xdxfx(Cx(7*d"3%e”3 + O9kcxd~2xe”2*f + Okc™2x
dxe*xf~2 + Txc™3*xf73) + 2%d*f*(8xAxd*f*x(d*e + cxf) - B*x(5%d"2%e”2 + 6*xckxd*xex
f + 5xc”™2%xf72))) + b72x(C*x(21*xd"4*e”™4 + 28*c*xd"3*xe”3*f + 30*c™2*%d " 2*xe~2*f"2
+ 28*%c”3xd*xexf"3 + 21*c74*f74) + 4dxdxfx (2xAxdxf* (5%d"2%e”2 + 6kxckxdkexf + 5
xC"2%f72) - Bk (7xd"3%e”3 + Okcxd"2%e”2%f + Okxc™2kd¥exf"2 + Txc"3*f73))))*Ar
cTanh[(Sqrt [f]*Sqrt[c + d*x])/(Sqrt[d]*Sqrtle + f*x])])/(5612+d~(11/2)*f~ (11
/2))

Rubi [A] time = 2.36639, antiderivative size = 1345, normalized size of antiderivative =

number of rules

1., number of steps used = 8, number of rules used = 7, integrand size = 36, —————— =
integrand size
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0.194, Rules used = {1615, 153, 147, 50, 63, 217, 206}

Clc+dx)¥2(e + fx)¥2(a + bx)>  (4bBdf — 2aCdf - 3bC(de + cf))(c + dx)>2(e + fx)¥2(a + bx)2 (¢ +dx)¥*(e+ fx)
6bdf " 20bd2 £ -

Antiderivative was successfully verified.

[In] Int[(a + b*x)~"2xSqrtlc + d*x]*Sqrtle + f*x]*(A + B*x + C*x~2),x]

[Out] ((d*e - c*xf)*(8*xa~2xd"2+xf 2% (C*x(5xd"2*%e”2 + 6xckxdxexf + 5+xc™2+%f72) + 8*xd*xfx*
(2%Axd*xf - Bx(d*e + c*f))) - 8*xaxb*dxf*x(Cx(7*d"3*e”3 + Okcxd~2*e™2%f + 9xc~
2xdxexf"2 + Txc"3*f7"3) + 2xd*xf* (8xAxdxf*x(d*e + cxf) — B*x(5+xd"2*e”2 + 6*cxdx*
exf + B*xcT2*%f72))) + bT2x(Cx(21*%d"4*e”4 + 28*c*d”"3*e”3*xf + 30*c”2xd"2%e”2x*f
T2 + 28%cT3kdxexf"3 + 21xcT4xf74) + 4kAxfk (2xAxd*xFx (5xd72%e”2 + 6*ckdkexf +
5%c72*%f72) — Bx(7*d"3%e”3 + Okxckd"2%e”2*f + Okc T 2xd*exf"2 + Txc"3*%f73))))*
Sqrtc + dxx]*Sqrtle + fxx])/(512%d"5*f75) + ((8%a~2%d~2*f 2% (Cx(5*d~2%e~2
+ Bxcxdxexf + BxcT2%xf"2) + 8xdxfx(2%Axd*f - Bx(d*e + c*xf))) - 8Sxaxbxdxfx*(Cx
(7*d"3%e"3 + Okckd™2xe ™ 2xf + 9xc™2xd*exf~2 + T*c™3*f~3) + 2xdxf*(8xAxd*f*(d
xe + c*xf) - Bx(5xd"2*e”2 + 6xcxd¥exf + B*xc™2*f72))) + bT2x(Cx(21*%d"4*e"4 +
28*%cxd~3*%e"3xf + 30%c”2xd"2%e”2%xf"2 + 28%c”3kd*e*xf"3 + 21kxc"4*f"4) + 4dxdxfx
(2%A*d*f* (5xd"2%e”2 + 6kxckxdrexf + 5xc™2+%f72) - Bk (7*d"3*%e”3 + 9xcxd~2%e”2x*f
+ 9%c”2xd*exf"2 + T*c"3%£73))))*(c + d*xx)"(3/2)*Sqrtle + fx*xx])/(2566%d"5*xf~
4) + ((4xb*Bxdxf - 2*a*xCkxd*xf - 3*bxCx(d*e + c*f))*(a + b*x) 2*x(c + d*x)~(3/
2)*%(e + £*x)7(3/2))/(20%b*xd~2%£f72) + (C*(a + b*x) " 3*(c + d*x)~(3/2)*(e + f*
x)7(3/2))/ (6xb*xd*f) - ((c + d*x)~(3/2)*(e + £*x)~(3/2)*(64*a"~3*Cxd"3*f~3 -
8*a " 2xbxd"2*xf 2% (16*Bxd*f - 7*Cx(d*e + c*f)) - 8xaxb~2xd*f*(C*(35%d"2*e"2 +
38xcxd*exf + 35xcT2+%f72) + 10xd*xf*(8xAxd*f — 5*Bx(dxe + c*xf))) + b~ 3*x(7xCx
(15%d"3%e”3 + 17*xc*d"2%e”2xf + 17+c™2xd*e*xf~2 + 15xc ™ 3*f"3) + 4*xd*xf*(50%xA*d
*f*x(d*e + c*f) - Bx(35*xd"2%xe”2 + 38*ckd*exf + 35xc™2xf~2))) + 6xb*xd*f*(10*b
*d*f* (2%bkckCkxe + axCkxdxe + axc*xCkxf - 4*xA*xbkd*xf) - (4dxaxdxf - T+b*x(d*e + c*
£)) * (4%b*Bkd*xf - 2%a*xCkd*xf - 3xb*Ckx(d*e + cxf)))*x))/(960*b*xd~4*f~4) - ((dx
e - cxf) 2% (8*a~2xd " 2*f"2x (Ckx (5*%d~2*e”~2 + 6kxcxd*exf + 5xc™2%f72) + 8xdxf*(2
xAxdxf — Bx(dxe + c*xf))) - 8kaxb*xdxf*(Cx(7*d"3%e”3 + Okcxd 2xe”2*f + Okc™2x
dxe*xf~2 + Txc~3*xf73) + 2%d*f*(8xAxd*f*x(d*e + cxf) - B*x(5%d"2%e”2 + 6*xckxd*xex
f + Bxc™2xf72))) + b72%(Cx(21*%d"4*e”4 + 28*cxd"3xe”3*f + 30*c™2xd"2*e " 2xf "2
+ 28*%c”"3xd*xexf"3 + 21%c74*f74) + 4xdxf*x (2xAxd*xf* (5%d"2%e”2 + 6Gkckdxexf + 5
xC"2%f72) - Bk (7xd"3%e”3 + Okcxd"2%e”2%f + Okxc 2kd¥exf"2 + T*c"3*f73))))*Ar
cTanh[(Sqrt [f]1*Sqrt[c + d*x])/(Sqrt[d]*Sqrtle + f*x])])/(5612+%d~(11/2)*f~ (11
/2))

Rule 1615

Int [(Px_)*((a_.) + (b_)*x(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (f
_D)*(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
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n[Px, x]1}, Simp[(k*(a + b*x)"(m + q - D*(c + d*x)"(n + 1)*(e + £*x)"(p +

1))/(dxf*xb"(q - D*(m + n + p + q + 1)), x] + Dist[1/(dxf*b"g*x(m + n + p +

q + 1)), Int[(a + b*x) m*x(c + d*x) n*(e + fxx) p*ExpandToSum[d*f*b~q*(m + n
+p+qg+ 1)*Px - dxfxkx(m + n + p + g + )*x(a + bxx)"q + kx(a + b*xx)"(q -
2)*%(a"2xd*f*x(m + n + p + g + 1) - b*k(b*cxex(m + q - 1) + a*x(d*ex(n + 1) +

cxfx(p + 1))) + bx(axd*f*x(2%x(m + q) + n + p) - bx(d*xex(m + q + n) + c*xfx(m

+q+ p)))*x), x], x], x] /; NeQm + n + p + q + 1, 0]] /; FreeQ[{a, b, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x] && IntegersQ[2+*m, 2*n, 2xp]

Rule 153

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(m_)*((e_.) + (f_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[(h*(a + b*x) m*(c + d*x)~(n
+ 1)*x(e + f*xx)"(p + 1))/(d*f*(m + n + p + 2)), x] + Dist[1/(d*f*(m + n + p
+ 2)), Int[(a + b*x)"(m - 1)*(c + d*x) "n*x(e + f*x) p*Simp[axd*f*g*(m + n +
p + 2) - hx(b*cke*m + ax(d*ex(n + 1) + c*xf*x(p + 1))) + (bxd*f*gx(m + n + p
+ 2) + hx(axdxf*m - bx(d*ex(m + n + 1) + cxfx(m + p + 1))))*x, x], x], x] /
; FreeQ[{a, b, ¢, 4, e, f, g, h, n, p}, x] && GtQ[m, 0] && NeQ[m + n + p +
2, 0] &% IntegerQ[m]

+

Rule 147

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_D*(x_))"(a_.)*((e_) + (£_.)*(x_
N*((g_.) + (h_.)*(x_)), x_Symbol] :> -Simp[((a*xd*f*hx(n + 2) + bxc*kfxhx*(m

+ 2) - bxd*x(f*g + exh)*(m + n + 3) - bkdxf*h*x(m + n + 2)*x)*(a + bxx) " (m +

D*x(c + d*xx) " (n + 1))/ (b"2%d"2*(m + n + 2)*(m + n + 3)), x] + Dist[(a"2*d"2
xfxhx(n + 1)*(n + 2) + axbxd*(n + 1)*(2%c*xfxh*(m + 1) - dx(fxg + exh)*(m +

n + 3)) + b72x(c™2xf*xhx(m + 1)*(m + 2) - cxd*(f*g + exh)*(m + *(m + n + 3
) + d"2%exgx(m + n + 2)*x(m + n + 3)))/(b™2%d"2%x(m + n + 2)*(m + n + 3)), In
t[(a + bxx)"m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m, n},

x] &% NeQ[m + n + 2, 0] && NeQ[m + n + 3, 0]

Rule 50

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+ b*x)"(m + D*x(c + d*xx)"n)/(b*(m + n + 1)), x] + Dist[(n*x(bxc - axd))/
(bx(m + n + 1)), Int[(a + b*x) mx(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,

c, d}, x] && NeQ[b*c - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && ! (IGtQ
[m, 0] & ( !'IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) && !ILtQ[m + n

+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
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(d*x"p)/b)"n, x], x, (a + bxx)"(1/p)]1, x]]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + bxx~2]] /; FreeQ[{a, b}, x] & !GtQ[a, O]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps
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Cla + bxPc + dx) (e + fryp J(@+bxPVe+deyfe+ fx (‘gb
= +
6bd f

f(a + bx)*Ve + dxyJe + fx (A +Bx + sz) dx

_ (4bBdf —2aCdf — 3bC(de + cf))(a + bx)*(c + dx)¥?(e + fx)*?
B 2062 f2 T
_ (4bBdf —2aCdf - 3bC(de + cf))(a + bx)*(c + dx)*?(e + fx)*?
B 20bd? 2 T

(8a2d?£2 (C (5d2¢2 + bcdef + 5¢2f2) + 8df(2Adf - B(de + cf))) -

_ (de—cf) (8aPd2f2 (C (54%¢* + bedef +5¢f2) + 8df (2Adf — B(de

_ (de—cf) (8a%d?£? (C (5d%¢% + bcdef +5c2f2) + 8df(2Adf - B(de

_ (de—cf) (8a%d2f2 (C (54%¢* + bcdef +5¢f2) + 8df (2Adf - B(de

_ (de—cf) (8aPd2f2(C (54%¢* + bedef +5¢f2) + 8df (2Adf - B(de

Mathematica [B] time = 7.09814, size = 3599, normalized size = 2.67

Result too large to show

Antiderivative was successfully verified.

[In] Integrate[(a + b*x)~2%Sqrt[c + dxx]*Sqrtl[e + f*xx]*(A + B*xx + Cxx"2),x]

[Out] (2%b72xCx(d*e - c*f) 4x(c + d*x)~(3/2)*Sqrtle + f*x]*(1 + (dxf*x(c + d*x))/(
(d*e - cxf)*((d"2*xe)/(d*e - c*f) - (cxd*xf)/(d*xe - c*xf))))~(11/2)*((63/(128*
(1 + (d*f*x(c + d*x))/((d*xe - cxf)*x((d"2*e)/(d*e - c*f) - (cxd*f)/(d*e - cx*f
))))7E) + 21/(32%(1 + (dxfx(c + d*x))/((dxe - c*xf)*((d"2*e)/(d*e - cxf) - (
cxd*xf)/(d*e - c*f))))"4) + 63/(80*x(1 + (d*f*(c + d*x))/((d*e — c*xf)*x((d"2*e
)/ (d*e - c*xf) - (ckxd*xf)/(dxe - cx£f))))~3) + 9/(10*x(1 + (d*fx(c + dx*x))/((d*
e - cxf)*((d"2xe)/(d*e - cxf) - (c*xd*f)/(d*xe - c*f))))"2) + (1 + (dxf*x(c +
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d*x))/((d*e - cxf)*((d"2*e)/(dxe - c*xf) - (c*xd*f)/(d*e - cx£))))"(-1))/4 +
(63x(dxe - c*xf)~2*x((d"2*e)/(d*xe - c*f) - (ckxd*f)/(dxe - c*f)) 2% ((2xdxf*(c
+ d*x))/((d*xe - cxf)*x((d"2%e)/(d*e - c*f) - (cxd*f)/(d*e - cxf))) - (2xSqrt
[d] *Sqrt [f]1*Sqrt[c + d*x]*ArcSinh[(Sqrt[d]*Sqrt[f]1*Sqrtlc + d*x])/(Sqrt[dxe
- cxf]*Sqrt[(d"2*e)/(d*e - cxf) - (c*dxf)/(d*e - cxf)])])/(Sqrt[d*e - c*f]
xSqrt [(d™2xe) /(d*e - c*f) - (cxd*f)/(d*e - c*xf)]*Sqrt[1 + (dxfx(c + dxx))/(
(d*e - cxf)*x((d"2%e)/(dxe - cxf) - (c*xdxf)/(d*e - cx£)))])))/(2048*d"2*f 2%
(c + d*x)72*%(1 + (d*f*x(c + d*x))/((d*xe - cxf)*((d"2*e)/(d*e - c*xf) - (c*dxf
)/(d*e - c*f))))7"5)))/(3*d"6*xf~4*(d/((d"2*e)/(d*e - cxf) - (c*xd*f)/(d*e - ¢
*£)))7(9/2)*Sqrt [(dx(e + f*x))/(d*e - c*f)]) + (2%bk(d*e - c*f) 3k (-4*bxCxe
+ b*Bxf + 2%a*xCxf)*(c + d*x)~(3/2)*Sqrtle + f*xx]*(1 + (d*xf*x(c + d*x))/((d*
e - cxf)x((d"2%e)/(d*e - c*f) - (c*xd*f)/(d*e - cxf))))~(9/2)*((3*(35/(64*(1
+ (dxf*x(c + d*x))/((d*xe - cxf)*x((d"2%e)/(d*e - c*xf) - (cxd*f)/(dxe - cxf))
))"4) + 35/(48%(1 + (d*f*(c + d*x))/((d*xe - cxf)*x((d"2*e)/(d*e - c*xf) - (c*
dxf)/(d*e - c*f))))"3) + 7/(8+(1 + (d*f*(c + d*x))/((d*e - c*xf)*((d"2*e)/(d
xe — cxf) - (cxd*f)/(d*e - c*£))))"2) + (1 + (dxfx(c + dxx))/((d*e - c*xf)x*(
(d72*e)/(d*e - c*xf) - (cxd*f)/(d*e - c*£))))"(-1)))/10 + (21*(d*e - c*f) 2%
((d~2xe)/(d*e - c*xf) - (ckxd*xf)/(dxe — cxf)) 2+ ((2xd*f*x(c + d*x))/((d*e - c*
f)*((d"2*%e)/(dxe - cxf) - (cxdxf)/(d*e - c*f))) - (2*Sqrt[d]*Sqrt[f]l*Sqrtlc
+ d*x]*ArcSinh [(Sqrt [d] *Sqrt [f]1*Sqrt[c + d*x])/(Sqrt[dxe - c*f]*Sqrt[(d~2*
e)/(dxe - cxf) - (ckd*f)/(d*e - cxf)])]1)/(Sqrtld*e - c*f]*Sqrt[(d"2x*e)/(d*e
- c*xf) - (cxd*f)/(d*e - c*f)]*Sqrt[1 + (dxfx(c + d*x))/((d*e - c*xf)*((d"2%
e)/(d¥e - cxf) - (ckxd*f)/(dxe - c*x£)))]1)))/(512xd"2+f72%(c + d*x)~2x(1 + (d
xf*x(c + d*x))/((dxe - cxf)*x((d"2xe)/(d*e - c*f) - (cxd*f)/(dxe - c*xf))))~4)
))/(3*%d"4xf~4x(d/((d"2xe) /(d*e - c*f) - (cxd*f)/(d*e - c*xf)))~(7/2)*Sqrt[(d
x(e + f£xx))/(d*e - cxf)]) + (2x(d*e - cxf) 2% (6*b~2*%C*xe”2 - 3*b~24B*exf - 6
xaxbxCkexf + Axb~2*xf72 + 2xa*xb*B*xf~2 + a”2+Cxf~2)*(c + dxx)~(3/2)*Sqrtle +
fxx]*(1 + (dxfx(c + d*x))/((d*e - c*f)*((d"2*e)/(d*e - c*f) - (c*xd*f)/(d*e
- c*xf£))))7(7/2)x((3x(5/(8+(1 + (dxf*(c + d*x))/((d*e - cxf)*((d"2*e)/(d*e -
cxf) - (cxd*xf)/(dxe - cx£))))~3) + 5/(6%x(1 + (d*fx(c + d*x))/((d*e - c*f)x*
((d™2*%e)/(d*e - c*f) - (cxd*f)/(d*e - cxf))))72) + (1 + (d*f*x(c + d*x))/((d
xe - cxf)*((d"2*xe)/(d*¥e - c*xf) - (ckxd*f)/(dxe - c*f))))~(-1)))/8 + (15x(d*e
- cxf)"2x((d"2%e)/(d*e - c*f) - (c*xd*f)/(d*e - cxf)) 2% ((2xd*f*(c + d*x))/
((dxe - cxf)*x((d"2*e)/(d*e - c*xf) - (cxd*xf)/(dxe - cxf))) - (2xSqrt[d]*Sqrt
[f]1*Sqrt[c + d*x]*ArcSinh[(Sqrt[d]*Sqrt[f]*Sqrtlc + d*x])/(Sqrt[d*e - c*f]x
Sqrt[(d~2*e)/(dxe - c*f) - (c*xd*f)/(d*e - c*£f)]1)]1)/(Sqrtld*e - c*fl*Sqrt[(d
~2xe)/(d*e - cxf) - (cxd*f)/(d*e - c*f)]*Sqrt[1l + (dxfx(c + dxx))/((d*e - c
*xf)x((d"2xe)/(d*xe - c*f) - (cxd*f)/(dxe - c*£)))]1)))/(266%d"2xf~2*(c + d*x)
“2%(1 + (dxf*x(c + d*x))/((dxe - cxf)*((d"2*e)/(d*e - c*f) - (ckd*f)/(dxe -
cxf))))73)))/(3*d"3*f"4x*(d/((d"2%e)/(d*e - cxf) - (ckdxf)/(d*e - c*xf)))~(5/
2)*Sqrt[(dx(e + £*x))/(d*e - cxf)]) + (2x(-(b*e) + axf)*(d*e - c*f)*(4xb*Cx
"2 - 3xb*Bkexf - 2xaxCkexf + 2xA*b*f~2 + a*Bxf~2)*(c + d*x)~(3/2)*Sqrt[e +
fxx]*(1 + (d*f*(c + d*x))/((d*e - cxf)*((d"2%e)/(d*xe - c*f) - (cxd*f)/(d*e
- cxf))))7(5/2)*((3/(4x(1 + (dxf*(c + d*x))/((d*¥e - cxf)*((d"2*e)/(d*e - ¢
xf) - (ckdxf)/(dxe - cx£))))"2) + (1 + (d*fx(c + d*x))/((d*e - c*f)*((d"2*e
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)/(d¥e - c*xf) - (ckxd*f)/(dxe - c*f))))7(-1))/2 + (3x(dxe - c*f) 2*((d"2%e)/
(d*e - cxf) - (cxdxf)/(dxe - c*f)) " 2x((2xd*f*(c + dxx))/((d¥xe - c*xf)*((d"2%
e)/(dxe - c*xf) - (cxd*xf)/(dxe - cxf))) - (2xSqrt[d]*Sqrt[f]*Sqrtlc + d*xx]*A
rcSinh [(Sqrt [d]*Sqrt [f]*Sqrt[c + d*x])/(Sqrtld*e - c*fl*Sqrt[(d~2*e)/(d*e -
c*f) - (c*xd*f)/(d*e - cxf)]1)])/(Sqrt[d*e - c*fl*Sqrt[(d~2*e)/(d*e - cxf) -
(cxd*f)/(dxe - cxf)]*Sqrt[1 + (d*f*(c + d*x))/((dxe - cxf)*((d"2%e)/(d*e -
cxf) - (cxdxf)/(d*e - cx£)))])))/(32xd"2*f72+(c + dxx)"2x(1 + (d*xfx(c + dx
x))/((d*e - cxf)*((d"2*e)/(d*e - c*f) - (cxd*f)/(d*e - cxf))))~2)))/(3*d~2x*
£74x(d/((d~2*e)/(d*xe - c*xf) - (c*dxf)/(dxe - c*x£f)))~(3/2)*Sqrt[(d*(e + f*x)
)/ (d*e - c*xf)]) + (2x(-(bxe) + axf) 2x(Ckxe~2 - Bxexf + Axf~2)*(c + dxx)~(3/
2)*Sqrte + f*xx]*(1 + (d*f*(c + d*x))/((d*xe - cxf)*((d"2xe)/(d*e - c*xf) - (
cxdxf)/(d¥e - c*xf))))~(3/2)*(3/(4*x(1 + (dxfx(c + d*x))/((d*e - cxf)*((d"2%e
)/ (d*e - c*xf) - (cxd*xf)/(dxe - cxf))))) + (3*x(d*e - c*xf) 2x((d"2xe)/(d*e -
cxf) - (cxd*f)/(d*e - c*xf)) " 2x((2xd*xf*(c + d*x))/((dxe - c*xf)*((d"2x*e)/(d*e
- cxf) - (cxdxf)/(d*e - cxf))) - (2xSqrt[d]*Sqrt[f]l*Sqrtlc + d*x]*ArcSinh[
(Sqrt [d]*Sqrt [f]*Sqrt[c + d*x])/(Sqrt[d*e - c*f]*Sqrt[(d~2xe)/(d*e - c*f) -
(cxdxf)/(d*e - c*f)])])/(Sqrt[d*xe - cxfl*Sqrt[(d~2*e)/(d*e - c*f) - (cxdxf
)/ (d*e - cxf)]*Sqrt[1 + (dxf*x(c + d*x))/((dxe - cxf)*x((d"2xe)/(d*e - c*f) -
(cxd*f)/(dxe - cx£)))])))/(16%xd"2x£72*(c + d*x)~2x(1 + (d*fx(c + d*x))/((d
xe — cxf)*x((d"2*e)/(d*e - c*xf) - (c*xd*xf)/(d*xe - cx£)))))))/(3*dxf~4*Sqrt[d/
((d~2xe)/(d*e - c*xf) - (cxd*xf)/(d*xe - cxf))]1*Sqrt[(d*x(e + f*xx))/(d*e - cxf)
D

Maple [B] time = 0.046, size = 6728, normalized size = 5.

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a) 2% (Cxx~2+Bxx+A)* (d*x+c) ~(1/2) * (f*x+e) ~(1/2) ,%)

[Out] result too large to display

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((b*x+a) "2x (Ckx™2+B*x+A)* (d*x+c) ™ (1/2)*(f*x+e)”(1/2) ,x, algorithm=
"maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 10.9019, size = 6765, normalized size = 5.02

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a) 2% (Cxx~2+B*x+A)* (d*x+c) ~(1/2) *(f*x+e)~(1/2) ,x, algorithm=
"fricas")

[Out] [1/30720%(15%(21*C*b~2*xd"6*e”6 - 14*(Cxb~2*xc*d~5 + 2*(2*Cxa*xb + B*b~2)*d~6)
*e75*xf - Bk (Cxb™2%c™2xd"4 - 4x(2#Cxaxb + B*b~2)*c*d™5 - 8*x(Cxa~2 + 2%Bxax*b
+ A*b72)*d"6) *e"4*xf"2 - 4+ (Cxb~2%c”3*d"3 - 2x(2*xCxaxb + B¥b~2)*c”"2*d"4 + 8%
(Cxa™2 + 2#B*axb + A*b"2)*c*xd~5 + 16*(B*a”2 + 2*A*xaxb)*d~6)*e~3*%f~3 - (5*C*
b"2*c"4*xd"2 - 128*A*a"2%d"6 - 8*x(2*Ckxaxb + B*b~2)*c~3+%d"3 + 16*(C*xa”"2 + 2*B
*axb + A*b"2)*c”2*xd"4 - 64%(B*a~2 + 2xAxaxb)*c*d”5)*e”2*xf"4 - 2% (7*Cxb~2%c”
5%d + 128*A*a”2*xc*d”5 - 10*x(2xC*axb + B*b~2)*c™4*d”"2 + 16*x(Cxa~2 + 2*B*ax*b
+ A*b72)*c73%d"3 - 32%(B*a"2 + 2kA*xaxb)*cT2xd"4)xexf"5 + (21*%C*b"2*c”6 + 12
8xA*a~2xc"2xd"4 - 28x(2*Cxaxb + B*b~2)*c”"5*xd + 40*(Cxa~2 + 2*Bxaxb + A*xb~2)
*CT4*xd"2 - 64*%(B*a”2 + 2xAxaxb)*c”3*%d"3)*f76)*sqrt (d*f)*log(8xd~2*f " 2*x"2 +
d"2%e”2 + 6xckdkexf + cT2xf72 - 4x(2%dxfxx + dke + c*xf)*sqrt(d*f)*sqrt(d*x
+ c)*sqrt(fxx + e) + 8x(d"2xe*xf + c*xd*xf~2)*x) + 4*x(1280*Cxb~2xd~6*f~6*x~5
+ 315*Cxb~2xd"6*e~5xf - 105 (C*b~2*c*d™5 + 4*(2*xCxaxb + B*b~2)*d~6) *e " 4*xf~2
- 2% (41*Cxb~2*xc"2*xd"4 - 80*(2*C*a*b + B*b~2)*cxd™5 - 300*(C*a~2 + 2*B*ax*b
+ A*b72)*d"6) *e"3*xf "3 - 2% (41*%C*b"2*c”"3*d"3 - 68*(2*xCxaxb + B*b~2)*c"2xd"4
+ 140%(C*a~2 + 2xB*axb + A*b~2)*c*d™5 + 480%(B*a~2 + 2*xAxa*b)*d~6)*e"2xf"4
- B (21*%C*b~2*%c™4*d"2 - 384xAxa~2%d"6 - 32*(2*Ckaxb + B*b~2)*c~3%d"3 + 56%*(
C*a™2 + 2*Bkxaxb + Axb72)*c”2+%d"4 - 128%(B*a”2 + 2xAxaxb)*c*d”5)*e*xf”~5 + 15x%
(21%C*b~2%c™b*d + 128%A*a”~2xcxd™5 - 28*(2*Ckaxb + B*b~2)*c~4*xd~2 + 40*(C*a”
2 + 2%Bkaxb + A*b"2)*c”3*%d"3 - 64*(B*a”2 + 2xA*xaxb)*c”2xd"4)*f"6 + 128*(Cxb
~2%d"6*e*xf"5 + (Cxb"2xc*xd~5 + 12%(2*C*a*xb + B*b~2)*d"6)*f~6)*x"4 - 16%(9*Cx
b72xd"6xe"2xf~4 - 2% (C*xb~2*c*kd”™5 + 6x(2*xCxaxb + B*b~2)*d"6)*e*xf~5 + 3x(3xCx
b"2*xc"2*xd"4 - 4% (2+Cxaxb + B*b~2)*c*xd~5 - 40%x(C*a~2 + 2*B*a*b + A*xb~2)*d~6)
*f76)*x"3 + 8% (21*Cxb~2*xd"6xe”3*%f~3 - (5kCxb~2xc*xd™5 + 28*(2*C*axb + B*b~2)
*d76) *e"2*%f"4 - (5xCxb~2xc"2xd"4 - 8+ (2#Cka*xb + B*b~2)*cxd”5 - 40%(C*xa~2 +
2%Bxaxb + A*b"2)*d"6)*exf"5 + (21*%C*b~2%c"3*d"3 - 28*(2*xCxaxb + B*b~2) *c 2%
d~4 + 40%(C*xa”~2 + 2xBxaxb + A*b~2)*c*d”5 + 320*(Bxa~2 + 2%A*xaxb)*d”~6)*f~6)x*
X"2 - 2% (105%C*b~2%d"6*e " 4*f~2 — 28*(Cxb~2xcxd~5 + 5% (2*C*a*b + B*b~2)*d~6)
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*e73*%f73 - 2% (13*Cxb~2*xc"2xd~4 - 22%(2*C*a*b + B*b~2)*cxd™5 - 100%(C*a~2 +
2%Bxaxb + A*b”2)*d"6)*e"2xf"4 - 4*x(7T+Cxb~2*%c”3*d"3 - 11*(2*xCxaxb + B*b~2)*c
“2%d74 + 20*%(C*xa”2 + 2xBxaxb + A*b~2)*c*d”5 + 80*(B*a~2 + 2xAxaxb)*d"6) xexf
“5 + B5x(21%Cxb"2%xc"4*d"2 - 384*xA*a”2xd"6 - 28% (2*Cxaxb + B*b"2)*c”3*d"3 + 4
0% (C*a”™2 + 2*Bxaxb + A*b~2)*c”2%d"4 - 64*x(B*a”~2 + 2xA*axb)*c*d”5)*f~6)*x)*s
qrt(d*xx + c)*sqrt(f*x + e))/(d"6*£76), 1/156360%(156%x(21*C*xb~2xd"6%e”6 — 14x(
C*b~2*xc*d™5 + 2x(2xCxaxb + B*b~2)*d"6)*e~5*xf — 5x(Cxb~2%c™2+%d"4 - 4*(2*xCkxax
b + B*b"2)*c*d”5 - 8*(C*a”2 + 2*Bkxaxb + Axb72)*d"6)*e 4*f~2 — 4x(Cxb~2xc~ 3%
d"3 - 2*x(2xCxaxb + B*b~2)*c"2+%d"4 + 8% (C*xa”~2 + 2xBxaxb + A*¥b~2)*c*d™5 + 16x%
(Bxa~2 + 2*A*a*xb)*d"6)*e"3*xf~3 - (54xC*b~2%c"4*d"2 - 128*A*a~2*xd"6 - 8+ (2*Cx
a*b + B*¥b72)*c”3*d"3 + 16%(C*a”~2 + 2*Bxaxb + A*¥b~2)*c”2*d"4 - 64x(B*a"2 + 2
*A*xaxb) *kckd"5) ke 2xf "4 - 2% (7#C*b~2*c~b*xd + 128*A*a~2xcxd”5 - 10*(2*C*axb +
B*b~2)*c"4*d"2 + 16%(C*a”2 + 2*Bkxaxb + A*b"2)*c”3%d"3 - 32%(B*a”2 + 2kA*xax
b)*c"2xd"4) xexf~5 + (21*%C*b"2*c”6 + 128*A*xa~2xc”2%d"4 - 28*(2*Ckaxb + Bxb~2
Y*xc75*d + 40%(C*a”2 + 2*Bxaxb + A*xb~2)*c"4*d"2 - 64*x(B*a”~2 + 2xAxaxb)*c”3*d
~3)*£76) *sqrt (-d*f)*arctan(1/2*x (2*xd*xf*x + d*e + cxf)*sqrt(-d*f)*sqrt(d*x +
c)*sqrt(fxx + e)/(d72*f72+x72 + ckxd*exf + (d"2*xexf + c*xd*xf~2)*x)) + 2x(1280
*C*xb"2+%d"6*f"6*xx"5 + 315%Cxb~2xd"6*e”5*xf - 105%(Cxb~2xc*xd™5 + 4% (2*Cxaxb +
B*b~2)*d"6)xe~4*f"2 - 2% (41*%C*xb~2*c"2*xd"4 - 80*(2*C*axb + B*b~2)*c*d”5 - 30
0% (C*a”™2 + 2*Bxaxb + A*b~2)*d"6)*e " 3*f"3 — 2% (41*xCxb~2%c~3*%d"3 - 68*(2*Ckxax
b + Bxb"2)*c"2%d"4 + 140%(C*a”2 + 2*Bxaxb + A*b~2)*c*d"5 + 480*(B*a”~2 + 2*A
*axb) *d"6) ke 2xf"4 — 5x(21*xCxb~2%c"4*d"2 - 384*xA*a”~2*xd"6 - 32x(2*Cxaxb + Bx
b~2)*c"3*%d"3 + 56*(C*a”2 + 2*Bxaxb + A*xb~2)*xc”2%d"4 - 128*%(B*a”2 + 2xAxaxb)
*c*d"B) *exf"5 + 15%x(21*Cxb~2%c~5+d + 128*%A*a”2xcxd”5 - 28*(2*Cxaxb + B*b~2)
*C74%d72 + 40%(C*xa”2 + 2xBxaxb + A*b~2)*c”3*d"3 - 64*x(B*xa~2 + 2%A*xaxb)*c 2%
d"4)*f"6 + 128*(Cxb~2*%d"6*e*xf"5 + (Cxb"2*c*xd™5 + 12%x(2*Ckaxb + B*b~2)*d"6)*
f76)*x"4 — 16*%(9*Cxb~2xd"6*e " 2*xf~4 — 2% (Cxb~2*c*d™5 + 6% (2*%C*axb + Bxb~2)*d
“B)*xexf"5 + 3% (3*xCxb " 2%c"2xd"4 - 4% (2xCkxaxb + B*b~2)*c*d”™5 - 40*(C*xa™2 + 2%
Bxaxb + A*b~2)*d"6)*f"6)*x"3 + 8*(21*Cxb~2*xd"6xe~3*%f~3 - (5*Cxb~2*c*d”"5 + 2
8% (2xC*xaxb + B*b~2)*d"6)*e"2+«f"4 - (5xCxb~2*xc~2*xd~4 - 8+ (2+Cxa*xb + Bxb~2)*c
*d"5 - 40*%(C*a”2 + 2*Bxaxb + A*b~2)*d"6)*e*xf”"5 + (21*Cxb~2*xc~3*%d~3 - 28* (2%
Cxaxb + B*b~2)*c™2%d"4 + 40*(Cxa”2 + 2*Bxaxb + A*b~2)*c*xd”5 + 320*%(Bxa~2 +
2%A*xaxb) *d"6) *f"6) *x"2 — 2x (105%C*b~2*%d"6*e " 4*f~2 — 28*(Cxb~2xc*d~5 + 5% (2%
Ckxaxb + B*b~2)*d"6)*e”3*%f~3 - 2% (13*Cxb~2xc~2*xd~4 - 22%(2*Cxa*b + B*b~2)*cx*
d"5 - 100*(C*xa”~2 + 2xBxaxb + A*b"2)*d"6)*e”2*xf~4 — 4x(7T+*Cxb~2%c"3*d"3 - 11x%
(2%Cxaxb + B*b"2)*c™2*d"4 + 20*x(Cxa~2 + 2*B*a*b + A*xb~2)*c*xd”5 + 80*(B*a™2
+ 2kA*xaxb)*d"6)xexf"5 + 5x(21*%Ckxb~2*xc"4*d"2 — 384*xA*xa~2+%d"6 - 28*(2*Ckxa*xb +
B*b~2)*c"3*%d"3 + 40%(C*a~2 + 2*Bkaxb + A*b"2)*xc"2xd"4 - 64*(B*a~2 + 2kA*xax
b)*xc*d”~5) *f76) *x) *sqrt (d*x + c)*sqrt(f*x + e))/(d"6*£76)]
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Sympy [F] time = 0., size = 0, normalized size = 0.

f(a +bx)? Ve + dxrJe + fx (A +Bx + sz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)**2% (Ckx**2+B*x+A) * (dxx+c)** (1/2) * (£*x+e) **(1/2) ,x)

[Out] Integral((a + b*x)**2xsqrt(c + d*x)*sqrt(e + f*x)*(A + Bxx + C*x**2), x)

Giac [B] time = 3.68238, size = 3560, normalized size = 2.64

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) 2% (Cxx~2+B*x+A)* (d*x+c)~(1/2)*x(f*x+e)”(1/2) ,x, algorithm=
llgiacll)

[Out] 1/7680%(80*(sqrt((d*x + c)*d*xf - cxd*f + d™2xe)*sqrt(d*x + c)*(2x(d*xx + c)/
(@~4*x£72) - (c*f72 - dxfx*e)/(d"4x£74)) + (c™2%f72 - 2*xcxd*fxe + d"2*e"2)xlo
g(abs(-sqrt(d*f)*sqrt(d*x + c) + sqrt((d*x + c)xd*f - cxdxf + d"2*e)))/(sqr
t (d*f)*d"3*f73) ) *A*a"2*abs (d) /d"2 + 40*(sqrt((d*x + c)*d*f - cxdxf + d"2*e)
* (2% (d*x + c)*(4x(d*x + c)*(6%(d*x + ¢)/d"2 - (17xcxd"6xf"6 - d"7*f"5xe)/(d
“8*f76)) + (59*c”2*d"6*f"6 — 6*cxd”Txf"bxe - 5xd"8+f"4*e72)/(d"8*f76)) - 3*
(5*%c™3*d"6*xf"6 + c”2xd"T7*f"b*xe - c*xd"8*xf"4*e”2 - 5xd"9*f"3%e73)/(d"8*f76))*
sqrt(d*x + c) + 3x(5kxc™4xf"4 - 4xc”3xd*f"3%e - 2%cT2xd72xf"2%e”2 - 4xc*xd” 3%
fxe™3 + b*xd"4xe”4)*log(abs(-sqrt(d*f)*sqrt(d*x + c) + sqrt((d*x + c)*d*f -
cxd*f + d72xe)))/(sqrt(d*f)*d*f~3))*C*xa~2xabs(d)/d"2 + 80*(sqrt((d*x + c)*d
xf — ckxd*f + d72xe)* (2% (d*x + c)*(4*x(d*x + c)*(6*x(d*x + c)/d"2 - (17*c*xd"6x
£76 - d77*f75%e)/(d"8*f76)) + (59*c™2xd"6*f"6 - 6xc*xd"7*f 5kxe - L5kd"8*xf 4xe
~2)/(d"8*%f76)) - 3*%(5xc”3*%d"6*f"6 + c"2*%d"7*f 5ke - c*d"8*f"4xe”2 - b5*xd"9xf
~3%e73)/(d"8*f76) ) ksqrt (d*x + c) + 3*(5xc”4*f"4 - 4xc”3*kd*f"3xe - 2%cT2xd"2
xf"2%e”2 - 4xckxd"3*xfxe”3 + b*xd"4xe”4)*log(abs(-sqrt(dxf)*sqrt(d*x + c) + sq
rt((dxx + c)*d*xf - cxd*f + d™2xe)))/(sqrt(d*f)*d*f~3))*B*axbxabs(d)/d"2 + 8
*x(sqrt ((d*x + c)*d*f - ckxd*xf + d"2%e)*(2x(4x(d*xx + c)*(6x(d*x + c)*(8x(d*x
+ ¢)/d”3 - (31*%c*xd™12+f78 - d~13xf"7*e)/(d"15*%£78)) + (263*c™2%d"12%f"8 - 1
6xcxd"13*f"7*e - T*d"14xf76%e”2)/(d"15*%£78)) - Bk (121%c~3*d"12%f~8 - 9*c~2x
d713%f"7xe - 9xcxd"14*f"6%e”2 - 7T*d"16xf"5xe”3)/(d"15%f78) ) *(d*x + c) + 15%
(7T*c™4%d"12*%£78 + 2xc~3%d"13*%f"7xe - 2%c*kd~16%f"5xe”3 - 7*d~16%xf~4*xe~4)/(d"
16%x£78) )*sqrt (d*x + c) - 15*%(7*c™b5*f~5 - Bxc 4*xdxf 4*xe — 2xc”3%d"2*xf"3*e”2
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- 2%c72xd"3*f"2%e”3 - bkckd"4xfxe”4 + Txd"5*e”5)*log(abs(-sqrt(d*f)*sqrt (dx*
x + ¢) + sqrt((d*x + c)*d*xf - ckxd*f + d~2%e)))/(sqrt(d*f)*d~2*f~4))*Cxaxbx*a
bs(d)/d~2 + 40*(sqrt((d*x + c)*d*f - cxd*f + d™2*xe)*(2x(d*x + c)*(4x(d*x +

c)*x(6x(d*x + ¢)/d™2 - (17*cxd"6%xf76 - d"7*xf"5*xe)/(d"8*f76)) + (59*c™2*xd~6%f
"6 - 6xc*d"7*f"bxe - 5xd"8xf"4*e”2)/(d"8*f76)) - 3% (5xc”3*d"6*f76 + c~2%d”7
*f"Bke — ckd"8*f 4xe”2 - b5xd"9*f"3%e”3)/(d"8%f76))*sqrt(d*x + c) + 3*(5xc”4
xf74 - 4*xcT3*xd*f73%e — 2%xcT2*xd"2*f72%e”2 - 4kcxd"3xf*e”3 + 5xd"4*xe”4)*log(a
bs(-sqrt (d*f)*sqrt(d*x + c) + sqrt((d*x + c)*d*f - cxdxf + d"2%e)))/(sqrt(d
*xf)*xd*f73) ) kAxb~"2*%abs(d) /d"2 + 4*(sqrt((d*x + c)*d*xf - cxd*f + d™2%xe)*(2x(4
*x(dxx + c)*x(6%(d*x + c)*(8*(d*xx + ¢)/d”™3 - (31xc*xd~12+f78 - d~13*f"7xe)/(d”
16%£78)) + (263*%c™2xd"12*f78 - 16*%c*d"13*%f"7*xe - 7*d~14xf~6*e~2)/(d"15*f~8)
) = B5x(121%c™3xd"12%xf78 - 9*c~2xd"13*f " Txe - Okc*d"14*f"6*e”2 - Txd"15xf b5x
e”3)/(d"15%£78) ) *(d*x + c) + 15%(7xc™4*d"12%f78 + 2xc~3*d"13*f " 7*xe - 2*c*d”
16%xf~5*%e~3 - 7+d"16*%f 4*e"4)/(d"16%£78) ) *sqrt(d*x + c) - 15x(7*c™b*f"5 - 5%
cT4xd*f"4*xe - 2%cT3*d72*f73*%e”2 - 2%cT2%d"3*%f72%e”3 - bkcxd"4xfxe”4 + 7xd"5
xe~b)*xlog(abs(-sqrt(d*f)*sqrt(d*x + c) + sqrt((d*x + c)*d*f - cxd*f + d"2xe
)))/ (sqrt (d*f)*d~2xf~4))*Bxb~2*abs(d) /d"2 + (sqrt((d*x + c)*d*f - cxdxf + d
“2%e) k(2% (4% (2% (d*xx + c)*(8x(d*x + c)*(10*(d*x + c)/d"4 - (49%c*xd~20%f~10 -
d~21*f79%e) /(d"24x£710)) + 3*(253*c”2xd"20%f710 - 10*c*d"21*f " 9xe - 3*d~22
xf~8%e72)/(d"24%£710)) - (1429%c”3*d"20*%f710 - 79*c~2*d"21*f " 9xe - 49*c*d~2
2xf"8xe”2 - 21%d"23*f"7*e”3)/(d"24*£710))*(d*xx + c) + 5*(491*c”4*d"20*£710

- 28%c73*%d"21*f79%e - 30*%cT2*xd"22*%f"8%e”2 - 28*c*xd"23*f " 7xe”3 - 21*xd"24*f"6
xe”4)/(d"24*%£710) )k (d*x + c) - 15x(21%c™B5*d"20%f710 + 7*c™4*d"21*f"9*e + 2%
C™3%d"22%f"8%e"2 — 2xCcT2xd"23*f"7*e”3 - Tkxc*xd"24*xf"6*xe”4 - 21xd"25xf"5%e”5)
/(d724%£710) ) *xsqrt (d*x + c) + 16%(21xc™6*%f76 - 14xc~5xd*f~bxe - bxc~4xd~2*f
“4xe”2 - 4xc”3%d"3*f73*%e”3 - 5xcT2xd"4xf"2%e”4 - 14kxcxd"bxfxe”5 + 21*xd"6*e”
6)*log(abs(-sqrt (d*f)*sqrt(d*x + c) + sqrt((d*x + c)*d*f - ckxdxf + d"2%e)))
/ (sqrt (d*f)*d~3*f"5) ) *C+b~2*abs (d) /d"2 + 4*(sqrt((d*x + c)*d*f - c*xd*f + d~
2xe)*xsqrt (d*xx + c)*(2x(d*x + c)*(4x(d*xx + ¢)/(d76%f72) - (7*c*xf~4 - dxf~3xe
)/(d76x£76)) + 3x(c”2xf74 - d72xf72xe”2) /(d76*f76)) - 3*x(c"3*xf"3 - cT2xd*f”
2%e - cxd"2*f*e”2 + d~3%e”3)*log(abs(-sqrt(d*f)*sqrt(d*x + c) + sqrt((d*x +
c)*kdxf - cxd*f + d"2%e)))/(sqrt(d*f)*d~5xf~4))*B*a"2*abs(d)/d~3 + 8*(sqrt(
(d*x + c)*d*f - c*d*f + d"2xe)*sqrt(d*x + c)*(2x(d*x + c)*(4*x(d*x + ¢)/(d"6
*£72) - (Txcxf~4 - dxf73%e)/(d76%£76)) + 3x(c™2xf74 - d"2xf72xe”2)/(d"6%f"6
)) = 3x(c73*f73 - cT2*d*f"2%e - c*xd"2*xfxe”2 + d"3*e”3)*log(abs(-sqrt (d*f)*s
grt(d*x + c) + sqrt((d*x + c)*d*f - cxd*f + d™2xe)))/(sqrt(d*f)*d~5xf~4))*A
*axbxabs (d)/d"3)/d
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3.42 [(a+bx)Vc +dxJe + fx (A + Bx + sz) dx

Optimal. Leaf size=721

(c+dx)¥2(e + fx)¥2 (48a2Cd2 2 + 6bd fx(6aCdf — b(L0BAf — 7C(cf + de))) — 10abdf (8Bdf - 5C(cf + de)) + b? (-
- 240bd3 3

[Out] ((d*e - cxf)*(2*a*xd*xf*x(Cx(5xd"2xe”~2 + 6*ckdxexf + 5xc™2xf72) + 8+dxf*x(2xA*xd
*f - Bx(d*e + c*f))) — bx(Cx(7*d"3*e”3 + Okckd™2xe ™ 2xf + 9xc™2xd*exf~2 + T7x
c"3*xf73) + 2*d*f* (8kAxd*xf*x(d*xe + cxf) - B*x(5xd"2%e”2 + 6Gkckxdxexf + Bxc™2xf~
2))))*Sqrtlc + d*x]*Sqrtle + f*xx])/(128+xd~4*f~4) + ((2xaxd*f*(Cx(5xd~2*e”2
+ 6xckdkexf + 5xcT2+%f72) + 8xdxf*(2xAxd*f - Bx(d*e + c*f))) - b*x(Cx(7x*d"3x*e
T3 + Okc*kdT2xe”2xf 4+ OkxcT2xdkexfT2 + TxcT3kf73) + 2kdxf* (8xAxdxf*(dxe + cxf
) — Bx(b5*xd"2%e”2 + 6kxcxdkexf + b5xc"2x£72))))*(c + d*x)~(3/2)*Sqrtle + f*x])
/(64%d"4*f73) + (Cx(a + bxx) 2+(c + d*x)~(3/2)*(e + f*x)~(3/2))/(5¥b*d*f) -

((c + d*x)~(3/2)*(e + f*x)"(3/2)*(48%a~2+%C*d"2*%f"2 - 10*a*xbxd*f* (8xBxd*f -
5%xCx(d*e + c*f)) - b™2x(C*x(35*xd"2%e”2 + 38*xcxd*exf + 35xc™2+xf~2) + 10*xdxf*
(8xAxd*f - B*Bx(d*e + c*f))) + 6xbxd*f*(6*xa*Cxd*f - bk (10*Bxd*xf - 7+Cx(d*xe
+ c*f)))*x))/(240%bxd~3*%f73) - ((d*e - c*f) " 2x(2xaxd*f* (Cx(5xd"2*e”2 + 6*cx*
dxexf + 5xc™2xf72) + 8*xd*f*(2*xAxd*f - Bx(d*e + cxf))) - b*(Cx(7*d"3*e”3 + 9
*ckd 2% 2%f + OkcT2xd*exfT2 + THcT3+%f73) + 2kdkf* (8kAxdxfx(dxe + c*f) - Bx
(5%d"2%e”2 + 6xcxdxexf + bxc™2*f~2))))*ArcTanh[(Sqrt [f]1*Sqrt[c + d*x])/(Sqr
t[d]*Sqrtle + £xx])]1)/(128*d~(9/2)*£~(9/2))

Rubi [A] time = 0.963188, antiderivative size = 719, normalized size of antiderivative =
1., number of steps used = 7, number of rules used = 6, integrand size = 34, number of rules _

integrand size
0.176, Rules used = {1615, 147, 50, 63, 217, 206}

(c + dx)(e + fx)¥2 (48a2Cd2 f2 - 6bd fx(~6aCdf + 10bBdf — 7bC(cf + de)) — 10abd f (8Bdf — 5C(cf + de)) + b* (— 1
- 240bd3 3

Antiderivative was successfully verified.

[In] Int[(a + b*x)*Sqrtlc + d*x]*Sqrtle + fxx]*(A + Bxx + C*x72),x]

[Out] ((d*e - c*xf)*(2xaxd*f*(Cx(5*d"2*%e”2 + 6xcxdxexf + 5*xc™2+%f72) + 8*xd*xf*(2xA*xd
*f — Bx(d*e + c*f))) — bx(Cx(7*d"3*e"3 + Okckd™2%xe ™ 2xf + 9xc™2xd*exf~2 + T
c"3*%f73) + 2*d*xf* (8kAxd*xf*x(d*e + cxf) - B*x(5xd"2%e”2 + 6Bkckdkexf + Hxc™2%f~
2))))*Sqrt[c + dxx]*Sqrtle + fxx])/(128*%d~4*xf~4) + ((2*axd*xf*(Cx(5xd"2%e”2
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+ 6xckxdkexf + 5xcT2+%f72) + 8xdxf*(2xAxd*f - Bx(d*e + c*f))) - b*x(Cx(7x*d"3x*e
3 + Okxc*kd"2*e” 2% + 9xcT2xdxexfT2 + TxcT3*f73) + 2kdxfx (8xAxdxfx(d¥e + cx*f
) — Bx(5*xd"2%e”2 + 6kxcxdkexf + b5xc"2x£72))))*(c + d*x)~(3/2)*Sqrtle + f*x])
/(64%d"4%f73) + (Cx(a + b*xx) 2%(c + d*x)~(3/2)*(e + f*x)~(3/2))/(5*¥b*d*f) -
((c + d*x)~(3/2)*(e + f*x)"(3/2)*(48%a~2+%C*d"2*f"2 - 10*a*xbxd*xf* (8xBxd*f -
5xCx(d*e + c*f)) - b™2x(C*x(35*xd"2%e”2 + 38*xcxd*exf + 35xc™2+xf~2) + 10*xdxf*
(8xAxd*f - 5xBx(d*e + c*xf))) - 6%bxd*xf*(10*¥b*Bxd*f - 6*a*xCxdxf - 7*b*xCx(d*e
+ c*xf))*x))/(240%b*d"3*%f73) - ((d*e - c*xf) " 2x(2xaxd*f*(Cx(5xd"2*e”2 + 6*cx*
dxexf + 5xc™2xf72) + 8*xd*xf*(2xAxd*f - Bx(d*e + cxf))) - b*(Cx(7*d"3*e”3 + 9
*ckd 2% 2%f + OkcT2xdkexfT2 + THcT3*%f73) + 2kdkf* (8kAxdxfx(dxe + c*f) - Bx
(5xd"2*%e”2 + Bkckdxexf + 5xc™2*xf72))))*ArcTanh[(Sqrt [f]*Sqrt[c + d*x])/(Sqr
t[d]*Sqrtle + £xx])]1)/(128*d~(9/2)*£~(9/2))

Rule 1615

Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_)*(x_))"(n_.)*((e_.) + (f
_D)*(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simp[(k*(a + b*x)"(m + q - D*(c + d*xx)"(n + 1)*(e + f*x)"(p +

1))/ (dxf*xb"(q - D*x(m + n +p + q+ 1)), x] + Dist[1/(dxf*b"g*x(m + n + p +

q + 1)), Int[(a + b*x) m*x(c + d*x) n*x(e + fxx) p*ExpandToSum[d*f*b~q*(m + n
+p+qg+ 1)*Px - dxfxkx(m + n + p + g + )*x(a + bxx)"q + kx(a + b*xx)"(q -
2)x(a"2xd*fx(m + n + p + q + 1) - b*(bxcxex(m + q - 1) + ax(d*xex(n + 1) +

ckfx(p + 1))) + bx(axd*f*(2%x(m + q) + n + p) - b*x(d*ex(m + q + n) + cxf*x(m

+q+p)))*x), x], x], x]1 /; NeQIm + n + p + g+ 1, 0]] /; FreeQl{a, b, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x] && IntegersQ[2+*m, 2*n, 2xp]

Rule 147

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.)*((e ) + (f_.)*(x_
N*((g_.) + (h_.)*(x_)), x_Symbol] :> -Simp[((a*d*xf*h*x(n + 2) + bxc*fxhx*(m

+ 2) - bxdx(fxg + exh)*(m + n + 3) - bxdxfxh*x(m + n + 2)*x)*x(a + b*x)~(m +

D*x(c + d*xx)"(n + 1))/ (b"2%d"2*(m + n + 2)*(m + n + 3)), x] + Dist[(a"2xd"2
xfxhx(n + 1)*(n + 2) + axbxd*(n + 1)*(2%cxfxh*(m + 1) - dx(fxg + exh)*(m +

n + 3)) + b"2k(c™2xf*xhx(m + 1)*(m + 2) - cxd*(f*g + exh)*(m + *x(m + n + 3
) + d"2%exgx(m + n + 2)*x(m + n + 3)))/(b™2%d"2%(m + n + 2)*(m + n + 3)), In
t[(a + bxx)"m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m, n},

x] && NeQ[m + n + 2, 0] && NeQ[m + n + 3, 0]

Rule 50

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+ b*x)"(m + D*x(c + d*x)"n)/(b*x(m + n + 1)), x] + Dist[(nx(bxc - axd))/
(bx(m + n + 1)), Int[(a + b*x) " mx(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[b*c - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && ! (IGtQ
[m, 0] & ( !'IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) & !ILtQ[m + n
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+ 2, 0] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x"(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x"2]] /; FreeQ[{a, b}, x] & 'GtQ[a, O]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtl[a, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rubi steps
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C(a + bx)?(c + dx)¥2(e + fx)¥? ~f(a+bach+dee+fx(--%b@
= -+
5bdf

 C(a+bR(c +dxyR(e + fx)¥2  (c+dx)(e+ fx)¥? (48a°CaPf?
B 5bdf -

f(a +bx)Vc +dxJe + fx (A +Bx + sz) dx

(2adf (C (5d2% + 6cdef + 5c2f2) + 8df(2Adf — B(de + cf))) - b (C

_ (de—cf) (2adf (C (5d%¢ + 6cdef + 52 f2) + 8df (2Adf - B(de + cf

_ (de—cf) (2adf (C (5d%¢ + 6cdef +5c2f2) + 8df (2Adf - B(de + cf

_ (de—cf) (2adf (C (54%¢ + 6cdef + 52 f2) + 8df (2Adf - B(de + cf

_ (de—cf)(2adf (C (54%¢ + 6cdef + 52 f2) + 8df (2Adf - B(de + cf

Mathematica [B] time = 6.48294, size = 2722, normalized size = 3.78

Result too large to show

Antiderivative was successfully verified.

[In] Integratel[(a + b*x)*Sqrtl[c + d*x]*Sqrtle + f*x]*(A + B*x + C*x72),x]

[Out] (2*%bxCkx(d*e - c*xf)~3*x(c + d*x)~(3/2)*Sqrtle + fxx]*(1 + (dxfx(c + d*x))/((d
xe — c*xf)*((d"2*%e)/(d*xe — cxf) - (c*xd*f)/(d*e - c*f))))~(9/2)*((3*%(35/(64*(
1 + (dxfx(c + d*x))/((d*e - cxf)*((d"2*e)/(d*xe - c*f) - (ckd*xf)/(d*e - cx*f)
)))~4) + 35/(48%(1 + (dxf*x(c + d*x))/((d*e - cxf)*((d"2xe)/(d*e - c*xf) - (c
*xd*xf) /(d*e - c*£))))73) + 7/(8%(1 + (d*fx(c + d*x))/((d*e - cxf)*x((d"2x*e)/(
d*e - c*f) - (cxd*f)/(d*¥e - c*£))))"2) + (1 + (d*xfx(c + d*x))/((d*e - c*f)x*
((d~2%e)/(d*e - c*f) - (cxd*xf)/(dxe - c*x£))))"(-1)))/10 + (21*(d*e - c*f)~2
*((d"2%e)/(d*e - c*xf) — (cxd*f)/(d*e - c*f)) " 2x((2xd*xf*x(c + d*x))/((d*e - ¢
*f)*x((d"2%e)/(d*xe - c*f) - (cxd*f)/(dxe - c*f))) - (2+Sqrt[d]*Sqrt[f]1*Sqrt[
c + d*xx]*ArcSinh[(Sqrt[d]*Sqrt[f]*Sqrtlc + d*x])/(Sqrtld*e - c*f]*Sqrt[(d~2
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xe)/(dxe - cxf) - (ckd*f)/(d*e - c*xf)])])/(Sqrtld*e - cxf]*Sqrt[(d~2x*e)/(d*
e — cxf) - (cxdxf)/(d¥e - c*xf)]*Sqrt[1l + (dxf*x(c + d*x))/((d*e - cxf)*((d"2
xe)/(d*e - c*f) - (cxd*f)/(d*e - c*£)))])))/(512%d"2+f"2x(c + d*x)"2*(1 + (
dxf*x(c + d*x))/((d*xe - cxf)x((d"2xe)/(d*e - c*f) - (cxd*xf)/(dxe - cxf))))~4
)))/ (3xd~4xf~3%(d/((d"2*e)/(d*e - c*f) - (cxd*f)/(dxe - c*f)))~(7/2)*Sqrt [(
d«x(e + f*x))/(d*e - cxf)]) + (2x(d*e - c*f) 2% (-3*%b*xCxe + b*Bxf + axCxf)x(c
+ dxx) " (3/2)*Sqrt e + fxx]*(1 + (d*f*(c + dxx))/((d*xe - c*xf)*((d"2xe)/(d*e
- cxf) - (ckdxf)/(d*e - c*xf))))~(7/2)*((3*(5/(8x(1 + (d*xfx(c + d*x))/((d*e
- cxf)*((d"2*e)/(d*e - c*xf) - (c*xd*xf)/(dxe - cx£))))~3) + 5/(6%x(1 + (d*xf*(
c + dxx))/((d*e - c*f)*((d"2xe)/(d*e - c*xf) - (cxd*f)/(d*e - c*f))))"2) + (
1 + (d*fx(c + d*x))/((d*xe - cxf)*((d"2xe)/(d*xe - c*xf) - (cxd*xf)/(d*e - cx*f)
)))"(=1)))/8 + (15%x(d*e - c*xf)"2x((d"2%e)/(d*e - c*f) - (cxd*f)/(d*e - cxf)
)"2x ((2xd*xf*(c + d*x))/((d*xe - cxf)*x((d"2%e)/(d*e - c*xf) - (cxd*xf)/(dxe - ¢
xf))) - (2xSqrt[d]*Sqrt[f]*Sqrt[c + d*x]*ArcSinh[(Sqrt[d]*Sqrt[f]*Sqrtlc +
d*x])/(Sqrt[d*e - c*f]l*Sqrt[(d~2*e)/(d*e - c*xf) - (c*xd*f)/(dxe - cx£)])]1)/(
Sqrt[dxe - c*xf]xSqrt[(d~2xe)/(d*e - cxf) - (cxdxf)/(d*e - cxf)]*Sqrt[1 + (d
*xfx(c + d*x))/((d*e - cxf)*((d"2*e)/(d*xe - c*f) - (c*xd*f)/(d*e - cxf)))]1)))
/(256*%d"2+f72x(c + d*x)"2%(1 + (d*xf*x(c + d*x))/((d*xe - cxf)*x((d"2xe)/(d*e -
cxf) - (cxd*xf)/(dxe - c*x£))))~3)))/(3*d"3*£73x(d/((d"2*e)/(d*e - c*xf) - (c
xd*xf)/(d*e - c*x£f)))~(5/2)*Sqrt[(d*x(e + f*x))/(d*e - c*xf)]) + (2x(d*e - cxf)
* (3%bxCxe”2 — 2xbxBxexf - 2xaxCxe*xf + Axb*xf~2 + axBxf~2)x(c + d*x)~(3/2)*Sq
rtle + f*x]*(1 + (dxf*(c + d*x))/((d*e - c*xf)*x((d"2%e)/(d*e - cxf) - (cxdxf
)/(dxe - c*xf))))~(5/2)*((3/(4x(1 + (d*fx(c + d*x))/((dxe - c*f)*((d"2*e)/(d
xe — cxf) - (cxd*f)/(d*e - c*£))))72) + (1 + (dxfx(c + d*x))/((d*e - c*xf)x*(
(d~2*e)/(dxe - cxf) - (c*xd*f)/(dxe - cx£))))~(-1))/2 + (3*(d*e - c*xf)~2x((d
~2xe)/(d*e - c*xf) - (c*xd*f)/(dxe - cxf)) 2% ((2xd*f*(c + d*x))/((d*e - c*f)*
((d72%e)/(d*e - c*xf) - (ckd*xf)/(dxe - cxf))) - (2xSqrt[d]*Sqrt[f]l*Sqrtlc +
dxx]*ArcSinh [(Sqrt [d]*Sqrt [f]*Sqrt[c + d*x])/(Sqrtld*e - c*xf]l*Sqrt[(d~2*e)/
(d*e - c*f) - (cxd*f)/(d*e - c*x£f)]1)])/(Sqrtld*e - c*f]*Sqrt[(d~2*e)/(d*e -
cxf) - (cxd*f)/(d*e - cxf)]*Sqrt[l + (dxf*(c + d*x))/((d*xe - cxf)*x((d"2xe)/
(d*e - cx*f) - (c*xd*f)/(dxe - c*x£)))])))/(32%xd™2xf72x(c + d*x) 2% (1 + (d*fx*(
c + d¥x))/((d*e - cxf)*((d"2*%e)/(d*e - c*f) - (ckd*f)/(dxe - c*f))))"2)))/(
3xd"2xf"3*(d/((d"2*xe)/(d*xe - cxf) - (cxd*xf)/(d*e - c*f)))~(3/2)*Sqrt[(d*(e
+ fxx))/(d*e - c*xf)]) + (2%(-(b*xe) + axf)*x(Cxe”2 - Bxexf + Axf~2)*(c + dx*x)
~(3/2)*Sqrtle + f*xx]*x(1 + (d*fx(c + d*x))/((d*e - c*f)*((d"2*e)/(d*e - cxf)
= (cxd*f)/(d*e - c*x£))))~(3/2)*(3/(4x(1 + (d*fx(c + dxx))/((d*e - c*xf)*((d
~2%e)/(d*e - cxf) - (cxd*f)/(d*xe - cxf))))) + (3x(dxe - cxf) "2x((d"2*e)/(dx*
e - cxf) - (cxdxf)/(d¥e - c*f)) " 2x((2xd*f*(c + d*x))/((dxe - c*f)*((d"2xe)/
(d*e - c*f) - (cxd*f)/(d*e - cxf))) - (2xSqrt[d]*Sqrt[f]*Sqrtlc + d*x]*ArcS
inh [(Sqrt [d]*Sqrt [f]1*Sqrtlc + d*x])/(Sqrtld*e - cxf]*Sqrt[(d"2*e)/(d*e - c*
f) - (cxd*f)/(d*e - cx£)]1)])/(Sqrtld*e - c*f]l*Sqrt[(d~2*e)/(d*e - cxf) - (c
*xdxf) /(d*e - c*xf)]*Sqrt[1l + (dxfx(c + dxx))/((d*xe - c*xf)*x((d"2*e)/(d*e - cx
f) - (cxdxf)/(dxe - c*x£)))])))/(16%d"2+f72%(c + d*x)"2%(1 + (d*f*x(c + d*x))
/((dxe - cxf)*((d"2%e)/(d*e - c*f) - (cxdxf)/(dxe - cx£f)))))))/(3*xd*f~3*Sqr
t[d/((d"2*e)/(d*xe - cxf) - (c*xdxf)/(d*e - c*f))]*Sqrt[(d*(e + fx*x))/(d*e -
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cxf)])

Maple [B] time = 0.021, size = 3571, normalized size = 5.

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)* (Ckx~2+B*x+A)* (d*x+c) ™ (1/2)*(f*xx+e)~(1/2),x)

[Out] -1/3840%*(d*x+c) " (1/2)*(fxx+e) " (1/2) % (=105*%Cx1n (1/2* (2*d*f*xx+2* (d*xf*x~2+c*f*
x+dxexx+cxe) ~(1/2) % (d*f) ~(1/2) +cxf+d*xe) /(d*f) ~(1/2) ) *b*d"5*e~5-120*Bx1n(1/2
* (2d*fkx+2% (dA*F*x™2+cxfxx+d*exx+ckxe) " (1/2) * (d*f) " (1/2) +cxf+d*e) /(d*f) ~(1/2
) ) *b*xc”3*%d"2%e*f "4+30%Cx1n (1/2% (2xd*f*x+2* (d*f*x ™ 2+ckxFxx+d*exx+cxe) ™ (1/2) *(
d*f) " (1/2) +cxf+d*xe) /(d*f) "~ (1/2)) *b*xc™3*xd"2*e”2xf ~3+30*C*1n (1/2% (2*xd*f*xx+2%* (
dxf*x~2+ckxf*x+dxexx+ckxe) " (1/2)* (d*f) ~(1/2) +cxf+d*xe) /(d*f) ~(1/2) ) ¥b*xc™2%d " 3%
e " 3xfT2+75%xCx1n (1/2% (2xd*f*x+2* (d*f*x"2+ckFxx+d*kexx+cke) ~(1/2) x(d*f) ~(1/2)+
cxf+dxe)/(d*f) " (1/2)) *bxcxd~4*e~4*xf-120*%C*1n (1/2* (2xd*Fxx+2*% (d*xf*x "~ 2+c*f*x+
dxexx+ckxe) " (1/2)*x(d*xf) "~ (1/2)+cxf+d*e) / (d*f) " (1/2) ) *axc*d~4*e”3*f ~2+75*C*x1n(
1/2% (2xd*fxx+2% (d*f*x"2+ckfxx+d*exx+cxe) ~(1/2) % (d*f) ~(1/2) +cxf+d*xe) / (d*f) ~(
1/2)) *bxc~4*xd*xexf ~4-768*Cxx~4*xbxd~4*f ~4*x (d*f) = (1/2) * (d*xf*x~2+c*f*x+d*e*x+c*
e) " (1/2)-960xB*x~3xb*d~4*xf~4* (d*f) ~(1/2) * (d*xf*x~2+cxf*x+d*e*xx+c*xe) " (1/2)-96
0*Cxx ™ 3*kaxd~4*xf ~4x (d*f) "~ (1/2) * (A*f*x~2+cxFxx+d*xexx+cxe) ™ (1/2) -1280*%A*xx™2*xbx*
A"4*xf7 4% (d*f) " (1/2) * (d*f*x"2+c*kf*xx+d*exx+cxe) " (1/2)-1280*B*x~2*a*xd~4*xf~4x* (d
*£) 7 (1/2) * (A*f*x"2+cxfxx+d*xexx+cke) " (1/2) -60*Bx1n (1/2*% (2xd*f*x+2* (d*f*x"2+cC
*fxx+d*ke*rx+ckxe) " (1/2) *x(d*xf) "~ (1/2) +cxf+d*xe) / (d*f) " (1/2) ) *b*xc™2+%d " 3*xe " 2*xf~3+4
80*B* (d*f) = (1/2) x (dxf*x~2+c*f*x+d*e*xx+ckxe) ~ (1/2) xaxc™2+%d "2+ f ~4+480*B* (d*f) ~
(1/2) * (d*fxx"2+ckfxx+d*exx+cke) ~(1/2) *axd " 4d*xe~2+xf~2-300*B* (d*f) = (1/2) * (d*f*
X" 2+cxfxx+dxexx+ckxe) " (1/2) *bxc™3xd*f~4-300*B* (d*f) ~(1/2) * (A*f*x~2+c*xF*xx+d*e
*x+c*e) " (1/2) *bxd"4*e~3*xf-960*A* (d*f) = (1/2) * (d*f*x"2+cxfxx+d*e*xx+c*e) ~(1/2)
*axckd " 3kf"4-960*%Ax (d*f) ~(1/2) % (d*f*x"2+ckfrx+d*exx+cke) ~(1/2) xa*xd " 4*exf "3+
480*A* (d*f) = (1/2) * (d*xf*xx~2+ckfxx+d*exx+cke) ~(1/2) *b*xc™2xd~2*f ~4+480xA* (d*f)
“(1/2) * (A*f*xx"2+cxf*xx+d*xexx+ckxe) ™ (1/2) ¥*b*d"4*xe 2% f~2-960*A*x1n (1/2% (2xd*f*x+
2% (d*f*x"2+ckfxx+d*exx+cxe) " (1/2) *(d*f) ~(1/2) +cxf+d*xe) / (d*f) ~(1/2) ) *a*xc*xd™4
*e*xf "44+240%A*1n (1/2*% (2xd*xf*x+2* (d*f*x " 2+ckxFxx+d*exx+cxe) " (1/2) *(d*f) ~(1/2)+
cxf+dxe)/(d*f) " (1/2)) *bxc™2xd"3xexf ~4+240+A*1n (1/2% (2kd*xf*xx+2* (d*xf*x~2+c*f*
x+d*xe*xx+cxe) " (1/2) *x(d*xf) ~(1/2)+cxf+d*xe) / (d*xf) ~(1/2) ) *bxc*xd~4*xe~2*%f~3-1920*A
*(d*f) " (1/2) % (dxf*xx~2+ckfxx+dxexx+cke) ™ (1/2) *x*axd~4*xf~4-300*Cx (dxf) ~(1/2)*
(d*f*x"2+c*f*xx+d*exx+cxe) " (1/2) xa*xc™3%d*f~4-300*Cx (d*f) " (1/2) x (d*f*x~2+c*f*
x+d*xexx+cxe) " (1/2) *a*xd"4*e 3*f-120*B*x1n (1/2* (2*%d*f+x+2* (A*f*x ™ 2+c*xFxx+d*e*xx
+ckxe) T (1/2)x(d*xf) "~ (1/2)+cxf+d*e) / (A*f) ~(1/2) ) *bxcxd~4*e~3*xf~2-120*Cx1n(1/2*
(2*d*f*xx+2* (d*xf*x™2+c*kfxx+d*e*xx+cxe) ~(1/2) * (d*xf) ~(1/2)+cxf+d*e) /(dxf) ~(1/2)
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Y¥xaxcT3%d"2xexf T4-60%Cx1n (1/2* (2xd*f*x+2% (dA*f*x~2+cxf*x+d*exx+cxe) ~(1/2)*(d
*f) 7 (1/2)+cxf+dxe) / (d*xf) ~(1/2) ) *a*xc™2%d " 3*xe”2xf~3-80*B* (d*xf) ~(1/2) * (d*f*x"2
+oxfxx+drexx+cxe) " (1/2) *x¥b*xcxd™3*exf~3-80*Cx (d*xf) ~ (1/2) * (A*f*x~2+c*xF*xx+d*e
*x+cke) " (1/2) *kx*kaxckxd”3xexf ~3+44*Ck (d*f) " (1/2) * (d*F*x"2+cxfxx+d*xexx+c*xe) " (1
/2) *x¥b*xc”2xd"2kexf " 3+44*Cx (d*f) ~ (1/2) * (A*f*x"2+ckFrx+d*exx+ckxe) ™ (1/2) *x*b*
c*d"3*e 2% f " 2-32*%Cxx " 2*bxcxd " 3kexf "3k (d*xf) " (1/2) * (d*xf*x~2+c*f*x+d*e*x+cxe)”
(1/2)+150%B*1n (1/2* (2*d*fxx+2* (d*f*x~2+c*f*xx+d*e*xx+cxe) ~(1/2) *(d*xf) ~(1/2)+c
*f+d*e) /(d*f) " (1/2) ) *bxc~4xd*f~5-160*C*x~2*a*xcxd~3*f ~4x (d*xf) ~(1/2) * (d*f*x"2
+oxfxx+drexx+cxe) " (1/2)-160*%C*xx™2*ka*xd " dxexf~3x (d*xf) ~(1/2) * (d*f*x"2+ckxFxx+d*
exx+c*xe) " (1/2) +112xCxx"2xbxc™2+%d "2+ f ~4* (A*f) 7 (1/2) * (d*xf*xx "2+ c*fxx+d*e*x+cke
)T (1/2)+112*%Cxx " 2*xbxd~4*xe™2%f " 2% (d*f) = (1/2) * (d*xf*x~2+c*f*xx+d*e*x+cxe) " (1/2)
-105%C*1n (1/2% (2xd*f*x+2* (d*f*x"2+ckFxx+d*exx+ckxe) ~(1/2) x(d*f) ~(1/2) +cxf+d*
e)/(d*f) "~ (1/2)) *bxc~5*xf ~5+480%A*1n (1/2* (2xd*f*xx+2* (d*xf*xx~2+c*f*x+d*e*x+c*e)
“(1/2) % (A*f) " (1/2) +cxf+dxe) / (d*f) ~(1/2) ) *axc™2xd"3*f ~5+480*Ax1n (1/2* (2*xd*f*
x+2* (d*xf*xx"2+ckfxx+d*e*xx+cke) " (1/2) x(d*f) ~(1/2) +cxf+d*e) /(d*f) ~(1/2) ) *a*xd”5
xe~2xf " 3-240%A*1n (1/2% (2kd*f*xx+2% (d*f*x~2+ckf*x+d*exx+cke) ™ (1/2) % (d*f)~(1/2
Y+cxf+dxe) / (d*xf) " (1/2) ) *bxc™3%d"2xf "5+210*C* (d*f) = (1/2) * (d*f*x~2+c*fxx+d*e*
x+cxe) " (1/2) ¥bxc™4*xf~4+210%Cx (d*f) ~ (1/2) * (d*f*xx"2+ckxFxx+d*exx+cke) ~(1/2) *xb*
d"4*e”4+240*Bx1n (1/2% (2%d*f*x+2* (A*f*x™2+ckFxx+d*exx+cxe) " (1/2) *(d*f) ~(1/2)
+oxf+dxe) / (d*xf) " (1/2) ) *a*xc™2+%d"3*ke*xf ~4+240*Bx1n (1/2* (2%d*f+x+2* (A*f*x™2+c*f
*x+d*xexx+cke) " (1/2) x(d*xf) "~ (1/2)+ckf+d*e) / (A*xf) " (1/2) ) *axcxd~4d*e~2+xf ~3-80*C*
(d*£) = (1/2) * (d*f*x~2+cxfxx+d*xexx+cxe) ™ (1/2) *b*xcxd™3*e " 3xf+140*Cx (d*xf) ~(1/2)
* (dxfxx " 2+cxf*x+d*exx+ckxe) ™ (1/2) xa*xc™2xd"2xexf ~3+140+C* (d*f) ~(1/2) * (d*xf*xx"2
+oxfxx+drexx+ckxe) " (1/2) *axcxd™3*%e " 2xF " 2+140*Bx (d*f) ~(1/2) * (d*f*x~2+ckxFxx+d*
exx+c*xe) " (1/2) *bxc™2xd"2xexf ~3+140+B* (d*f) " (1/2) * (d*xf*x~2+cxf*xx+d*e*xx+c*e) ™
(1/2) #b*c*xd"3*%e”2xf~2+200*C* (d*f) ~ (1/2) * (d*f*x~2+ckxfrx+d*exx+cxe) ™ (1/2) *x*a
*d"4*xe 2% f " 2-140%Cx (d*f) ~ (1/2) * (d*f*x"2+c*kFxx+d*e*xx+ckxe) " (1/2) *x*xb*c™3xd*f~
4-140*Cx (d*f) =~ (1/2) * (d*f*x~2+cxFxx+d*xexx+cxe) ™ (1/2) *x*b*d"4*xe” 3*xf-320*Ax (d*
)7 (1/2) * (d*xfxx"2+cxf*xx+d*e*xx+c*e) " (1/2) ¥bxcxd~3xexf ~3-320%B* (d*f) ~(1/2) *(d
*fxx"2+ckfrx+drexx+cxe) T (1/2) *a*xckd " 3*xe*xf "3+200%Cx (d*f) ~(1/2) * (d*f*x"2+c*f*
x+d*xexx+ckxe) " (1/2) xx*xaxc”2+xd~2xf ~4+200*B* (d*f) = (1/2) * (d*f*x~2+c*fxx+d*e*x+c
*e) T (1/2) *x*xb*c™2xd " 2*%f ~4+200*%B* (d*f) ~ (1/2) * (d*f*x~2+ckxFxx+d*exx+c*e) ~(1/2)
*3xkbxd~4*xe " 2% f "2-320%Ax (d*f) ~(1/2) * (d*xf*x"2+cxf*x+d*xe*xx+cxe) ™ (1/2) *x*bxcxd”
3*f74-320%Ax (d*f) ~(1/2) % (d*f*x"2+ckxfxx+d*exx+cxe) ™ (1/2) *x*¥b*d " 4*exf~3-320*B
*(d*f) " (1/2) * (d*F*xx"2+cxfxx+d*e*xx+c*xe) ™ (1/2) *x*kaxcxd~3*xf ~4-320*B* (d*f) ~(1/2
)x (d*xf*x"2+ckfxx+dkexx+cke) " (1/2) *x*xa*xd~4*e*xf~3-96*%C*kx " 3*bkxckxd~3*f ~4*x (d*f) "~
(1/2) * (d*f*x"2+c*kfxx+d*exx+c*xe) ~(1/2) -96%C*xx~3xb*d " 4d*xe*xf " 3x (d*f) ~(1/2) * (d*f
*xX " 2+ckfkx+dxe*xx+cxe) " (1/2) -160*B*x"2xb¥xcxd™3xf ~4x (d*xf) ~(1/2) * (d*xf*x~2+c*f*
x+d*xexx+cxe) ~ (1/2)-160*B*x~2*xbxd~4d*xexf ~3x (d*f) ~ (1/2) * (A*f*x~2+c*xf*xx+d*exx+C
*e) 7 (1/2)-80*Cx (d*f) " (1/2) * (d*f*x"2+c*f*x+d*e*xx+c*xe) " (1/2) *b*xc~3*d*e*f~3-68
*C* (d*f) " (1/2) * (d*f*x"2+cxfxx+d*e*xx+cke) " (1/2) *bxc™2xd"2xe~2*xf ~2+150*B*1n (1
/2% (2%d*fkx+2% (d*f*x"2+ckfrx+d*exx+ckxe) " (1/2) x(d*f) ~(1/2) +cxf+dxe) / (d*f) ~ (1
/2)) *b*d"5*xe~4*f+150%Cx1n (1/2* (2xd*f*x+2* (d*xf*x~2+cxf*x+d*xexx+c*xe) ~(1/2)*(d
*f)~(1/2)+cxf+dxe) / (d*xf) ~(1/2) ) *a*xc™4*d*f~5+150%Cx1n (1/2*% (2xd*f+x+2% (d*f*x"
2+ckf*xx+d*rexx+cke) " (1/2) x(d*f) ~(1/2) +cxf+d*e) / (d*f) ~(1/2) ) *axd~5*e~4*f-240%
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Bx1n (1/2% (2xd*f*x+2x (d*xf*x"2+cxfxx+d*exx+cxe) ~(1/2)*(d*xf) ~(1/2)+cxf+d*xe)/(d
*f) 7 (1/2)) *axc”3xd"2+%f"5-240*%B*x1n (1/2* (2*d*f*x+2* (d*f*x~2+c*f*x+d*e*x+cxe)”
(1/2)*(d*f) " (1/2) +cxf+d*xe) / (d*f) ~(1/2) ) *a*d"5*e 3*f~2-240*Ax1n (1/2* (2*d*f *x
+2% (A*Fxx™2+cxfxx+d*xexx+ckxe) " (1/2) x (d*f) " (1/2) +cxf+d*e) / (d*f) ~(1/2)) *b*xd " 5%
e”3*xf72) / (dxf*x"2+ckfxx+d*xexx+ckxe) " (1/2)/d"4/f~4/(d*f)~(1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)* (Ckxx~2+B*x+A)* (d*x+c)~(1/2)*(f*x+e)~(1/2),x, algorithm="m
axima"

[Out] Exception raised: ValueError

Fricas [A] time = 3.78587, size = 3633, normalized size = 5.04

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)* (Cxx~2+B*x+A)* (d*x+c) ™ (1/2)*(f*x+e)~(1/2),x, algorithm="f
ricas")

[Out] [-1/7680*(15%(7*Cxb*xd~5%e”5 - 5% (Ckxb*c*xd™4 + 2*x(Cxa + B*b)*d~5)*e 4*f - 2x%(
Cxb*xc™2*d~3 - 4*x(C*a + B*b)*c*d~™4 - 8% (Bkxa + Axb)*d"5)*e”3*f"2 - 2*x(Cxb*c”3
*d"2 + 16*A*a*xd”™5 - 2x(Cxa + Bxb)*c~2+%d"3 + 8*(Bka + Axb)*cxd~4)*e”2%f~3 -
(5%C*b*c~4*d - 64*xAxaxcxd™4 - 8x(Cxa + Bxb)*c™3*d"2 + 16*(Bxa + A*b)*c™2*d”
3)*kexf~4 + (7*Cxbxc™5 - 32%A*xa*xc”2*d”3 - 10*(Cxa + Bxb)*c™4*d + 16*%(B*xa + A
*xb) *c”~3%d"2) *f75) *sqrt (d*f) *Log (8*xd~2*xf"2*x"2 + d"2*e”2 + 6xckdxexf + c 2%f
"2 - 4x(2xd*f*x + dxe + cxf)*sqrt(d*xf)*sqrt(d*x + c)*sqrt(f*x + e) + 8%(d"2
xexf + ckd*f~2)*x) - 4*x(384*C*b*d"5*xf"5*x"4 - 105*%Cxbxd~5xe~4*f + 10*(4*Cxb
*c*d”4 + 156%(Ckxa + Bxb)*d~5)*e”3*f~2 + 2% (17*Cxb*c~2*xd~3 - 35%(C*a + Bx*b)*c
*d"4 - 120*%(B*a + A*b)*d"5)*e”2+%f~3 + 10%(4*Cxb*c~3*d"2 + 48*A*a*xd”5 - 7*(C
*a + B*b)*c™2*d"3 + 16*(B*a + A*b)*c*xd"4)*exf"4 - 15x(7*Cxbxc~4*d - 32*A*ax
cxd™4 - 10%(C*a + B*b)*c™3*d"2 + 16*(Bxa + A*b)*c”2*d"3)*f"5 + 48*(Cxbxd 5%
exf~4 + (Cxbkxckd™4 + 10*(Cxa + B*b)*d"5)*f75)*x"3 - 8*(7*Cxbxd~5xe~2%f~3 -
2% (Cx¥b*c*d™4 + 5x(C*xa + Bxb)*d~5)*exf~4 + (7*Cxbxc™2*xd~3 - 10*(C*a + Bx*b)*c
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*d"4 - 80*(Bxa + Axb)*d"5)*f 5)*x"2 + 2% (35*Cxb*d"5xe”3*f~2 - (11*Cxb*c*xd~4
+ 50*(C*xa + B*b)*d"5)*e”2xf~3 - (11%Cxbxc™2*d"3 - 20*(C*a + Bxb)*c*d™4 - 8
0*(B*a + Axb)*d~5)*exf~4 + 5+ (7*Cxb*c™3*d"2 + 96xAxaxd™5 - 10*(C*a + Bxb)*c
“2%d”"3 + 16%(Bxa + Axb)xc*d"4)*f75)*x)*sqrt(d*x + c)*sqrt(f*x + e))/(d"6*f"
5), -1/3840*(15%(7*Cxb*xd"5*xe~5 - 5% (Cxb*c*d"4 + 2*x(C*a + B*xb)*d~5)*e~4*f -
2% (Cxb*c™2%d~3 - 4x(C*a + B*b)*c*d™4 - 8+ (B*xa + Axb)*d~5)*e”3*f~2 - 2*(Cxb*
c73%d"2 + 16*A*a*d”5 - 2x(C*xa + Bxb)*c™2%d"3 + 8*(B*a + Axb)*cxd~4)*xe 2%f"3
- (B*C*b*c™4*xd - 64xAxaxc*d™4 - 8*(Cka + Bxb)*c~3*d"2 + 16%(B*a + Axb)*c™2
*d"3) *e*xf"4 + (7*Cxbxc™5 — 32%A*xa*xc”2%d"3 - 10*(C*xa + Bxb)*c~4*d + 16*(B*a
+ Axb)*c73xd"2) *f"5) *sqrt (-d*f)*arctan(1/2*(2xd*xf*x + d*xe + c*f)*sqrt(-d*f)
xsqrt (d*x + c)*sqrt(fxx + e)/(d72*f72%xx"2 + cxdxexf + (d"2*exf + cxd*xf~2)*x
)) - 2%(384*C*b*d"5*f"5xx"4 - 105%Cxb*d~5*e”4*f + 10*(4*Cxbxcxd~4 + 15%(C*a
+ B*b)*d"5)*e"3*f"2 + 2x(17+C*b*c~2%d"3 - 35%(C*xa + Bxb)*c*d~4 - 120*(B*a
+ Axb)*d"5)*e"2*xf "3 + 10* (4*Cxb*c”™3*d"2 + 48*xA*xaxd”5 - 7+ (C*a + B*b)*c™2*xd~
3 + 16%(B*a + Axb)*c*d~4)*e*xf~4 - 15x(7*Cxbxc~4*xd - 32*A*xa*c*d™4 - 10*(Cxa
+ Bxb)*c"3*xd"2 + 16*(B*a + Axb)*c " 2*d"3)*f"5 + 48*(Cxb*d 5*exf~4 + (Cxb*xc*d
4 + 10*%(C*a + Bxb)*d~5)*f~5)*x~3 - 8*(7*Cxb*d"5xe"2*xf~3 - 2% (Cxb*c*d”™4 + 5
*(Cxa + Bxb)*d"5)*exf~4 + (7+Cxb*c”2*d"3 - 10*(C*xa + Bxb)*c*d~4 - 80*(B*a +
Axb)*d"5)*f"5)*x"2 + 2% (35*%C*xb*d"5*xe~3*f~2 - (11*Cxb*c*d"4 + 50*(C*xa + Bxb
)*d"5)*%e"2+%f"3 - (11*Cxb*c™2*%d"3 — 20*%(C*a + Bxb)*c*d™4 - 80*(B*a + Axb)*d~
5)*xexf~4 + Bk (7*Cxb*xc~3*%d"2 + 96*A*a*d”™5 - 10*(Ckxa + B*xb)*c~2*xd"3 + 16*(B*a
+ A*b)*xcxd~4)*f75) *x) *sqrt (d*x + c)*sqrt(fxx + e))/(d"5*f75)]

Sympy [F] time = 0., size = 0, normalized size = 0.
f(a +bx) Ve + dxrJe + fx (A + Bx + sz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)* (Cxx**2+Bxx+A)* (d*x+c)**(1/2)*x (f*xx+e)**(1/2) ,x)

[Out] Integral((a + b*x)*sqrt(c + d*x)*sqrt(e + f*x)*(A + Bxx + Ckx**2), Xx)

Giac [B] time = 3.57262, size = 2006, normalized size = 2.78

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((b*x+a)* (Ckx~2+B*x+A)* (d*x+c) ™ (1/2)*(f*x+e)~(1/2) ,x, algorithm="g
iac")

[Out] 1/1920%(20*(sqrt((d*x + c)*d*f - cxd*xf + d~2%e)*sqrt(d*x + c)*(2x(d*x + c)/
(@~4*£72) - (c*f72 - dxf*e)/(d"4*£74)) + (c™2+f72 - 2*cxd*fxe + d"2*e"2)x1lo
g(abs(-sqrt(d*f)*sqrt(d*x + c) + sqrt((d*x + c)*d*f - cxd*xf + d~™2xe)))/(sqr
t (d*f)*d~3*£73) ) *Axa*xabs(d)/d"2 + 10*(sqrt((d*x + c)*d*xf - cxd*f + d™2xe)*(
2% (d*xx + c)*(4x(d*xx + c)*(6x(d*x + c)/d"2 - (17*cxd"6*f~6 - d~7*xf"5*e)/(d"8
*xf76)) + (59*c™2xd"6*f"6 - 6*xc*xd"7*f 5kxe - 5xd"8*f"4*xe”2)/(d"8xf"6)) - 3x(b
*C"3*%d"6xf76 + cT2xd"T*f"bxe - c*d"8xf 4*e”2 - 5xd"9*f"3xe”"3)/(d"8xf76))*sq
rt(d*xx + c) + 3%(Bkc™4*f74 - 4xc”3xd*f"3xe - 2%cT2xd"2xf72%e”2 - 4xckdT3*fx*
e”3 + 5xd"4xe"4)*log(abs(-sqrt(d*f)*sqrt(d*x + c) + sqrt((d*x + c)*d*f - c*
dxf + d72x%e)))/(sqrt(d*f)*d*xf~3))*Ckxaxabs(d)/d~2 + 10*x(sqrt((d*x + c)*d*xf -
ckxdxf + d72%e)*(2x(d*x + c)*(4x(d*x + c)*(6x(d*x + ¢c)/d"2 - (17*c*d~6%f"6
- d77xf"5%e)/(d"8*f76)) + (59*%c”2*d"6*f"6 — 6%cxd”"Txf b*xe - 5xd"8*f"4*e~2)/
(@78*f76)) - 3%(5kc™3*%d"6*f"6 + c72%d"7*xf "Bke - cxd"8*xf"4*e”2 - 5xd”"9*xf " 3*e
73)/(d"8*f76) ) *xsqrt (d*x + c) + 3*(5*c™4*f74 - 4xc”3xd*xf"3xe - 2xc"2xd"2xf"2
xe”2 - 4d*xcxd"3xfxe”3 + bkd"4*e”"4)*log(abs(-sqrt(d*f)*sqrt(d*x + c) + sqrt((
dxx + c)*d*f - ckxdxf + d72xe)))/(sqrt(d*f)*d*f~3))*B*b*abs(d)/d~2 + (sqrt((
dxx + c)xdxf - ckxdxf + d72%e)* (2% (4x(d*x + c)*(6%(d*x + c)*(8*x(d*x + ¢)/d"3
- (B1xc*d~12+f78 - d~13*xf77*xe)/(d"15%f78)) + (263*c~2*d"12+%f~8 - 16*c*d~13
*f77T*e - Txd"14*x£76%e”2)/(d715%£78)) - B*(121%c™3*xd"12%f78 - 9*c™2xd~13*f77
xe — 9xckd"14xf"6%e”2 - 7*d"15xf"5*xe”3)/(d"15%£78) )k (d*x + c) + 15x(7xc”4xd
T12+%f78 + 2xcT3xd713xf"7*e — 2xckxd”15%f"5xe”3 - 7*d"16*xf"4*e~4)/(d"156%£78))
*sqrt(d*xx + c) - 16%x(7xc™b*f~5 - BxcT4*xd*xf~4dxe — 2%c™3xd"2+f"3%e”2 - 2%c72%
d"3*f"2%e”3 - bxcxd"4*xfxe”4 + T*d"5*xe”5)*log(abs(-sqrt(d*f)*sqrt(d*x + c) +
sqrt ((d*x + c)*d*xf - ckxdxf + d™2%e)))/(sqrt(d*f)*d~2*f~4))*Cxb*abs(d)/d~2
+ (sqrt((d*x + c)*d*f - ckdxf + d"2%e)*sqrt(d*x + c)*(2x(d*x + c)*(4*x(d*xx +
c)/(d76xf72) - (7T*xc*xf~4 - d*xf~3%e)/(d"6*£76)) + 3*x(c™2+%f"4 - d~2%xf"2*e~2)/
(@76*£f76)) - 3%(c™3*f73 - c"2xd*f"2%e - c*d"2xf*e”2 + d"3*e"3)*log(abs(-sqr
t(d*f)*sqrt(d*x + c) + sqrt((d*x + c)*d*f - cxd+*f + d"2*e)))/(sqrt(d*f)*d~5
*x£74) ) *Bxaxabs(d)/d"3 + (sqrt((d*x + c)*d*xf - ckxd*f + d~2%e)*sqrt(d*x + c)*
(2% (d*x + c)*(4*(d*x + ¢)/(d"6*f72) - (T*c*f~4 - d*f~3%e)/(d"6*f76)) + 3*(c
T2%f74 - d72%f72%e72)/(d76%£76)) - 3x(cT3*f73 - cT2*d*xf"2%e - cxd"2*xfxe”2 +
d~3*e”"3)*log(abs(-sqrt(d*f)*sqrt(d*x + c) + sqrt((d*x + c)*d*f - c*xd*f + d
~2xe)))/(sqrt (d*f)*d~5*f~4) ) *Axb*abs(d)/d~3)/d
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3.43 f\/c +dxJe + fx (A + Bx + sz) dx

Optimal. Leaf size=330

(c+ dx)*2\fe + fx (84f 2Adf - B(cf +de)) + C (522 + 6cdef +5d%¢?)) Ve +dxyJe+ fx(de - cf) (84f (2Adf - B
+
324312 6443

[Out] ((d*e - c*f)*(Cx(5*xd"2%e"2 + 6*ckdxexf + Bxc™2xf72) + 8*d*f*(2xAxd*xf — Bx(d
*xe + cxf)))*Sqrtlc + d*x]*Sqrtle + fxx])/(64+%d"3*£73) + ((Cx(5*d"2%e”2 + 6%
ckdkxexf + BkcT2xf72) + 8xdxf* (2xAxdxf - Bx(d*e + cxf)))*(c + d*xx)~(3/2)*Sqr
tle + f*xx])/(32%d"3*%f72) - ((5xCxd*e + 11xc*xCxf - 8*B*xd*f)*(c + d*xx)~(3/2)*
(e + £*x)7(83/2))/(24%d"2xf"2) + (Cx(c + d*x)~(5/2)*(e + £*x)~(3/2))/(4*d~2x%
f) - ((d*e — c*xf)"2x(Cx(5%d"2%e"2 + 6Gkxckdxexf + Bxc™2xf72) + 8*xd*f* (2kAxdx*f
- Bx(dxe + cxf)))*ArcTanh[(Sqrt[f]1*Sqrtlc + d*x])/(Sqrt[d]l*Sqrtle + f*x])]
)/ (64xd~(7/2)*£~(7/2))

Rubi [A] time = 0.297592, antiderivative size = 330, normalized size of antiderivative

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 29, e e =

0.207, Rules used = {951, 80, 50, 63, 217, 206}

integrand size

(c +dx)¥? \Je + fx (Sdf(ZAdf — B(cf +de)) + C (5c2f2 + 6cdef + 5dzez)) Ve + dxqJe + fx(de - cf) (8df(2Adf — B
+
32452 64

Antiderivative was successfully verified.

[In] Int[Sqrtlc + d*x]*Sqrtle + f*x]*(A + Bxx + C*x72),x]

[Out] ((d*e - c*f)*(Cx(5*%d"2*e"2 + 6*ckdxexf + bxc™2xf~2) + 8*xd*f*(2xAxd*xf — B*x(d
xe + cxf)))*Sqrtlc + d*x]*Sqrtle + fxx])/(64*d"3*£73) + ((Cx(5*xd"2xe”2 + 6%
ckdxexf + B*xc72+f72) + 8*xdxf*(2xAxdxf - Bx(d*e + c*f)))*(c + d*xx)~(3/2)*Sqr
tle + f*xx])/(32%d"3*%f72) - ((5xCxd*e + 11xc*xCxf - 8*B*xd*xf)*(c + d*xx)~(3/2)*
(e + £xx)7(3/2))/(24*d"2*xf~2) + (Cx(c + d*x)~(5/2)*(e + f*x)~(3/2))/(4*d"2%
f) - ((d*e — c*xf)"2x(C*x(5*%d"2%e"2 + 6G*xckdrexf + Hxc™2x%f72) + 8kxd*f* (2kAxdx*f
- Bx(d*e + c*f)))*ArcTanh[(Sqrt[f]1*Sqrtlc + d*x])/(Sqrt[d]*Sqrtle + fxx])]
)/ (64xd~(7/2)*£~(7/2))

Rule 951

Int[((d_.) + (e_)*x_D))"m )*((f_.) + (g_)*xx_))"(m_)*((a_.) + (b_.)*(x_)
+ (c_.)*x(x_)"2)"(p_.), x_Symbol] :> Simp[(c™p*(d + exx) " (m + 2*p)*(f + gxx



273

)7(n + 1))/(gxe”~(2%p)*(m + n + 2%xp + 1)), x] + Dist[1/(gxe”(2%p)*(m + n + 2
xp + 1)), Int[(d + exx) m*(f + g+*x) n*ExpandToSum[g*(m + n + 2xp + 1)*(e”(2
*p)*(a + b*x + c*x"2)"p - c'"p*(d + e*x)"(Q*p)) - c"p*(e*f - d*g)*(m + 2*p)*
(d + exx)"(2%p - 1), x], x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[e
xf - dxg, 0] &% NeQ[b~2 - 4xaxc, 0] &% NeQ[c*d~2 - bxd*e + a*e”2, 0] && IGt
Qlp, 0] && NeQ[m + n + 2*%p + 1, 0] && (IntegerQ[n] || !IntegerQ[m])

Rule 80

Int[(Ca_.) + (b_)*(x_))*x((c_.) + (d_)*x))"(n_)*x((e_.) + (£_)*x(x_))"(p
_.), x_Symbol] :> Simp[(b*(c + d*x)"(n + 1)*(e + f*x)"(p + 1))/(d*f*(n + p
+ 2)), x] + Dist[(a*xd*f*x(n + p + 2) - b*x(d*ex(n + 1) + cxf*x(p + 1)))/(d*f*(
n+p+2)), Int[(c + d*x) nx(e + £xx)7p, x], x] /; FreeQ[{a, b, c, d, e, f
, n, pr, x] && NeQ[n + p + 2, 0]

Rule 50

Int[((a_.) + (b_)*(x_)) " (m_)*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+ b*x)"(m + D*(c + d*x)"n)/(b*x(m + n + 1)), x] + Dist[(n*x(b*c - axd))/
(bx(m + n + 1)), Int[(a + b*x) mx(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] && ( !'IntegerQ[n] || (GtQ[m, O] && LtQ[m - n, 0]))) && !ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]J

Rule 63

Int[((a_.) + (b_D)*(x)) " (m )*x((c_.) + (d_.)*(x))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x"(p*(m + 1) - 1)*(c - (axd)/b +
(d*x~p)/b)°n, x], x, (a + b*xx)~(1/p)]1, x]1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] & !GtQ[a, O]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rubi steps
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5/2 sn [Ve+deyJe+ fx (s (=5cCde — 32CF + 8Ad%f) -
fVc+dx\/e+fx(A+Bx+Cx2) dx = C(c+dxid2(;+fx) + J (2( 77 )

_ (5Cde +11cCf - 8Bdf)(c + dx)*?(e + fx)¥?  C(c + dx)*?(e + fx)> (C
= 202 + 7 i

(C (5d2¢ + bcdef + 5¢2f2) + 8df(AdS — B(de + cf))) (c + dx)¥2\Je + fx
3243 f2 -

(de - cf) (C (542 + 6cdef + 52 f2) + 8df (2Adf — B(de + cf))) Ve + dx+Je -
- 643 f3

(de - cf) (C (542¢% + 6cdef + 52 f2) + 8df (2Adf — B(de + cf))) Ve + dx+Je -
- 643 f3

(de - cf) (C (542 + 6cdef + 52 f2) + 8df (2Adf — B(de + cf))) Ve + dx+Je -
- 64d> f3

(de - cf) (C (542 + 6cdef + 52 f2) + 8df (2Adf — B(de + cf))) Ve + dx+fe -
- 64d> f3

Mathematica [A] time = 1.84877, size = 306, normalized size = 0.93

d\[fVe + dx(e + fx) (8df (6Adf(cf +d(e+2fx)+B (—3C2f2 +2cdf(e+ fx) + d? (—362 +2efx + 8f2x2))) +C (—czd

Antiderivative was successfully verified.

[In] Integrate[Sqrt[c + d*x]*Sqrtle + f*x]*(A + Bxx + C*x72),x]

[Out] (d*Sqrt[f]*Sqrtlc + dxx]x(e + £xx)*x(Cx(15*c™3*f73 - c™2xd*f 2% (T*xe + 10*f*x
) + cxdT2%xfx (~T*e”2 + 4dkxexfxx + 8xf72%x72) + d73*%(16%e”3 - 10*e"2xfxx + 8xe
*f72%x72 + 48*%f73*%x73)) + 8xd*xf* (6%Axd*xf*(cxf + dx(e + 2xf*xx)) + B*(-3*c™ 2%

£72 + 2*xckdxfx(e + fxx) + d72%(-3*%e”2 + 2*xexf*xx + 8xf~2%x72)))) - 3*x(d*e -
cxf)~(5/2) % (Cx(5*d"2*%e”2 + 6xckxdxexf + 5xc™2+¢f72) + 8*xdxf*(2xAxd*xf — Bx(d*e

+ cxf)))*Sqrt[(dx(e + f*x))/(dxe - cxf)]*ArcSinh[(Sqrt[f]*Sqrtlc + d*x])/S
grt[d*e - cxf]])/(192%d~4*£~(7/2)*Sqrt[e + fx*x])
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Maple [B] time = 0.016, size = 1431, normalized size = 4.3

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((C*x~2+Bxx+A)* (d*x+c) ™ (1/2)*(f*x+e)~(1/2),x)

[Out] -1/384*(d*x+c)~(1/2)*(f*x+e) " (1/2)*(48*Bx (d*f) ~(1/2) * (d*f*x"2+c*f*x+d*e*xx+cC
*e) " (1/2) *d"3*e" 2% f+48*Bx (d*f) ~ (1/2) * (d*f*x~2+ckxfrx+d*exx+cxe) ™ (1/2) *c™2*d*
£73-96*A*x (d*f) " (1/2) * (d*xf*x~2+c*f*x+d*xe*x+cxe) " (1/2) *d" 3xe*xf ~2-96*A* (d*xf) ~ (
1/2) % (d*xf*x"2+cxf*x+d*xe*xx+cxe) " (1/2) *ckxd™2%f ~3-6xC+1n (1/2* (2xd*f*x+2* (d*f*x
“2+ckfxx+drexx+cxe) T (1/2)x(d*f) " (1/2)+cxf+d*e) / (d*f) " (1/2) ) *c™2+%d"2%e 2+ "2
—12+C*1n (1/2*% (2xd*fxx+2* (d*xf*x " 2+c*kfxx+d*rexx+ckxe) " (1/2) x(d*xf) ~(1/2) +c*xf+d*e
)/ (d*f)~(1/2)) *ckxd™3*e " 3*xF-96xAx1n (1/2% (2+¢d*f *x+2* (d*F*x™2+c*xfxx+d*xe*xx+c*e)
~(1/2) % (d*f) " (1/2) +cxf+d*xe) / (d*f) ~(1/2) ) *ckd"3kexf~3-192%xAx (d*xf) ~(1/2) * (d*f
*xX 7" 2+ckfkx+d¥e*xx+cxe) T (1/2) *xxd "3+ "3+24*%Bx1n (1/2% (2*%d*Fxx+2* (d*xf*x~2+c*f*x
+dxexx+ckxe) " (1/2) % (d*f) " (1/2) +cxf+d*xe) / (d*f) ~(1/2) ) *c™2xd " 2*e*xf ~3+24*Bx1n (1
/2% (2%A*f*x+2% (d*Fxx™2+cxfxx+d*xe*xx+ckxe) " (1/2) * (d*f) ~(1/2) +cxf+dxe) / (d*f) " (1
/2)) %cxd"3%e " 2xFT2-12%xCx1n (1/2% (2+d*f +x+2* (A*f*xx™2+ckxFrx+d*xexx+cxe) ™ (1/2) *(
d*xf) " (1/2) +cxf+d*xe) / (d*f) " (1/2)) *c™3*xd*xexf~3-96*Cxx~3*%d~3*f "3+ (d*f) ~(1/2) *(
dxfxx"2+cxfxx+d*xexx+ckxe) ™ (1/2)-128*Bxx~2xd"3%f ~3x (d*f) ~(1/2) * (d*xf*x~2+c*f*x
+d*xexx+ckxe) " (1/2)-30%C* (d*f) ~(1/2) * (d*f*x~2+cxfxx+d*e*xx+c*xe) " (1/2) *d"3*e”3-
24+B*1n (1/2* (2xd*xfxx+2* (d*xf*x " 2+ckf*x+d*rexx+ckxe) ~(1/2) x(d*f) ~(1/2) +c*xf+d*e)
/(A*£) " (1/2)) *c™3*d*f~4-24*Bx1n (1/2% (2¢d*f*x+2* (d*F*x"™2+cxfxx+d*xexx+c*xe) ~ (1
/2) % (d*f) " (1/2) +cxf+d*xe) / (d*f) "~ (1/2) ) *d"4*e " 3*xf-30*Cx (d*f) ~(1/2) * (d*f*x"2+c
*fxx+d*e*rx+cxe) " (1/2) *xc™ 3%~ 3+48*A*x1n (1/2* (2*xd*f*x+2% (dA*f*x "~ 2+c*xf*x+d*exx+cC
*e) T (1/2)*x(d*xf) " (1/2)+cxf+d*e) / (d*f) " (1/2) ) *c™2+%d"2*xf ~4+48*A*x1n (1/2* (2xd*f *
X+2* (d*xf*xx"2+ckxf*xx+d*e*xx+ckxe) " (1/2) x(d*f) ~(1/2) +cxf+d*e) /(d*f) ~(1/2) ) *d"4x*e
“2+f72-32*B* (d*f) " (1/2) * (d*xf*xx"2+c*kfxx+d*e*xx+ckxe) " (1/2) *x*xcxd~2*xf ~3-32*B* (d
*f) 7 (1/2) % (A*fxx"2+ckFrx+d*xexx+cke) ™ (1/2) *xkxd"3xexf~2+20%Cx (d*xf) ~(1/2) * (d*f
*X 7 2+ckfkx+d)e*xx+cxe) T (1/2) *xkc”2%d*F "3+20%Cx (d*f) ~(1/2) * (d*f*x™2+c*kfxx+d*e
*x+ckxe) " (1/2) ¥xxd"3%e 2% f-32*B*x (d*f) " (1/2) * (d*f*x~2+c*f*xx+d*e*xx+cxe) ~(1/2) *
cxd"2%e*xfT2+14*C* (d*f) " (1/2) * (d*xfxx " 2+c*fxx+d*e*xx+ckxe) " (1/2) *xc™2xd*xexf~2+14
*C* (d*f) " (1/2) * (d*f*x"2+cxfxx+d*e*xx+cke) " (1/2) xckxd™2xe"2xf—16*Cxx 2% c*d ™~ 2*f
3 (d*f) " (1/2) * (d*fxx"2+cxfxx+d*e*xx+cke) " (1/2) -16*Cxx~2xd " 3*xe*xf "2+ (d*f) ~(1/
2) * (d*f*x"2+ckfrx+drexx+cke) " (1/2)+15%Cx1n (1/2*% (2xd*Frx+2* (d*xf*x~2+c*f*x+d*
exx+cxe) " (1/2) x(dxf) ~(1/2)+cxf+dxe) /(d*xf) ~(1/2) ) xc™4*xf~4+15%Cx1n (1/2% (2xd*f
*x+2% (A*fxx"2+ckFxrx+d*rexx+ckxe) ~(1/2) *x(d*xf) " (1/2) +cxf+d*e) / (d*f) ~(1/2) ) *d~4*
e”4-8*C* (d*f) " (1/2) * (d*xf*xx~2+c*f*x+d*e*xx+c*xe) " (1/2) *xkcxd ™ 2%e*xf72) / (d*f*x"2
+oxfxx+drexx+cxe) ~(1/2)/d~3/£73/(d*f) " (1/2)



276

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+B*x+A)* (d*x+c)”(1/2)*(f*x+e)~(1/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 1.54313, size = 1843, normalized size = 5.58

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)* (d*x+c)~(1/2)*(f*x+e)~(1/2),x, algorithm="fricas")

[Out] [1/768*%(3*(5*xCxd~4*xe~4 - 4% (Cxc*d"3 + 2%Bxd~4)*e"3*xf - 2% (C*xc™2%d"2 - 4*B*c
*d"3 - 8*%A*d"4)*e"2*xf"2 - 4x(Cxc~3*d - 2*B*c”2*d"2 + 8xAxcxd"3)*exf~3 + (5%
Cxc™4 - 8*Bxc™3%d + 16%Axc™2xd"2)*f"4)*sqrt (d*f)*Llog(8*d~2*f~2%x"2 + d"2x*e”
2 + 6*cxdkexf + c72+f72 - 4x(2xd*xf*x + dxe + cxf)x*sqrt(dxf)*sqrt(d*x + c)x*s
grt(f*x + e) + 8%(d"2*xexf + c*xd*xf72)*x) + 4x(48*Cxd~4*f~4*x"3 + 15xC*xd"4xe”
3kf — (7*Ckxc*xd™3 + 24*%B*xd"4)*e"2*%f"2 - (7*Ckxc™2*xd"2 - 16%B*xc*d™3 - 48*A*xd"4
Yxexf~3 + 3% (5*xC*kc”3*kd — 8*Bxc"2xd"2 + 16%A*xc*d"3)*f"4 + 8x(Cxd 4xexf~3 + (
Cxc*d™3 + 8*Bxd~4)*f~4)*x"2 - 2% (5xCkd"4*xe~2*xf~2 — 2% (C*xc*d™3 + 4*B*xd™4)*xex
£73 + (5%C*c™2xd"2 - 8*Bxc*d~3 - 48%Axd~4)*f~4)*x)*sqrt(d*x + c)*sqrt(f*x +
e))/(d"4xf~4), 1/384*(3x(5%Cxd~4*e”4 — 4%(Cxc*xd"3 + 2%Bxd~4)*e”3xf - 2x(Cx
c"2%d"2 - 4xBxc*d”3 - 8*A*xd"4)*e"2%f"2 - 4% (Cxc”3*xd - 2%Bxc"2*%d"2 + 8xAxcx*d
"3)xe*xf”3 + (5%Cxc”4 - 8*%Bxc”3*%d + 16%Axc”2xd"2)*f"4)*sqrt(-d*f)*arctan(1/2
*(2xd*f*x + d¥xe + c*f)*sqrt(-d*f)*sqrt(d*x + c)*sqrt(f*x + e)/(d"2*f"2*x"2
+ ckdxexf + (d72xexf + c*xd*f72)#*x)) + 2% (48*Cxd~4*f~4*xx~3 + 15%C*d"4*e 3*f
- (7#C*c*d"3 + 24*Bxd~4)*e"2xf~2 - (7*C*c™2*%d"2 - 16*Bxc*xd™3 - 48*A*d™4) *ex
£f73 + 3% (5*xCxc~3*%d — 8*B*c™2+%d"2 + 16%A*ckxd"3)*f~4 + 8% (Cxd " 4*e*f~3 + (Ckcx*
d™3 + 8*Bxd"4)*f"4)*x72 - 2% (5%C*xd"4*xe"2*f"2 - 2% (C*c*d~3 + 4*Bxd"4)*exf~3
+ (b*%Cxc™2%d"2 - 8*B*cxd™3 - 48%A*d"4)*f~4)*x)*sqrt(d*x + c)*sqrt(f*xx + e))
/(d~4x£~4)]
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Sympy [F] time = 0., size = 0, normalized size = 0.

f\/c +dx+Je + fx (A + Bx + sz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Ckx**2+B*x+A)* (d*kx+c)**(1/2)*(f*x+e)*x(1/2),x)

[Out] Integral(sqrt(c + d*x)*sqrt(e + f*x)*(A + Bxx + C*x**2), x)

Giac [B] time = 1.58253, size = 856, normalized size = 2.59

—\JAfNdx - (dx+c)d fcd f+d2e

\WdB f3

)

Aldl 10

) (62f2—2 cdfe+d2£>2) log(

2_
20[\de+cﬁif—cdf+dzede+c(2;:;;)—624;yb + d(dx+cﬁif—cdf+dze(2(dx+f)(4(dx+c

+

42

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Ckx~2+B*x+A)* (d*x+c)~(1/2)*(f*x+e)”(1/2),x, algorithm="giac")

[Out] 1/1920%(20*(sqrt((d*x + c)*d*f - cxd*f + d™2xe)*sqrt(d*x + c)*(2x(d*x + c)/
(d74%£72) - (c*xf72 - dxfxe)/(d74*xf£74)) + (c™2*f~2 - 2xckd*xfxe + d"2%e”2)*lo
g(abs(-sqrt(d*f)*sqrt(d*x + c) + sqrt((d*x + c)*d*f - cxdxf + d"2*e)))/(sqr
t (d*f)*d"3*£73) ) *Axabs(d)/d"2 + 10*x(sqrt((d*x + c)*d*xf - cxd*f + d~2%e)* (2%
(d*x + c)*(4*x(d*x + c)*(6%(d*x + c)/d"2 - (17*c*xd"6*f76 - d"7*f"5xe)/(d"8*f
76)) + (59xcT2+d"6*f76 - 6xckd"T7xf bkxe - 5xd"8xf"4*e”2)/(d"8%f76)) - 3*(bxc
“3*%d76*f76 + c72xd"T7xf"5ke - cxd"8*xf"4*e”2 - 5xd"9xf"3%e~3)/(d"8*f"6))*sqrt
(d*x + c) + 3*%(b*xc™4*xf74 - 4*c™3xd*xf"3%e - 2xcT2xd"2*f"2xe”2 - 4kxcxd"3xf*e”
3 + bxd"4*e”"4)*log(abs(-sqrt(d*f)*sqrt(d*x + c) + sqrt((d*x + c)*d*f - cx*dx
f + d™2%e)))/(sqrt(d*f)*d*f~3))*Cxabs(d)/d"2 + (sqrt((d*x + c)*d*f - ckxd*f
+ d"2%e)*sqrt(d*x + c)*(2x(d*xx + c)*(4x(d*xx + c)/(d76%f72) - (7*c*xf~4 - dxf
“3%e)/(d76%£76)) + 3x(cT2xf"4 - d72xf72%e72)/(d"6*x£76)) - 3*%(c"3*f73 - c72%
d*xf"2%e - cxd"2*xfxe”2 + d"3*e”3)*log(abs(-sqrt(d*f)*sqrt(d*x + c) + sqrt((d
*x + c)xd*xf - cxdxf + d"2%e)))/(sqrt(d*f)*d~5*xf~4))*B*abs(d)/d"3)/d
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3.44

Optimal. Leaf size=450

f \/c+dx\/e+fx(A+Bx+Cx2) q
X

a+bx

tanh ™" (gj—g) (~8a2bd2 f2(2Bdf + cCf + Cde) +16a>Cd® f> — 2ab2d f (C(de - cf 2 - 4df (2Adf + Bcf + Bde)) +

8bAd52 £5/2

[Out] ((4*bkxd*f*(2xAxbxd*xf - axCx(d*e + c*f)) + (bxdxe - bxcxf + 4xaxd*f)x*(2ka*xCxk
d*xf + bx(Cxd*e + c*xCxf - 2%Bkxdx*f)))*Sqrt[c + d*x]*Sqrtle + f*x])/(8%b~3*d"2

x£72) - ((2%axCkxd*f + bx(Cxd*e + c*xCxf - 24Bkdxf))*Sqrtlc + d*x]*(e + f*x)~
(8/2))/(4xb~2xd*£72) + (Cx(c + d*x)~(3/2)*(e + £*x)7(3/2))/(3*bxd*xf) - ((16
*a"3*%C*d"3*f73 - 8*a"2xbxd"2*f 2% (Ckd*e + c*Ckxf + 24Bxd*f) - 2*axb~2xd*fx*(C

*x(d¥xe - c*f)72 - 4xdxf*x(Bxd*e + Bxckxf + 2xAxdxf)) - b~ 3x(Ckx(dxe - cxf) 2*(d

xe + c*xf) - 2kdxfx(Bx(d*e - c*f)72 - 4*xAxdxfx(d*e + c*f))))*ArcTanh[(Sqrt[f
1xSqrtc + d*x])/(Sqrt[d]l*Sqrtle + f£*xx])]1)/(8*b~4xd~(5/2)*£7(5/2)) - (2% (Ax

b~2 - a*x(b*B - a*C))#*Sqrt[b*xc - a*d]*Sqrt[b*e - a*f]l*ArcTanh[(Sqrt[b*e - ax
f]xSqrt[c + d*x])/(Sqrt[b*c - a*xd]*Sqrtle + f*x])])/b~4

Rubi [A] time = 1.36945, antiderivative size = 453, normalized size of antiderivative =

1.01, number of steps used = 9, number of rules used = 8, integrand size = 36, number of rules

= 0.222, Rules used = {1615, 154, 157, 63, 217, 206, 93, 208}

integrand size

tanh ™" (gg) (—8a2bd2 f2(2Bdf + cCf + Cde) + 16a>Cd° f3 — 2ab*df (C(de —cf)? —4df(2Adf + Bcf + Bde)) +

8bAd5/2 512

Antiderivative was successfully verified.

[In] Int[(Sqrtlc + d*x]*Sqrtle + f*x]*(A + B*xx + C*xx~2))/(a + b*x),x]

[Out] ((8*Axbxd*xf - 4xaxCkx(dxe + cxf) + ((bxd*e - bkxckxf + 4kaxd*f)*(2*a*xCxd*xf + b
*x(Cxd*e + cxCxf - 2xBkxdxf)))/(bxd*f))*Sqrtlc + d*x]*Sqrtle + fx*x])/(8%b~2xd
xf) - ((2%a*xCxd*f + b*x(Ckdxe + c*Cxf - 2xBxd*f))*Sqrt[c + dxx]x(e + £*xx)~(3
/2))/ (4xb"2%d*£"2) + (Cx(c + d*x)~(3/2)*(e + f*x)~(3/2))/(3xbxdxf) - ((16*a
“3%C*xd"3*%f73 - 8%a”2xbxd"2xf 2% (Ckdxe + cxCkxf + 2%Bxd*xf) - 2¥xaxb”2xdxfx* (Ck(
d*e - c*f)"2 - 4xdxfx(Bxd¥e + Bxcxf + 2%Axd*f)) - b~ 3*(Cx(d*xe - cxf) 2% (dxe
+ c*xf) - 2xd*fx(Bx(dxe - c*f)~2 - 4*xAxd*f*x(dxe + c*xf))))*ArcTanh[(Sqrt[f]*
Sqrtlc + d*x])/(Sqrtld]*Sqrtle + £*xx])])/(8xb~4*xd~(5/2)*£7(5/2)) - (2% (Axb~
2 - ax(b*B - axC))*Sqrt[bxc - axd]*Sqrt[bxe - axf]l*ArcTanh[(Sqrt[bxe - ax*f]
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*Sqrt[c + d*x])/(Sqrt[bxc - axd]*Sqrtle + f*x])])/b~4

Rule 1615

Int [(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_)*(x_))"(n_.)*x((e_.) + (f
_D)*(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simp[(k*(a + b*x)"(m + q - D*(c + d*x)"(n + 1)*x(e + £*x)"(p +

1))/ (dxf*xb"(q - D*x(m + n + p + q+ 1)), x] + Dist[1/(dxf*b"g*x(m + n + p +

q + 1)), Int[(a + b*x) m*x(c + d*x) n*x(e + fxx) p*ExpandToSum[d*f*b~q*(m + n
+p+qg+ 1)*Px - dxfxkx(m + n + p + g + )*x(a + bxx)"q + kx(a + b*xx)"(q -
2)x(a"2xd*fx(m + n + p + g + 1) - b*(b*c*xex(m + q - 1) + ax(d*ex(n + 1) +

cxfx(p + 1))) + bk(axd*f*x(2%(m + q) + n + p) - bk(d*xex(m + q + n) + c*xfx(m

+q+ p)))*x), x], x], x] /; NeQ[m + n + p + q + 1, 0]] /; FreeQ[{a, b, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x] && IntegersQ[2+*m, 2*n, 2xp]

Rule 154

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_)*x(x_))"(m_)*((e_.) + (f_.)*(x_)
)T (p)*((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[(h*(a + bxx) mx(c + d*x)~(n
+ 1)*x(e + fxx)~(p + 1))/(d*f*(m + n + p + 2)), x] + Dist[1/(d*f*(m + n + p
+ 2)), Intl[(a + b*x)"(m - 1)*(c + d*x) " nx(e + f*x) p*Simp[axd*f*g*(m + n +
p + 2) - h*(b*ckxe*m + a*x(d*ex(n + 1) + cxf*x(p + 1))) + (bxd*fxgx(m + n + p
+ 2) + hx(axd*f*m - bx(d*xex(m + n + 1) + cxfx(m + p + 1))))*x, xJ, x], x] /
; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && GtQ[m, 0] && NeQ[m + n + p +
2, 0] &% IntegersQ[2*m, 2%n, 2*p]

Rule 157

Int[(((c_.) + (@_D*xD)"(m )*((e_.) + (£_.)*(x_))"(p_)*x((g_.) + (h_.)*(x_
D))/ ((a_.) + (b_.)*(x_)), x_Symbol] :> Dist[h/b, Int[(c + d*x)"n*x(e + f*x)~
p, x], x] + Dist[(b*g - ax*h)/b, Int[((c + d*x) n*x(e + f*x)"p)/(a + b*x), x]
, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)x(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x"2]] /; FreeQ[{a, b}, x] & 'GtQ[a, O]
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Rule 206

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtl[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 93

Int[(((a_.) + (b_)*x(x_ D))" (m_)*((c_.) + (d_)*(x_))"(m))/((e_.) + (f_.)*(x
_)), x_Symbol] :> With[{q = Denominator[m]}, Dist[q, Subst[Int[x~(g*(m + 1)
- 1)/(bxe - axf - (dxe - cxf)*x"q), x], x, (a + b*x)~(1/q)/(c + d*x)~(1/q)
1, x]1]1 /; FreeQ[{a, b, ¢, 4, e, f}, x] && EqQ[m + n + 1, 0] && RationalQ[n]
&& LtQ[-1, m, O] && SimplerQ[a + b*x, c + d*x]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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vC+dee+fx(§mzAbdf—acak+qf»—ngaCdf+b«1w+ccf—

JnvC+dxde+fx@4+Bx+Ckﬂdx:(Xc+d@W%e+f@y2+Jﬁ atbx
a + bx 3bdf 3b*df

_ (2aCdf + b(Cde + cCf - 2Bdf))Vc +dx(e + fx)¥?  C(c +dx)*?(e + fx)
- 10242 " 30df

_ (4bdf(Abdf — aC(de + cf)) + (bde — bef + 4adf)(2aCdf + b(Cde + cCf ~
- D32 f2

_ (4bdf(2Abdf — aC(de + cf)) + (bde — bef + 4adf)(2aCdf + b(Cde + cCf -
- 8342 f2

_ (4bdf(2Abdf — aC(de + cf)) + (bde — bef + 4adf)(2aCdf + b(Cde + cCf -
N 8b3d2 f2

_ (4bdf(2Abdf — aC(de + cf)) + (bde — bef + 4adf)(2aCdf + b(Cde + cCf -
- 8342 f2

_ (4bdf(2Abdf — aC(de + cf)) + (bde — bef + 4adf)(2aCdf + b(Cde + cCf -
- 8342 f2

Mathematica [B] time = 6.19865, size = 1944, normalized size = 4.32

result too large to display

Antiderivative was successfully verified.

[In] Integrate[(Sqrtlc + d*x]*Sqrtle + f*x]*(A + Bxx + C*x72))/(a + b*x),x]

[Out] (2x(A*b~2 - a*b*B + a~2*C)*Sqrtlc + d*xx]*Sqrtle + fxx]*(1 + (d*f*x(c + d*x))
/((dxe - cxf)*((d"2*e)/(d*e - c*f) - (c*xd*f)/(dxe - cxf))))~(3/2)*(1/(2*x(1

+ (d*fx(c + d*x))/((d*e - cxf)*((d"2xe)/(dxe - c*xf) - (c*xd*xf)/(d*e - c*f)))

)) + (Sqrtl[d*e - c*xf]*Sqrt[(d~2*e)/(d*e - c*f) - (c*xd*xf)/(dxe - cxf)]*ArcSi
nh[(Sqrt [d]*Sqrt [f]1*Sqrt[c + d*x])/(Sqrtld*e - cxf]*Sqrt[(d~2*e)/(dxe - cxf

) - (cxd*f)/(d*e - c*x£)]1)])/(2*Sqrt[d]*Sqrt [f]1*Sqrtc + d*x]*(1 + (dxf*(c +
d*x))/((d*e - cxf)*((d"2*e)/(d*¥e - cxf) - (c*xdxf)/(d*e - c*f))))~(3/2))))/
(b~3*Sqrt [d/((d"2*e)/(dxe - c*f) - (c*xd*f)/(d*e - cxf))]*Sqrt[(d*(e + f*x))
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/(d*e - cxf)]) + (2«Cx(d*e - cxf)*(c + d*x)~(3/2)*Sqrtle + fxx]*(1 + (dxfx*(
c + dxx))/((d*e - c*xf)*((d"2xe)/(dxe - c*xf) - (cxd*f)/(d*e - c*£))))~(5/2)*
((3/(4x(1 + (d*f*x(c + d*x))/((d*e - cxf)*((d"2xe)/(d*e - c*f) - (cxdx*f)/(dx
e - cxf))))"2) + (1 + (d*f*x(c + d*x))/((d*e - cxf)*x((d"2xe)/(d*e - c*xf) - (
cxd*f)/(dxe - c*£))))~(-1))/2 + (3x(d*e - c*xf)~2x((d"2*e)/(d*e - cxf) - (cx
dxf)/(d*e - cx*f)) 2% ((2*d*xfx(c + d*x))/((d*e - c*xf)*x((d"2xe)/(d*e - cx*f) -
(cxd*f)/(dxe - cxf))) - (2+Sqrt[d]*Sqrt[f]1*Sqrtlc + d*x]*ArcSinh[(Sqrt[d]*S
qrt [f]*Sqrt[c + d*x])/(Sqrtld*e - c*xf]*Sqrt[(d~2*e)/(d*xe - cxf) - (c*xdxf)/(
dxe - cxf)])])/(Sqrtld*e - cxf]*Sqrt[(d~2*e)/(d*xe - cxf) - (c*xdxf)/(d*xe - ¢
*£)]*Sqrt[1 + (d*f*x(c + d*x))/((d*e - cxf)*x((d"2*e)/(dxe - c*f) - (c*xd*f)/(
d¥e - cx£)))]1)))/(32xd"2*f"2*(c + d*x)"2%(1 + (d*f*(c + d*x))/((d*e - c*f)*
((@72*e)/(dxe - c*f) - (ckxd*f)/(dxe - cx£))))72)))/(3xb*xd™2xf*(d/((d"2*e)/(
dxe - cxf) - (cxd*f)/(d*e - c*£f)))~(3/2)*Sqrt[(dx(e + f*x))/(d*e - c*xf)]) +
(2% (= (b*Cxe) + b*Bxf - a*Cxf)x(c + d*x)~(3/2)*Sqrtle + f*xx]*(1 + (d*f*x(c +
d*x))/((dxe - c*f)*x((d"2%e)/(d*e - c*xf) - (c*xd*f)/(d*e - c*xf))))~(3/2)*(3/
(4x(1 + (dxfx(c + d*x))/((d*xe - c*f)*((d"2*e)/(d*e - cxf) - (cxd*xf)/(d*e -
cxf))))) + (3x(dxe - c*f) 2x((d"2%e)/(d*e - c*xf) - (ckxd*f)/(dxe - c*f)) 2% (
(2*d*xfx(c + d*xx))/((d*e - c*xf)*x((d"2xe)/(d*e - c*xf) - (cxd*f)/(d*e - cx*f)))
- (2xSqrt[d]*Sqrt [f]*Sqrt[c + d*x]*ArcSinh[(Sqrt[d]*Sqrt[f]*Sqrtlc + d*x])
/(Sqrt[d*e - cxf]*Sqrt[(d~2*e)/(d*xe - cxf) - (cxdxf)/(d*e - c*£)])])/(Sqrtl
dxe - c*xf]xSqrt[(d~2xe)/(d*e - cxf) - (cxdxf)/(d*e - cxf)]*Sqrt[1l + (dxf*(c
+ d*x))/((d*¥e - cxf)*((d"2xe)/(d*e - c*f) - (cxd*f)/(d*e - c*£f)))])))/(16%
d"2+f72%(c + d*x)"2*%(1 + (dxf*x(c + d*x))/((d*e - cxf)x((d"2*e)/(d*e - cxf)
- (cxd*f)/(d*e - c*£)))))))/(3xb~2xd*xf*xSqrt [d/((d"2*e)/(d*e - c*xf) - (c*d*f
)/ (d*e — c*xf))]*Sqrt[(d*x(e + f*x))/(d*e - c*xf)]) - ((A*b"2 - axb*B + a~2x(C)
*(—(bxc) + axd)*((2+Sqrt[f]*Sqrt[d*e - cxf]l*Sqrt[d/((d"2xe)/(d*e - c*xf) - (
ckdxf)/(dxe - c*f))]*Sqrt[(d~2*e)/(d*xe - cxf) - (c*kd*f)/(dxe - c*f)]*Sqrt[(
dx(e + f*xx))/(dxe - c*f)]xArcSinh[(Sqrt[d]*Sqrt[f]1*Sqrt[c + d*x])/(Sqrt[d*e
- cxf]*Sqrt[(d"2*e)/(d*e - c*xf) - (cxd*f)/(dxe - cxf)])])/(bxd~(3/2)*Sqrt[
e + f*xx]) - (2x(-(bxe) + axf)*ArcTan[(Sqrt[b*e - axf]l*Sqrtlc + d*x])/(Sqrt[
-(bxc) + axd]xSqrtle + f*x])])/(b*Sqrt[-(b*c) + axd]*Sqrt[bxe - axf])))/b"3

Maple [B] time = 0.044, size = 4227, normalized size = 9.4

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((Cxx~24Bxx+A)*(d*x+c) ~(1/2)*(f*x+e) " (1/2)/(bxx+a),x)

[Out] -1/48%(d*x+c) (1/2)*(fxx+e) " (1/2)*(-48*%A*1n ((-2%a*xd*f*xx+b*c*f*xx+bxd*ke*xx+2% (
(a~2xdxf-a*xbxcxf-axbkxd*xe+b~2*xc*e)/b~2) " (1/2) * (d*f*x"2+cxf*xx+d*e*xx+c*xe) ~(1/2
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)*b-a*c*xf-axdxe+2*b*cxe) / (b*xx+a) ) *x (d*f) " (1/2)*axb™3*xc*d~2*xf~3-48*A*x1n((-2*a
*d*f*x+brckfrx+brdrexx+2*x ((a~2xd*f-axb*xcxf-a*bxdre+b™2xc*xe) /b~2) ~(1/2) * (d*f
*x"2+ckfxx+drexx+cxe) T (1/2) *b-akxckf-a*xdre+2xbxckxe) / (bxx+a) ) * (d*f) ~(1/2) *a*xb
~3*d"3*e*xf " 2+48*Ax1n ((—2*xaxd*xf*x+b*ckf*x+brdrexx+2* ((a~2xd*xf-axb*cxf-a*xb*d*
e+b"2%c*e) /b72) " (1/2) * (d*xfxx~2+ckf*x+d*e*xx+ckxe) " (1/2) *b—axckxf-a*xd*xe+2*b*cke
)/ (bxx+a) ) *x(d*xf) ~(1/2) ¥b~4xc*d™ 2xe*xf ~2+24*Bx1n (1/2* (2*d*Fxx+2* (d*xf*x~2+c*f*
x+dxexx+ckxe) ~(1/2) x(dxf) " (1/2)+cxf+dxe) /(d*f) " (1/2) ) *((a~2xd*f-axbxcxf-axb*
d*e+b”2*xc*e) /b72) T (1/2) *a*xb~3*xc*d"2*f " 3+24*Bx1n (1/2% (2*xd*f*x+2* (A*f*x~2+c*f
*x+d*e*xx+cke) " (1/2) x(d*xf) "~ (1/2)+cxf+d*e) / (d*f) " (1/2) ) x((a~2*d*f-a*xb*cxf-ax*xb
*d*e+b " 2%c*e) /b72) T (1/2) *axb~3*%d " 3ke*xf"2-12*%Bx1n (1/2* (2xd*fxx+2% (d*f*x"2+c*
frx+d*exx+cxe) " (1/2) *x(d*xf) ~(1/2)+cxf+d*e) /(d*f) " (1/2) ) *((a~2*xd*xf-a*bxckxf-ax*
bxd*e+b~2xcxe) /b72) ~(1/2) *b~4*ckd ™ 2xexf "2+48*Bx1n ( (-2*a*d*f*x+bxcxf*xx+bxd*xe
*x+2% ((a~2*xd*f-axbxcxf-axbxd*e+b~2%c*e) /b72) 7 (1/2) * (d*xf*xx~2+c*f*x+d*e*x+c*e
)~ (1/2) ¥b-axcxf-a*xd*re+2*xbxckxe) / (bxx+a) ) * (d*f) ~(1/2) *a~2*xb~2*xc*xd~2xf ~3+48*B*
1n ((-2*a*xd*f*x+bkcxfrx+bxd*xexx+2* ((a~2*xd*f-a*bxcxf-axbxd*xe+b~2xc*e) /b~2) " (1
/2) % (d*f*x"2+ckfrx+d*exx+cxe) ~ (1/2) ¥b-a*xckf-axdre+2*xbxckxe) / (bxx+a) ) * (d*f) ~(
1/2) *a~2xb~2%d " 3*e*xf ~2-24*B* ((a~2xd*f-axbxcxf-a*xb*d*e+b~2*c*e) /b~2) ~(1/2) *(
dxf) = (1/2) * (d*fxx"2+ckxfxx+dxexx+cke) " (1/2) *x¥b~4*xd~2+f ~2-24*Cx1n (1/2* (2*d*f
*x+2% (A*F*x " 2+ckFxx+d*exx+cxe) " (1/2) *(d*f) ~(1/2) +cxf+d*xe) / (d*xf) "~ (1/2) ) *((a”
2+xd*xf-a*xbkckxf-axbxd*xe+b~2xcxe) /b72) " (1/2) *a~2xb~2*xcxd~2xf ~3-24*C*1n (1/2* (2
dxf*xx+2% (dxfxx~2+cxfxx+d*e*xx+cke) ~(1/2) *x(d*xf) ~(1/2)+cxf+d*e)/ (d*f) ~(1/2)) *(
(a~2*d*f-axb*c*f-a*bkdxe+b™2xcxe) /b72) ~(1/2) *a~2*b~2*xd"3*exf ~2-6xC*1n (1/2%*(
2xd*xfxx+2% (d*f*x"2+ckfrx+drexx+cke) " (1/2)x(d*xf) " (1/2) +cxf+dxe) /(d*f) ~(1/2))
* ((a™2*d*f-axbxcxf-axbxd*xe+b~2xc*e) /b~2) ~(1/2) *a*xb~3*c~2xd*f ~3-6+C*1n (1/2*(
2%d*f*x+2% (A*Fxx"2+ckxfxx+d*xexx+ckxe) " (1/2) x(d*f) " (1/2) +cxf+d*e) /(d*xf) ~(1/2))
* ((a™2*d*f-axbxcxf-axbxd*xe+b~2*c*e) /b™2) " (1/2) *a*xb~3*d"3xe~2*xf+3*C*1n (1/2*(
2kdxfxx+2% (d*f*xx"2+ckfxx+d*exx+ckxe) " (1/2) x(d*xf) ~(1/2)+cxf+d*e) /(d*f) ~(1/2))
*((a™2*d*f-axbxcxf-axbxdxe+b~2xc*e) /b~2) ~(1/2) *b~4*xc™2xd*xexf ~2+3*%C*1n (1/2%*(
2kdxfxx+2% (d*f*x"2+ckfxx+d*exx+ckxe) " (1/2) *x(d*xf) ~(1/2)+cxf+d*e) /(d*f) ~(1/2))
* ((a™2*d*f-axbxcxf-axbxdxe+b~2*c*e) /b72) " (1/2) *b"4d*xcxd~2%e 2+%f-16*%C*x~2*b"4
*d72+f 724 (Axf) " (1/2) * ((a~2xd*f-a*xb*c*xf-a*xbxdxe+b™2xc*xe) /b72) ~(1/2) * (d*f*x"2
+oxfxx+drexx+ckxe) " (1/2) +12%Cx ((a~2*xd*xf-axbxckxf-axbxd*e+b™2*c*xe) /b~2) ~(1/2) *
(d*f) =~ (1/2) * (d*f*xx"2+ckfxx+dxe*xx+cke) ~(1/2) *xa*xb~3xckxdxf " 2+12xCx ((a~2*xd*f-ax*
bxcxf-axbxdxe+b~2%c*e) /b72) " (1/2) *(d*f) " (1/2) * (d*f*x"2+c*f*x+d*e*xx+cxe) " (1/
2) *axb~3*d"2*xexf-4*xCx ((a~2xd*xf-a*xb*cxf-a*b*d*e+b™2*xc*xe) /b~2) ~(1/2)*(d*f) ~ (1
/2) % (A*f*x"2+ckfrx+d*exx+cxe) ™ (1/2) ¥b 4*ckdrexf+24*Ck ((a~2xd*xf-axb*cxf-a*bx*
dxe+b~2*c*xe) /b”"2) ~(1/2)*(d*f) = (1/2) * (d*f*x~2+ckxFxx+d*exx+c*e) ~(1/2) *x*xa*xb™3
*d"2%f "2-4*Ck ((a~2xd*xf—axbxcxf-a*xb*d*e+b”2*c*e) /b~2) "~ (1/2) x(dxf) ~(1/2) * (d*f
*x"2+ckfxx+drexx+cxe) T (1/2) *x¥b 4k cxd*f " 2+48*Cx1n ((—2*axd*xf*x+b*c*xf*x+b*xd*e
*x+2% ((a”2*xd*f-axbxcxf-axbxd*e+b™2%c*e) /b™2) 7 (1/2) * (d*xf*xx~2+c*f*x+d*e*x+c*e
)" (1/2) ¥b-axc*xf-axdxe+2*xbxckxe) / (bxx+a) ) * (d*f) ~(1/2) *a"2*b~2xc*xd~2xe*xf ~2-3*C
*1n (1/2% (2kd*fxx+2% (d*xfxx"2+ckfxx+d*e*xx+cke) " (1/2) * (d*xf) ~(1/2) +cxf+d*e) / (d*
£)7(1/2)) *((a~2xd*xf-axb*cxf-a*b*d*e+b™2*xc*xe) /b~2) ~(1/2) ¥b~4*c~3*f ~3-48*Ax* ((
a~2xd*xf-axbkckxf-axbxdxe+b~2xc*e) /D72) ~(1/2) * (d*f) = (1/2) * (d*xfxx~2+c*f*x+d*e*
x+cxe) T (1/2) *b~4*d"2+f " 24+6xC* ((a~2xd*xf—axbxcxf-a*xb*d*e+b”™2*xc*xe) /b~2) ~(1/2) *
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(d*f) = (1/2) * (d*f*x"2+ckf*xx+d*exx+cke) ™ (1/2) ¥b~4*xc 2xf~2+6*%C* ((a~2*xd*f-axb*c
*f-a*xb*d*e+b”™2*xc*e) /b72) ~(1/2) % (d*f) ~(1/2) * (A*f*x~2+cxfxx+d*xexx+c*xe) ~(1/2) *
b~ 4xd"2xe"2+48*A*x1n (1/2% (2kd*Fxx+2* (d*xf*xx~2+c*f*x+d*e*x+c*e) " (1/2) x(d*f) ~ (1
/2)+cxf+d*xe) /(d*f) " (1/2) ) x((a~2*d*f-a*bkcxf-axbxd*xe+b~2xc*e) /b~2) ~(1/2) *ax*b
~3%d"3*f"3-24*A*x1n (1/2*% (2*xd*f*x+2* (d*f*x™2+ckxfrx+d*exx+cxe) ~(1/2) *(d*f) ~(1/
2)+cxf+d*xe) /(d*f) ~(1/2) ) *x((a~2xdxf-axbxc*f-axb*xd*e+b™2*c*e) /b~2) ~(1/2) *b~4*
ckd ™ 2xf"3-24%Ax1n (1/2% (2% d*f*x+2% (d*xf*x~2+c*kfxx+d*exx+cxe) ~(1/2) % (d*xf) ~(1/2
Y+exf+dxe) /(d*f) " (1/2) ) *((a~2xd*xf-a*xb*cxf-a*b*xd*e+b™2xc*xe) /b~2) ~(1/2) *b~4x*d
“3*e*xf"2-48*Cx1n ((—2*axd*f*xx+b*c*xf*x+b*d*re*xx+2* ((a~2xd*xf-a*xbxcxf-a*xb*d*e+b”
2%cxe) /b72) " (1/2) * (d*xfxx~2+c*fxx+d*e*xx+ckxe) " (1/2) *b—axcxf-a*xd*xe+2*b*c*xe) /(b
*x+a) ) % (d*f) ~(1/2) *a"3xbxc*d~2*xf ~3-48*C*1n ( (—2*a*xd*f*x+bxc*f*x+b*xd*exx+2* ((
a~2xd*xf-axbkcxf-axbxdxe+b~2xc*e) /b~2) " (1/2) * (d*xf*x~2+cxf*xx+d*e*xx+c*xe) ~(1/2)
sb-axckxf-a*xdre+2xbxcxe) / (bxx+a) ) * (d*f) ~(1/2) *a~3*b*xd~3xexf ~2+48xB* ((a~2*d*f
—axb*c*xf-axbxdxe+b™2xc*xe) /b72) ~(1/2) *(d*f) " (1/2) * (d*xF*x"2+cxfxx+d*e*x+c*e) ™
(1/2) *a*xb~3*d"2*xf"2-12*B*x ((a~2*xd*f-a*xb*c*f-a*b*xd*e+b™2*xc*xe) /b~2) ~(1/2) * (d*f
)T (1/2) % (d*f*+x"2+ckfxx+d*exx+cxe) " (1/2) ¥b~4*cxd*f~2-12*%B* ((a~2xd*xf-axb*c*xf-
axb*xd*e+b”2*xc*e) /b72) “(1/2) % (d*f) ~(1/2) * (d*f*x~2+cxfxx+d*e*xx+c*e) ~(1/2)*b~4
*d"2%e*xf-48*C* ((a~2xd*xf-axbxc*xf-a*xb*d*e+b™2*c*xe) /b~2) ~(1/2) x(d*£) ~(1/2) *(d*
f*x7"2+ckfxx+d*exx+cxe) " (1/2) *a~2xb~2xd"2xf "2-3*Cx1n (1/2% (2¢d*f*xx+2* (d*xf*x~2
+oxfrx+drexx+cxe) " (1/2) % (d*f) ~(1/2) +cxf+d*xe) / (d*xf) ~(1/2) ) * ((a~2*d*f-axbxc*f
—axb*d*e+b " 2*xc*e) /b"2) "~ (1/2) *b~4*d"3*xe " 3+48*Cx1n ((-2*axd*f*x+b*ckf*x+b*d*ex*
x+2* ((a~2xdxf-a*xb*cxf-a*b*d*e+b™2xc*xe) /b~2) ~(1/2) % (d*f*x~2+c*kfxx+d*e*xx+c*xe)
~(1/2) *b-a*xcxf-axd*e+2xbxcxe) / (b*x+a) ) x (d*f) ~(1/2) *a~4*d~3+f~3-48*B*1n ((-2*
a*xd*f*x+brckxfrx+brdrexx+2x ((a~2*%d*f-a*b*ckf-axbxdxe+b™2xcxe) /b72) ~(1/2) *(d*
fxx"2+ckfrx+d*exx+cxe) ~ (1/2) ¥b-a*xckxf-axd*xe+2xbxcxe) / (b*x+a) ) * (d*f) ~(1/2) xax*
b~ 3*kckd " 2xexfT2+12+%C*1n (1/2* (2xd*Fxx+2*% (d*xf*xx~2+c*fxx+d*e*xx+ckxe) " (1/2) * (d*f
)7 (1/2)+ckf+dxe) / (d*xf) " (1/2)) *((a~2*d*xf-a*xbxcxf-a*bxd*xe+b™2xc*e) /b~2) " (1/2)
*axb~3*kckd”"2kexf T 2-4*Cx ((a~2xd*f-axb*c*xf-a*bxdxe+b™2xc*xe) /b~2) ~(1/2) *(d*f)~
(1/2) * (d*f*x"2+c*kfxx+drexx+cxe) ~(1/2) #x*¥b~4*d"2*ke*f+48%Ax1n ((—2*xaxd*f*x+b*c
*fxx+b*xd*rexx+2* ((a~2xd*xf-axb*cxf-a*b*d*re+b™2*xc*xe) /b~2) ~(1/2) * (d*f*x"2+c*f*x
+d*xexx+ckxe) " (1/2) *b—axckf-a*xd*e+2*b*ckxe) / (bxx+a) ) * (d*xf) ~(1/2) *a™2%b~2*xd "~ 3*f
~3-48*B*1n (1/2% (2xd*f*x+2* (d*f*xx"2+ckxfxx+d*exx+ckxe) ~(1/2) x(d*f) " (1/2) +cxf+d
xe) /(d*f) " (1/2) ) *((a~2xd*xf-axb*c*xf-a*xb*d*e+b”™2*xc*e) /b~2) ~(1/2)*a~2%b~2*d~3*
£73+6xBx1n (1/2*% (2xd*xf*x+2% (d*f*x~2+ckFxx+d*xexx+cxe) " (1/2) % (d*f) ~(1/2) +cxf+d
xe) /(d*f) " (1/2) ) *((a~2xd*xf-axb*c*xf-axb*d*e+b™2*xc*e) /b~2) ~(1/2) *b~4*c™2*d*f "
3+6xBx1n (1/2*% (2xd*xf*xx+2* (d*f*x"2+ckxfxx+d*exx+cxe) ~(1/2) % (d*f) ~(1/2) +cxf+d*e
)/ (A*xf)~(1/2))*x((a~2xd*f-axb*ckxf-a*xb*d*e+b™2*xc*xe) /b~2) ~(1/2) *b~4*d~3*e” 2*xf -
48*Bx1n ( (—2xa*xd*f*x+b*ckf*x+brdrxexx+2*x ((a~2*xd*f-a*xb*c*f-axbxd*e+b™2xc*xe) /b~
2) " (1/2) % (A*f*x~2+cxfxx+d*xexx+c*xe) ™ (1/2) *b-a*xcxf-axd*xe+2xbxcxe) / (b*x+a)) *(d
*f) 7 (1/2) *a"3*b*d"3*f " 3+48*Cx1n (1/2% (2¢d*f*x+2* (d*F*xx~2+cxf*xx+d*xe*xx+c*xe) ~ (1
/2)%(d*f) " (1/2) +cxf+d*xe) / (d*f) "~ (1/2)) *((a~2*xd*xf-a*bxcxf-axbxd*xe+b~2*c*e) /b~
2) " (1/2) *a~3*xb*xd"3*f~3) / (d*xf*xx"2+c*f*xx+d*e*xx+ckxe) ~(1/2) /b~5/d~2/£72/(d*f) ~(
1/2) / ((a~2*d*f-axb*c*f-akxbxdxe+b~2%c*e) /b~2) ~(1/2)
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)* (d*x+c)~(1/2)*(f*x+e)~(1/2)/(b*x+a),x, algorithm="m
axima"

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)*(d*x+c)~(1/2)*(f*x+e)~(1/2)/(b*x+a),x, algorithm="f
ricas"

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f Ve +dxyJe + fx (A + Bx + sz)

a+bx ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxx**2+Bxx+A)* (d*x+c)**x(1/2)*(fxx+e)**(1/2)/(b*x+a) ,x)

[Out] Integral(sqrt(c + d*x)*sqrt(e + f*x)*(A + B*x + Ckx**2)/(a + b*x), x)

Giac [B] time = 3.32303, size = 1461, normalized size = 3.25

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)* (d*x+c)~(1/2)*(f*x+e)~(1/2)/(b*x+a),x, algorithm="g
iac"

[Out] 1/24xsqrt((d*x + c)*d*xf - ckxd*f + d"2*e)*sqrt(d*x + c)*(2x(d*x + c)*(4*(d*x
+ c)*Cxabs(d)/(bxd~4) - (7xCxb~9*xc*d~8*f 4*xabs(d) + 6*Cxaxb~8xd~9*f ~4*abs(
d) - 6%Bxb~9%d~9%f 4xabs(d) - Cxb~9*d~9%f 3*abs(d)*e)/(b~10%xd~12xf74)) + 3%
(Cxb~9%c~2xd"8xf "4*abs(d) + 2xCxa*xb~8kcxd~9*f 4*abs(d) - 2*B*xb~9kcxd~9*f ~4x
abs(d) + 8*Cxa~2*b~7*xd~10*f 4xabs(d) - 8*Bkxaxb~8+d~10*f 4*abs(d) + 8*A*xb~9x
d~10*f"4*abs(d) - 2*Cxaxb~8xd~10*f~3*abs(d)*e + 2%Bxb~9*d~10*f 3*abs(d)*e -
C*b~9*d~10*f " 2*abs(d) *e”2) / (b~10*d~12+f"4)) + 2% (sqrt (d*f)*Ckxa”~3*b*c*xf*abs
(d) - sqrt(d*f)*Bxa~2*b~2*c*xfxabs(d) + sqrt(d*f)*A*xaxb~3xc*f*xabs(d) - sqrt(
dxf)*xC*xa~4xd*xfxabs(d) + sqrt(dxf)*B*a~3*bkxdxf*abs(d) - sqrt(d*f)*Axa~2xb~2x
dxfxabs(d) - sqrt(d*f)*C*xa~2xb~2xc*abs(d)*e + sqrt(d*f)*Bxaxb~3*c*abs(d)x*e
- sqrt (d*f)*Axb~4*xc*abs(d)*e + sqrt(d*xf)*Cxa~3*b*d*abs(d)*e - sqrt(d*f)*B*a
~2xb~2*d*abs(d)*e + sqrt(d*f)*A*xaxb”~3xd*abs(d)*e)*arctan(-1/2x(bxcxd*f - 2%
axd"2*f + b*d"2*e - (sqrt(d*xf)*sqrt(d*x + c) - sqrt((d*x + c)*d*xf - cxd*f +
d~2x*e)) "2*b)/ (sqrt (a*xbxcxd*f~2 - a~2*%d"2+f~2 - b7 2xckdxf*e + axbxd~2xfxe)*
d))/(sqrt(axb*xcxd*f~2 - a™2xd"2*f"2 - b~ 2xcxd*fxe + axb*d"2*f*xe)*b~4*xd) - 1
/16% (sqrt (d*f) *Cxb~3*c~3*%f"3*abs(d) + 2*sqrt(d*f)*Ckaxb~2*xc~2*d*f ~3*abs(d)
- 2%sqrt (d*f)*Bxb~3*c~2*xd*f "3*abs(d) + 8*sqrt(d*f)*Cka™2xb*c*d™2*f~3*abs(d)
- 8*sqrt (d=*f)*Bkaxb~2xc*xd"2xf"3*%abs(d) + 8*sqrt(d*f)*Axb~3*cxd~2*f 3*abs(d
) - 16%sqrt(d*f)*C*xa~3+xd~3*f"3*abs(d) + 16xsqrt(d*f)*B*a~2xb*xd~3*f"3*abs(d)
- 16*sqrt (d*f)*xA*xaxb~2*d"3*xf"3xabs(d) - sqrt(d*f)*Cxb~3*c~2*d*f~2*abs(d) *xe
- 4xsqrt (d*f) *Cxaxb~2*xcxd~2xf"2*abs(d) *e + 4xsqrt(d*f)*B*xb~3*%cxd~2+f 2*abs
(d)*e + 8xsqrt(d*f)*Cxa~2*xbxd~3+f 2*abs(d)*e - 8*sqrt(d*f)*Bkxa*xb~2xd~3*f 2%
abs(d)*e + 8*sqrt(d*f)*Axb~3*d~3*f " 2xabs(d)*e - sqrt(d*f)*Cxb~3*c*d~2xf*abs
(d)*e”2 + 2*sqrt (d*f)*Cxaxb~2xd"3xf*abs(d)*e”2 - 2*sqrt (d*f)*Bxb~3*d~3*f*ab
s(d)*e”2 + sqrt(d*f)*Cxb~3*d"~3*abs(d)*e~3)*log((sqrt(d*f)*sqrt(d*x + c) - s
qrt ((d*x + c)*d*xf - ckxd*f + d~2%e))”~2)/(b~4*xd"4x£"3)
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3.45

Vc+dxﬁe+fx@4+Bx+Cx2)
f > dx
(a+bx)

Optimal. Leaf size=521

tanh_l ( \/j_fVC+dx

7 W) (24a2Cd2 f2 - 8abd f (2Bdf + cCf + Cde) + b? (- (C(de - cf)? - 4df 2Adf + Bcf + Bde)))) N

C -
+

AbAB2 f312

[Out] ((12*%a~2*xCxd*f~2 - axbxf*(7*Cxdxe + c*Cxf + 8xBkxdxf) + b~ 2x(4xd*f*(Bxe + Ax
f) - Cxex(dxe - cxf)))*Sqrtlc + d*x]*Sqrtle + f*xx])/(4xb~3*xdxf*(b*e - a*xf))
+ ((3*a~2xCxd*xf + b~ 2% (c*Ckxe + 2xA*xd*f) — axbx(Cxd*e + c*C*f + 2*xBxd*f))x*S
grtlc + d*x]*(e + £*x)7(3/2))/(2*%b"2%(b*c - a*xd)*fx(bxe - axf)) - ((A*xb~2 -
ax(b*B - axC))*(c + d*xx)~(3/2)*(e + £*x)~(3/2))/(b*x(bxc - a*d)*(b*e - axf)
*(a + b*x)) + ((24*a~2*xCxd~2xf~2 - 8kaxb*d*f*(Ckdxe + cxCxf + 2%Bxd*f) - b~
2% (Cx(dxe - cxf)~2 - 4xdxfx(Bxd*e + Bkcxf + 2%Axdx*f)))*ArcTanh[(Sqrt[f]*Sqr
tlc + d*x])/(Sqrt[d]*Sqrtle + f*x]1)])/(4xb~4*d~(3/2)*£7(3/2)) + ((6%xa~3*C*d
*f — b"3*%(2*Bkxcke + Axdxe + Axcxf) + a*xb ™ 2x(4*xc*xCxe + 3*Bxdxe + 3*Bkc*f + 2
xAxd*f) - a”2%bx (4*Bxdxf + 5*xCk(d*e + cxf)))*ArcTanh[(Sqrt[b*e - axf]*Sqrtl[
c + d*xx])/(Sqrt[bxc - axd]*Sqrtle + f*x])])/(b~4xSqrt[b*xc - axd]*Sqrt[b*e
axf])

Rubi [A] time = 1.69576, antiderivative size = 521, normalized size of antiderivative

. . b f rul
1., number of steps used = 9, number of rules used = 8, integrand size = 36, e L

0.222, Rules used = {1613, 154, 157, 63, 217, 206, 93, 208}

tanh ™ (gg) (240°Cd? f2 — 8abd f(2Bdf + cCf + Cde) + 17 (= (Cde - cf)* ~ 4df(2Adf + Bef + Bde)))) /-

4bAd3R2 £372 +

integrand size

Antiderivative was successfully verified.

[In] Int[(Sqrtlc + d*x]*Sqrtle + f*x]*(A + Bxx + C*x~2))/(a + b*x)~2,x]

[Out] ((12*%a~2xCxd*xf~2 - axb*xf*(7*Cxd*e + c*xCxf + 8*xBxdxf) + b7 2% (4*d*f*(Bxe + Ax
f) - Cxex(dxe - cxf)))*Sqrtlc + d*x]*Sqrtle + f*xx])/(4xb~3*xdxf*(b*e - axf))
+ ((3*a~2xCxd*xf + b~ 2% (c*Cke + 2xA*xd*f) — axbx(Ckxd*e + c*Ckxf + 2*xBxd*f))*S
qrtlc + d*x]*(e + £*x)7(3/2))/(2%b~2*(b*c - axd)*f*x(bxe - axf)) - ((A*xb~2 -
ax(bxB - axC))*(c + d*x)~(3/2)x(e + £xx)~(3/2))/(bx(b*c - a*d)*(b*e - axf)
*(a + b*x)) + ((24*a~2*xCxd~2xf~2 - 8kaxb*xd*f*(Ckxdxe + cxCxf + 2%Bxd*f) - b~
2% (Cx(dxe — cxf)~2 - 4xdxfx(Bxd*e + Bkcxf + 2%Axdxf)))*ArcTanh[(Sqrt[f]*Sqr
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tlc + d*x])/(Sqrt[d]*Sqrtle + f£xx])]1)/(4xb~4xd~(3/2)*£7(3/2)) + ((6xa~3*Cxd

xf — b73%(2*%Bxcke + Axdxe + Axc*xf) + a*xb72x(4*ckCxe + 3*Bkdxe + 3*Bkcxf + 2

xAxdxf) - a”2xb* (4*Bxd*f + B5*#Cx(dxe + cxf)))*ArcTanh[(Sqrt[b*e - axf]*Sqrt[
c + d*x])/(Sqrtb*xc - axd]*Sqrtle + f*x])])/(b~4xSqrt[b*xc - a*xd]*Sqrt[bxe -
axf])

Rule 1613

Int[(Px_)*((a_.) + (b_.)*x(x_))"(m_)*((c_.) + (d_)*(x_))"(n_.)*x((e_.) + (f_
D*x(x_))"(p_.), x_Symbol] :> With[{Qx = PolynomialQuotient[Px, a + b*x, x],
R = PolynomialRemainder[Px, a + b*x, x]}, Simp[(b*R*(a + b*x)"(m + 1)*(c +
d*x)"(n + 1)*x(e + £*xx)"(p + 1))/ ((m + 1)*x(bxc - a*xd)*(bxe - a*f)), x] + Di
st[1/((m + 1)*x(bxc - axd)*(bxe - axf)), Int[(a + b*x)"(m + 1)*(c + d*x) nx*x(
e + f*x) pxExpandToSum[(m + 1)*(b*xc - axd)*(b*xe - a*f)*Qx + a*xd*f*Rx(m + 1)
- b*R*(d*ex(m + n + 2) + cxf*(m + p + 2)) - b*d*f*R*(m + n + p + 3)*x, x],
x], x]]1 /; FreeQ[{a, b, c, 4, e, f, n, p}, x] & PolyQ[Px, x] && ILtQ[m, -
1] && IntegersQ[2*m, 2#%n, 2*p]

Rule 154

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(m_)*((e_.) + (£_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[(h*(a + b*x) m*(c + d*x)~(n
+ Dx(e + £*x)7(p + 1))/(@*f*x(m + n + p + 2)), x] + Dist[1/(d*f*(m + n + p
+ 2)), Int[(a + b*xx)"(m - 1)*(c + d*x) nx(e + f*x) p*Simp[a*xd*fxg*(m + n +
p + 2) - h*x(b*ckxe*m + a*x(d*ex(n + 1) + cxf*x(p + 1))) + (bxd*f*gx(m + n + p
+ 2) + hx(axd*f*m - bx(d*xex(m + n + 1) + c*xfx(m + p + 1))))*x, x], x], x] /
; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && GtQ[m, 0] &% NeQ[m + n + p +
2, 0] &% IntegersQ[2*m, 2%n, 2*p]

Rule 157

Int[(((c_.) + (@_)*xxD)"(m )*((e_.) + (£_)*x_))"(p)*x((g_.) + (h_.)*(x_
)/ ((a_.) + (b_.)*(x_)), x_Symbol] :> Dist[h/b, Int[(c + d*x) n*x(e + f*x)~
p, x], x] + Dist[(b*g - axh)/b, Int[((c + d*x)"n*x(e + f*x)"p)/(a + b*x), x]
, x] /; FreeQ[{a, b, c, d, e, f, g, h, n, p}, x]

Rule 63

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]
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Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && 'GtQ[a, O]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQl[a/b]l && (Gt
Qla, 0] || LtQ[b, 0])

Rule 93

Int[(((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_))/((e_.) + (f_.)*(x
_)), x_Symbol] :> With[{q = Denominator[m]}, Dist[q, Subst[Int[x~(gq*(m + 1)
- 1)/(b*e - a*xf - (dxe - cxf)*x"q), x], x, (a + b*x)"(1/q)/(c + d*x)~(1/q)
1, x1] /; FreeQ[{a, b, c, d, e, f}, x] && EqQ[m + n + 1, 0] &% RationalQ[n]
&& LtQ[-1, m, 0] && SimplerQ[a + b*x, c + d*x]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps



290

2 2
Verdx m(_ 3a2C(de+cf)+b2(2Bce+Ade

Ve + dxJe + fx (A +Bx + sz) (Ab2 —a(bB - aC)) (c+dx)Pe+ fx)¥? [
f (a + bx)2 ax == b(bc — ad)(be — af)(a + bx) -

(3a2Cdf + B2(cCe + 2Adf) — ab(Cde + cCf + 2Bdf)) Ve + dx(e + f)¥? (.
2b%(bc - ad) f (be — af) o

(12a2Cdf? - abf (7Cde + cCf + 8Bdf) + b2(4df(Be + Af) - Ce(de - cf))) V.
4b3df(be — af)

(12a2Cd f2 - abf (7Cde + cCf + 8Bdf) + b2(4df(Be + Af) - Ce(de - cf))) V.
4b3df (be — af)

(1242Cdf? - abf (7Cde + cCf + 8BAf) + b*(4df (Be + Af) — Ce(de - cf))) V.
43 f (be — af)

(12a2Cdf? - abf (7Cde + cCf + 8Bdf) + b2(4df(Be + Af) - Ce(de - cf))) V.
4b3df (be — af)

(1242Cdf? - abf (7Cde + cCf + 8BAf) + b*(4df (Be + Af) - Ce(de - cf))) V.
43 f (be — af)

Mathematica [B] time = 6.27427, size = 2665, normalized size = 5.12

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(Sqrtlc + d*x]*Sqrt[e + fxx]*(A + Bxx + C*x72))/(a + b*x)~2,x]

[Out] -(((A*b~2 - a*x(b*B - a*C))*(c + d*x)~(3/2)*(e + £*xx)~(3/2))/(b*(b*xc - axd)*
(bxe - a*xf)*(a + b*x))) + (2%(b*B - 2*axC)*Sqrt[c + d*x]*Sqrtle + f*xx]*(1 +
(d*f*(c + d*x))/((d*xe - c*xf)*((d"2*e)/(d*e - cxf) - (c*dxf)/(dxe - cx*f))))
“(38/2)*x(1/ (2% (1 + (d*xfx(c + d*x))/((d*xe - cxf)x((d"2xe)/(d*e - c*f) - (c*dx
f)/(d*xe - c*x£))))) + (Sqrtldxe - c*f]xSqrt[(d~2xe)/(d*e - cxf) - (cxdxf)/(d
xe — c*f)]*ArcSinh[(Sqrt[d]*Sqrt[f]l*Sqrtlc + d*x])/(Sqrt[d*e - c*xf]*Sqrt[(d
~2xe)/(d*e - cxf) - (cxd*f)/(d*e - c*£)])])/(2+Sqrt[d]l*Sqrt[f]1*Sqrtc + d*x
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I1x(1 + (dxf*(c + d*x))/((d*e - c*f)*((d"2%e)/(d*e - cxf) - (c*xdxf)/(dxe - ¢
*£))))7(3/2))))/(b73xSqrt [d/ ((d"2xe) /(d*e - c*xf) - (cxd*f)/(d*e - c*f))]*Sq
rt[(dx(e + f*x))/(d*e - c*xf)]) + (2%Cx(c + d*x)~(3/2)*Sqrtle + f*xx]*(1 + (d
*xfx(c + d*x))/((d*e - c*xf)*x((d"2%e)/(d*e - c*xf) - (ckxd*f)/(d*e - c*£f))))~(3
/2)*%(3/(4x(1 + (dxf*(c + d*x))/((dxe - cxf)*((d"2*e)/(d*e - c*f) - (c*xd*f)/
(dxe - c*f))))) + (3x(d*e - cxf) 2x((d"2*e)/(d*e - c*xf) - (ckd*f)/(d*e - cx
£))72x((2%d*fx(c + d*x))/((d*e - c*f)*((d"2xe)/(d*e - c*f) - (cxd*f)/(d*e -
cxf))) - (2*xSqrt[d]*Sqrt[f]l*Sqrtlc + d*x]*ArcSinh[(Sqrt[d]*Sqrt[f]*Sqrt[c
+ d*x])/(Sqrt[d*e - cxf]l*Sqrt[(d~2*e)/(dxe - c*xf) - (cxd*f)/(d*e - c*£)])])
/(Sqrt[dxe - c*xf]xSqrt[(d~2*xe)/(d*e - cxf) - (cxdxf)/(d*e - cxf)]*Sqrt[l +
(dxf*(c + d*x))/((dxe - cxf)*((d"2xe)/(d*e - c*f) - (c*d*f)/(d*e - c*f)))])
))/(16xd~2%f72+(c + dxx)"2x(1 + (d*fx(c + d*x))/((d*xe - c*f)*((d"2*e)/(d*e
- cxf) - (cxdxf)/(d*e - c*£)))))))/(3xb~2*xd*Sqrt [d/((d"2xe)/(d*xe - cxf) - (
ckdxf)/(dxe - cxf))]*Sqrt[(d*(e + fxx))/(d*xe - cxf)]) - ((b*B - 2xa*xC)*(-(b
xc) + axd)*((2+Sqrt[f]1*Sqrt[d*e - cxfl*Sqrt[d/((d"2xe)/(d*e - c*f) - (cxdxf
)/ (dxe - c*xf))]*Sqrt[(d~2*e)/(d*xe - c*f) - (c*d*f)/(dxe - c*f)]*Sqrt[(d*(e
+ fxx))/(d*xe - c*f)I*ArcSinh[(Sqrt[d]*Sqrt[f]1*Sqrtlc + d*x])/(Sqrtld*e - cx
f1*Sqrt[(d~2*e)/(d*xe - cxf) - (c*xdxf)/(d*e - c*£)])])/(b*d~(3/2)*Sqrtle + f
xx]) - (2%(=(b*xe) + axf)*ArcTan[(Sqrt[bxe - a*xf]*Sqrt[c + d*x])/(Sqrt[-(b*c
) + axd]*Sqrtle + fxx])])/(b*xSqrt[-(b*c) + a*xd]*Sqrt[b*xe - a*f])))/b~3 - ((
Axb~2 - axb*B + a”2*C)*((-4*f*(c + d*x)~(3/2)*Sqrtle + f*x]*(1 + (dxfx(c +
d*x))/((d*e - cxf)*((d"2%e)/(d*xe - c*f) - (c*xd*f)/(d*e - cxf))))~(3/2)*(3/(
4x(1 + (dxfx(c + d*x))/((d*xe - c*xf)*((d"2%e)/(d*e - cxf) - (ckxd*xf)/(d*e - ¢
*x£))))) + (3x(d¥e - c*f)"2x((d"2%e)/(d*e - c*f) - (ckd*f)/(d*xe - c*f)) 2% ((
2¢dxf*(c + d*xx))/((dxe - cxf)*((d"2%e)/(d*e - cxf) - (cxd*f)/(dxe - c*f)))
- (2#Sqrt[d]*Sqrt [f]1*Sqrt[c + d*x]*ArcSinh[(Sqrt[d]*Sqrt[f]*Sqrtlc + d*x])/
(Sqrt[d*e - cxf]*Sqrt[(d~2*e)/(d*e - cxf) - (cxdxf)/(d*¥e - c*f)])])/(Sqrtld
xe — c*xf]*Sqrt[(d~2%e)/(d*e - c*f) - (cxd*f)/(d*e - c*f)]*Sqrt[1 + (dxfx(c
+ d*x))/((d¥e - cxf)*((d"2%e)/(d*e - cxf) - (ckd*f)/(d*e - c*xf)))])))/(16*d
“2xf72x (c + d¥x)72x(1 + (dxfx(c + d*x))/((d*e - cxf)*((d"2*e)/(d*e - c*f) -
(cxd*f)/(d*e - cx£)))))))/(3*xSqrt[d/((d"2xe)/(d*e - c*xf) - (cxd*f)/(dxe -
cxf))]*Sqrt[(dx(e + fx*x))/(d*e - cxf)]) + ((2*axbxdxf + (bx(-2*axd*f - b*(d
xe + c*xf)))/2)*((2*Sqrt[c + d*x]*Sqrtle + f*x]*(1 + (dxfx(c + d*x))/((dxe -
cxf)*((d™2xe)/(dxe - c*f) - (cxd*f)/(d*e - cxf))))~(3/2)*(1/(2x(1 + (d*fx*(
c + dxx))/((d*e - c*xf)*((d"2xe)/(d*e - c*f) - (cxd*f)/(d*e - c*f))))) + (Sq
rt[d*e - cxf]l*Sqrt[(d~2*e)/(d*e - cxf) - (c*xd*f)/(d*e - cxf)]*ArcSinh[(Sqrt
[d]*Sqrt [f]1*Sqrt[c + d*x])/(Sqrtld*e - cxf]*Sqrt[(d~2*e)/(d*e - c*xf) - (c*d
*xf)/(d*xe - cx£)])])/(2xSqrt [d]*Sqrt [f]1*Sqrtlc + d*x]*(1 + (d*f*x(c + d*x))/(
(d¥e - cxf)*((d"2xe)/(d*e - cxf) - (ckd*f)/(d*e - c*f))))~(3/2))))/(b*Sqrtl
d/((d"2xe)/(d*e - c*f) - (cxd*f)/(d*e - c*xf))]*Sqrt[(dx(e + f*x))/(d*e - cx
£)1) - ((=(b*c) + axd)*((2%Sqrt[f]1*Sqrt[d*e - cxf]xSqrt[d/((d"2xe)/(d*e - ¢
*xf) - (cxdxf)/(d*e - cxf))]*Sqrt[(d~2*e)/(d*e - cxf) - (ckxdxf)/(d*e - cxf)]
*Sqrt[(dx (e + f*x))/(d*xe - c*f)]*ArcSinh[(Sqrt[d]*Sqrt[f]1*Sqrtlc + d*x])/(S
qrt[d*e - cxf]l*Sqrt[(d~2*e)/(dxe - c*f) - (c*xd*f)/(dxe - c*£)]1)])/(b*d~(3/2
)*Sqrte + fxx]) - (2*%(-(bxe) + axf)*ArcTan[(Sqrt[b*e - a*xfl*Sqrt[c + dx*x])
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/(Sqrt[-(bxc) + axd]*Sqrtle + f*x])])/(b*Sqrt[-(bxc) + axd]*Sqrt[bxe - axf]
)))/b)) /b)) /(b7 2% (bxc - axd)*(bxe - axf))

Maple [B] time = 0.042, size = 5051, normalized size = 9.7

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((Cxx~2+B*x+A)*x(d*x+c)~(1/2)*x(f*x+e)~(1/2)/(b*x+a)”~2,x)

[Out] result too large to display

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)* (d*x+c)~(1/2)* (f*x+e)~(1/2)/(b*x+a)~2,x, algorithm=

"maxima")

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)* (d*xx+c)~(1/2)*(f*x+e)~(1/2)/(b*x+a)”2,x, algorithm=

"fricas")

[Out] Timed out
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxx*x2+B*xx+A)* (dxx+c)** (1/2)* (£xx+e)**(1/2)/ (b*x+a)**2,x)

[Out] Timed out

Giac [B] time = 13.1467, size = 2140, normalized size = 4.11

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)* (d*xx+c)~(1/2)*(f*x+e)~(1/2)/(b*x+a)~2,x, algorithm=
“giac")

[Out] 1/4*sqrt((d*x + c)*d*f - ckd*xf + d"2%e)*sqrt(d*x + c)*(2*(d*x + c)*C*xabs(d)
/(b72%d~3) - (Cxb~7*c*d~3*f~2*abs(d) + 8*Ckxaxb~6xd~4*f 2xabs(d) - 4*Bxb~7*d
~4xf~2%abs(d) - Cxb~7*xd"4xfxabs(d)*e)/(b~9*%d"6%xf"2)) - (b*xsqrt(d*f)*Cxa~2*b
xcxfxabs(d) - 3*sqrt(d*f)*Bkxaxb~2xc*f*xabs(d) + sqrt(d*f)*A*xb~3xc*f*abs(d) -
6*xsqrt (dxf)*Cxa~3xd*f*abs(d) + 4xsqrt(d*f)*Bxa~2*b*xd*fxabs(d) - 2*sqrt(d*f
) *Axaxb~2xd*f*xabs(d) - 4*sqrt(d*f)*Cxaxb~2xc*abs(d)*e + 2*sqrt (d*f)*Bxb~3%c
*xabs (d)*e + Bkxsqrt(d*f)*Cka~2xb*d*abs(d)*e - 3*sqrt(d*f)*Bka*xb~2*xd*abs(d) *xe
+ sqrt (d*xf)*xAxb~3xd*abs (d) *e) *arctan(-1/2* (bxc*d*f - 2*%axd"2xf + bxd"2%e -
(sqrt(d*xf)*sqrt(d*x + c) - sqrt((d*x + c)*d*xf - cxd*f + d~2%e)) 2xb)/(sqrt
(axbxcxd*f~2 - a”2*%d"2+f72 - b7 2xckdxf*xe + axbxd~2*xfxe)*d))/(sqrt(axbxc*xd*f
T2 - am2*%d"2%f72 - bT2kckdxfkxe + axbxd"2xfxe)*b"4xd) - 2x(sqrt(d*xf)*Cxa”2*b
*xcT2xd*f"2*abs(d) - sqrt(d*f)*Bxaxb~2+c”2xd*f 2xabs(d) + sqrt(d*f)*A*b~3*c”
2xd*xf~2xabs(d) - 2*sqrt(d*f)*Cxa~2*bxc*d™2*f*abs(d)*e + 2*sqrt (d*f)*Bxa*xb~2
xcxd"2xf*abs(d) *e - 2%sqrt (d*f)*Axb~3xcxd"2xf*abs(d)*e - sqrt(d*f)*(sqrt(dx*
f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - ckxdxf + d"2%e)) "2*xCxa~2xb*cxfxabs(d
) + sqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - ckxd*xf + d"2x*e
)) "2*¥Bkaxb~2kxckf*xabs(d) - sqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x +
c)*d*xf - ckxd*f + d"2%e)) "2xAxb”3xc*fxabs(d) + 2*sqrt(d*f)*(sqrt(d*f)=*sqrt(d
*x + ¢) - sqrt((d*x + c)*dxf - cxd*xf + d72xe)) "2#C*xa~3*dxf*abs(d) - 2xsqrt(
d*xf)*x(sqrt (d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - ckxdxf + d"2%e)) 2*Bxa”
2xbxd*fxabs(d) + 2*sqrt(d*f)*(sqrt(d*xf)*sqrt(d*x + c) - sqrt((d*x + c)x*dxf
- cxd*f + d72xe)) "2xAkxaxb~2kxd*f*abs(d) + sqrt(d*f)*Cxa”~2xb*d~3*abs(d)*e”2 -
sqrt (d*f) *Bxaxb~2*xd"3*abs(d) *e”2 + sqrt (d*f)*Axb~3*d"3*abs(d)*e”2 - sqrt(d



294

*xf)* (sqrt (d*f) *sqrt(d*x + c) - sqrt((d*x + c)*d*xf - cxd*f + d"2%e)) 2*xCxa”2
*bxd*abs(d)*e + sqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - ¢
xd*f + d”"2xe)) 2xBkaxb~2*xd*abs(d)*e - sqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) -
sqrt ((d*x + c)*d*f - cxd*xf + d72xe)) "2*Axb~3*dxabs(d)*e)/((b*xc™2*xd"2*xf~2 -
2*¥bxcxd"3*f*xe - 2x(sqrt(d*xf)*sqrt(d*x + c) - sqrt((d*x + c)*xdxf - c*xdxf + d
“2%e) ) "2*bxckd*f + 4x(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - cxdxf
+ d72%e)) "2xaxd"2xf + bxd"4xe”2 - 2*(sqrt(dxf)x*sqrt(d*x + c) - sqrt((d*x +
c)*d*xf - ckxd*f + d"2%e)) 2xbxd"2xe + (sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x +
c)*dxf - cxd*f + d”"2%e)) "4xb)*b~4) + 1/8*%(sqrt(d*f)*Cxb~2xc~2*f " 2*abs(d) +
8*sqrt (d*f) *Ckaxbxckxd*f~2xabs(d) - 4*sqrt(d*f)*B*b~2xcxd*f ~2*abs(d) - 24x*s
qrt (d*xf)*xCxa~2xd~2*xf"2*abs(d) + 16*sqrt(d*f)*B*axbxd~2xf 2*abs(d) - 8*sqrt(
dxf)*A*b~2xd~2*f"2*%abs(d) - 2*sqrt(d*f)*C*xb~2xcxd*xf*abs(d)*e + 8xsqrt(d*f)x*
Cxaxbxd~2*f*xabs(d)*e - 4xsqrt(d*xf)*Bxb~2xd"2*xf*abs(d)*e + sqrt(d*f)*Cxb~2xd
“2*abs(d) *e”2)*log((sqrt (d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - c*d*xf +
d~2xe))~2)/(b~4*d"3*f"2)
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\/c+dx\/e+fx(A+Bx+Cx2) q
X

(a+bx)3

346 |

Optimal. Leaf size=658

tanh ! (J——%_ VZ":”Z) (36262 (4BAf(cf + de) + C (52f2 + 22cdef + 5%¢2)) - 8a*bd f(BAf + 5C(cf + de)) + 24a*Cd

4b4(bc — ac

[Out] -((12%a~3*Cxd*f~2 - a~2xbxf*(17*Cxd*e + 11%c*xCxf + 4*Bxdxf) + a*xb 2% (Bxf*(5
*d*xe + 3*c*f) + 4*xCxex(dxe + 4*c*f)) - b~ 3k (Axdxexf + cx(4xCxe”2 + 4*Bkexf
- Ax£72)))*Sqrtc + d*x]*Sqrtle + f*x])/(4*¥b~3x(b*xc - axd)*(b*e - a*xf)~2) +
((6xa~3*%C*d*f - b~ 3*(4*Bkckxe — Axdxe - A*xc*xf) + axb™2x(8*cxCxe + 3*%Bxdxe +
3kBxcxf — 2kAxdxf) - a”2%b*(2«Bxd*f + 7xCx(dxe + c*f)))*Sqrtlc + dxx]*(e +
£*x)7(3/2))/ (4xb~2x(bxc - a*d)*(b*e - a*f) 2x(a + b*xx)) - ((A*b~2 - ax*x(b*B
- a*C))*(c + d*x)~(3/2)x(e + £*x)~(3/2))/(2xbx(b*c - axd)*(bxe - a*f)*(a +
b*x)"2) - ((6*axCxd*xf - bx(Cxd*e + c*Cxf + 2xBxdxf))*ArcTanh[(Sqrt[f]*Sqrt
[c + d*x])/(Sqrt[d]*Sqrtle + fxx])]1)/(b~4*Sqrt[d]*Sqrt[f]) - ((24*a~4xC*xd~2
*f72 - 3*axb"3x(Bkd"2*xe”2 + c"2%f*(8+Cxe + Bxf) + 2*ckxdxex(4*xCxe + 3*Bx*f))
- 8*%a~3*bxdxf* (Bkd*xf + 5xCx(d*e + c*f)) - b7 4x(A*d"2%e”2 — 2*ckdxe*x(2*Bxe +
Axf) - c72x(8xCxe”2 + 4*Bkexf — A*f~2)) + 3%xa~2%b" 2% (4*B*xd*f*(d*e + cxf) +
Cx(5xd~2*%e”2 + 22xckd*xexf + bxc™2xf~2)))*ArcTanh[(Sqrt[bxe - axf]*Sqrtlc +
d*x])/(Sqrt[b*c - axd]*Sqrtle + f*x])])/(4*xb~4*(b*c - a*xd)~(3/2)*(bxe - ax
£)°(3/2))

Rubi [A] time = 2.67951, antiderivative size = 657, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 9, integrand size = 36, e o e

0.25, Rules used = {1613, 149, 154, 157, 63, 217, 206, 93, 208}

integrand size

tanh ™! (F—%_ Vzei”{;) (36262 (4BAf(cf + de) + C (52f2 + 22cdef + 5%¢2)) — 8a*bd f (BAf + 5C(cf + de)) + 24a*Cd

4b4(bc — ac

Antiderivative was successfully verified.

[In] Int[(Sqrtlc + d*x]*Sqrtle + f*xx]*(A + Bxx + Cxx"2))/(a + bxx)~3,x]

[Out] -((12*a”3*Cxd*f~2 — a~2%b*f*(17*Ckd*e + 11xcxCxf + 4*Bxd*f) - b~ 3*(4d*xcxCkxe™

2 + Axd¥exf + cxfx(4*Bxe - A*xf)) + axb 2% (Bxfx(5xd*e + 3*xcxf) + 4xCxex(dxe

+ 4xcxf)))*Sqrtlc + d*x]*Sqrtle + f*x])/(4xb~3*(b*c - a*d)*(b*xe - axf)~2) +
((6xa~3*%C*d*f - b~ 3*(4*Bxcxe — Axdxe - Axcxf) + axb™2x(8*cxCxe + 3*%Bxd*e +
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3xBkcxf — 2xAxd*f) - a”2xb*x(2«Bkxdxf + 7*Ckx(d*e + cxf)))*Sqrtlc + dxx]x(e +
£*x)7(3/2))/ (4xb~2x(bxc - a*d)*(b*e - a*f) 2x(a + bxx)) - ((A*b~2 - ax*x(b*B
- a*C))*(c + d*x)~(3/2)x(e + £*x)~(3/2))/(2*bx(b*c - axd)*(bxe - ax*f)*(a +
b*x)~2) - ((6*axCxd*xf - bx(Cxd*e + c*Cxf + 2xB*d*f))*ArcTanh[(Sqrt[f]*Sqrt
[c + d*x])/(Sqrt[dl*Sqrtle + fxx]1)1)/(b~4*Sqrt[d]l*Sqrt[f]) - ((24*a~4xCxd"2
*f72 - 3*a*xb” 3k (Bkd"2*xe"2 + cT2%f*(8+Cxe + B*f) + 2kckxdxex(4xCxe + 3*Bxf))
- 8*a " 3*bxd*f*x (Bxd*xf + 5xCx(d*e + c*f)) - b74x(Axd"2xe"2 - 2*c*d*e* (2*B*xe +
Axf) — c72x(8xCxe”2 + 4*Bkexf — A*f~2)) + 3*xa~2%b" 2% (4*B*xd*xf*(d*e + cxf) +
Cx(5xd~2*%e~2 + 22xckxd*xexf + bxc™2xf~2)))*ArcTanh[(Sqrt[bxe - axf]*Sqrtlc +
d*x])/(Sqrt[bxc - a*d]*Sqrtle + f*x])]1)/(4*b~4*(b*c - axd)~(3/2)*(bxe - ax
£)7(3/2))

Rule 1613

Int[(Px_)*((a_.) + (b_.)*x(x_))"(m_)*((c_.) + (d_)*(x_))"(n_.)*((e_.) + (f_
O*x(x_))"(p_.), x_Symbol] :> With[{Qx = PolynomialQuotient[Px, a + b*x, x],
R = PolynomialRemainder[Px, a + b*x, x]}, Simp[(b*R*(a + b*x)"(m + 1)*(c +
d*x)"(n + 1)*(e + £*xx)"(p + 1))/((m + 1)*(b*c - a*xd)*(bxe - axf)), x] + Di
st[1/((m + 1)*(bxc - axd)*(bxe — axf)), Int[(a + b*x)"(m + 1)*(c + d*xx) n*(
e + f*x) pxExpandToSum[(m + 1)*(b*c - axd)*(b*xe - a*f)*Qx + a*xd*f*R*(m + 1)
- b*R*(d*ex(m + n + 2) + cxf*(m + p + 2)) - b*d*f*R*(m + n + p + 3)*x, x],
x], x]]1 /; FreeQ[{a, b, c, d, e, f, n, p}, x] & PolyQ[Px, x] && ILtQ[m, -
1] && IntegersQ[2+#m, 2*n, 2xp]

Rule 149

Int[((a_.) + (b_)*(x_)) " (m_)*x((c_.) + (d_)*x(x_))"(m_)*((e_.) + (f_.)*(x_)
) (p)*((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[((bxg - a*h)*(a + b*x)~(m +
Dx(c + dxx)"nx(e + £*x)"(p + 1))/ (b*x(b*e - axf)*x(m + 1)), x] - Dist[1/(b*(
bxe — axf)*(m + 1)), Int[(a + b*x)"(m + 1)*(c + d*x) " (n - 1)x(e + f*x) pxSi
mp [b*xcx (fxg - exh)*(m + 1) + (bxg - axh)*(d*exn + cxf*x(p + 1)) + d*x(b*x(f*g
- exh)*(m + 1) + fx(b*g - a*xh)*(n + p + 1))*x, x], x], x] /; FreeQ[{a, b, ¢
,d, e, £, g, h, p¥, x] & LtQ[m, -1] && GtQ[n, 0] && IntegerQ[m]

Rule 154

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_)*x(x_))"(m_)*((e_.) + (f_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[(h*(a + b*x) m*(c + d*x)~(n
+ Dx(e + £*x)7(p + 1))/(d*f*x(m + n + p + 2)), x] + Dist[1/(d*f*(m + n + p
+ 2)), Int[(a + bxx)"(m - 1)*(c + d*x) nx(e + f*x) p*Simp[a*xd*fxg*(m + n +
p + 2) - hx(b*ckexm + a*x(d*ex(n + 1) + cxfx(p + 1))) + (bxd*f*g*(m + n + p
+ 2) + hx(axd*f*m - bx(d*xex(m + n + 1) + cxfx(m + p + 1))))*x, x], x], x] /
; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && GtQ[m, 0] && NeQ[m + n + p +
2, 0] &% IntegersQ[2*m, 2*n, 2*p]



297

Rule 157

Int[(((c_.) + (@_D*xD))"(m )*((e_.) + (f_.)*(x_))"(p_)*x((g_.) + (h_.)*(x_
D))/ ((a_.) + (b_.)*(x_)), x_Symbol] :> Dist[h/b, Int[(c + d*x)"n*x(e + f*x)~
p, x], x] + Dist[(b*g - ax*h)/b, Int[((c + d*x) n*x(e + f*x)"p)/(a + b*x), x]
, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x]

Rule 63

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - (axd)/b +
(d*x"p)/b)"n, x], x, (a + b*x)~(1/p)], x]1] /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + bxx~2]] /; FreeQ[{a, b}, x] & !GtQ[a, O]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 93

Int[(((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_))/((e_.) + (f_.)*(x
_)), x_Symbol] :> With[{q = Denominator[m]}, Dist[q, Subst[Int[x~(gq*(m + 1)
- 1)/(b*e - a*xf - (dxe - cxf)*x"q), x], x, (a + b*x)"(1/q)/(c + d*x)~(1/q)
1, x1]1 /; FreeQ[{a, b, c, 4, e, £}, x] && EqQ[m + n + 1, 0] && RationalQ[n]
&& LtQ[-1, m, 0] && SimplerQ[a + b*x, c + d*x]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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2 2 (4Boo
N W(_ 3a2C(de+cf)+b2(4Bce—Ade

f Ve +dxqJe+ fx (A + Bx + sz) = (Ab2 —a(bB - aC)) (c +dx)¥2(e + fx)¥? f

(a + bx)3 r= 2b(bc — ad)(be — af)(a + bx)?

(6a3Cdf — b3(4Bce — Ade — Acf) + ab*(8cCe + 3Bde + 3Bcf — 2Adf) — a®b(:
4b?(be — ad)(be — af)?(a + bx)

(12a3Cd 2 - a?bf(17Cde + 11cCf + 4Bdf) — b° (4cCe? + Adef + cf (4Be -
4b3(bc — ad)(be — .

(12a°Cdf? - a®bf (17Cde + 11cCf + 4Bdf) - b (4cCe? + Adef + cf(4Be -
4b3(bc — ad)(be — ¢

(12113Cdf2 —a?bf(17Cde + 11cCf + 4Bdf) — b° (4cCe2 + Adef + cf (4Be -
4b3(bc — ad)(be —

(12a°Cdf? - a®bf (17Cde + 11cCf + 4Bdf) - b (4cCe? + Adef + cf(4Be -
4b3(bc — ad)(be — ¢

(12a°Cdf? - a?bf (17Cde + 11cCf + 4Bdf) - b (4cCe? + Adef + cf(4Be -
4b3(bc — ad)(be — ¢

Mathematica [B] time = 6.44909, size = 2157, normalized size = 3.28

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(Sqrtlc + d*x]*Sqrt[e + fxx]*(A + Bxx + C*x72))/(a + b*x)~3,x]

[Out] -((A*b~2 - ax(b*B - a*C))*Sqrtlc + d*x]*(e + f*x)~(3/2))/(2*¥b"2*(b*e - axf)
x(a + b*x)72) - ((b*B - 2¥xa*xC)*(c + d*x)~(3/2)x(e + £*x)7(3/2))/(bx(b*c - a
xd)*(bxe - axf)*(a + bxx)) + (2%CxSqrt[c + d*xx]*Sqrtle + f*x]*(1 + (d*xfx*(c
+ d*x))/((d*e - cxf)*x((d"2%e)/(d*e - cxf) - (c*dxf)/(d*e - c*xf))))~(3/2)*(1
/(2*%(1 + (dxf*(c + d*x))/((d*e - c*f)*x((d"2*e)/(d*e - c*f) - (cxd*f)/(dxe -
cxf))))) + (Sqrtld*e - c*xfl*Sqrt[(d~2*e)/(d*e - cxf) - (c*xdxf)/(d*e - cxf)
I1*ArcSinh [(Sqrt [d]*Sqrt [f]*Sqrt[c + d*x])/(Sqrtld*e - c*f]*Sqrt[(d~2*e)/(d*
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e - cxf) - (c*xdxf)/(dxe - c*x£f)])])/(2xSqrt[d]*Sqrt[f]l*Sqrtlc + d*x]*(1 + (d
*xf*x(c + d*x))/((dxe - cxf)*((d"2*e)/(d*e - c*f) - (c*xdxf)/(dxe - c*x£))))~(3
/2))))/(b~3*%Sqrt[d/((d"2*e)/(d*xe - cxf) - (c*xdxf)/(d*e - cx*f))]*Sqrt[(d*(e
+ fxx))/(d*e - c*xf)]) + (2%Ckx(b*c - axd)*((Sqrt[f]1*Sqrt[d*e - cxf]xSqrt[(dx*
(e + f*xx))/(d*e - c*f)]*ArcSinh[(Sqrt[f]*Sqrtlc + d*x])/Sqrtld*e - c*x£]])/(
bxd*Sqrt[e + f*x]) + (Sqrtl[bxe - axf]*ArcTan[(Sqrt[b*e - axf]*Sqrtl[c + dx*x]
)/ (Sqrt [-(bxc) + axd]*Sqrtle + f*x])])/(bxSqrt[-(b*c) + axd])))/b~3 - ((A*b
72 - ax(b*B - a*C))*(d*e - c*f)*((Sqrtlc + d*x]*Sqrtle + f*x])/((b*c - axd)
x(a + bxx)) - ((d*xe - cxf)xArcTan[(Sqrt[b*e - axf]*Sqrt[c + d*x])/(Sqrt[-(b
xc) + axd]*Sqrtle + f*x])])/((-(bxc) + a*xd)~(3/2)*Sqrt[bxe - axf])))/(4*b~2
*x(bxe - axf)) - ((b*B - 2*xaxC)*((-4*xfx(c + d*x)~(3/2)*Sqrtle + f*xx]*(1 + (d
*fx(c + d*x))/((d*e - cxf)*((d"2*xe)/(d*e - c*f) - (cxd*f)/(d*e - cx£))))~(3
/2)%(3/(4%(1 + (d*f*(c + d*x))/((d*e - c*xf)*((d"2xe)/(d*e - cxf) - (cxdxf)/
(dxe - cx£))))) + (3x(d¥e - cx*f) "2x((d"2*e)/(d*e - c*f) - (c*d*f)/(d*e - c*
£))72x((2xd*f*x(c + d*x))/((d*xe - cxf)*((d"2%e)/(d*e - cxf) - (cxdxf)/(dxe -
c*xf))) - (2#Sqrt[d]*Sqrt[f]1*Sqrtlc + d*x]*ArcSinh[(Sqrt[d]*Sqrt[f]*Sqrtl[c
+ d*x])/(Sqrt[d*e - c*xf]*Sqrt[(d~2*e)/(d*e - c*xf) - (c*xd*f)/(d*e - c*f)])])
/(Sqrtld*e - cxf]*Sqrt[(d"2*xe)/(d*xe - c*f) - (cxd*f)/(d*e - c*f)]*Sqrt[1l +
(dxf*(c + d*x))/((dxe - cxf)*((d"2xe)/(d*e - c*f) - (c*d*f)/(d*e - c*f)))])
))/(16%d"2*%£7 2% (c + d*x)"2%(1 + (d*f*x(c + d*xx))/((d*xe - cxf)*((d"2xe)/(dxe
- c*xf) - (cxd*f)/(d*e - c*£)))))))/(3*Sqrt[d/((d"2*e)/(d*e - c*f) - (c*xd*f)
/(d*e - c*f))]*Sqrt[(dx(e + f*x))/(d*e - c*f)]) + ((2xaxbxdxf + (b*(-2*a*xd*
f - bx(dxe + cxf)))/2)*((2+Sqrtc + dxx]*Sqrtle + f*xx]*x(1 + (d*f*x(c + d*x))
/((d*e - cxf)*((d"2*e)/(d*xe - c*f) - (cxd*f)/(d*e - cxf))))~(3/2)*(1/(2x(1
+ (dxfx(c + d*x))/((d*e - c*xf)*x((d"2*%e)/(d*e - c*xf) - (ckxd*f)/(d*e - c*f)))
)) + (Sqrtl[dxe - c*f]*Sqrt[(d~2xe)/(d*e - c*xf) - (cxd*f)/(d*e - cx*f)]*ArcSi
nh[(Sqrt[d]*Sqrt [f]1*Sqrt[c + d*x])/(Sqrtld*e - cxf]*Sqrt[(d~2*e)/(d*e - cx*f
) = (cxd*f)/(dxe - c*f)1)])/(2*Sqrt [d] *Sqrt [f1*Sqrt[c + d*x]*(1 + (dxf*(c +
d*x))/((dxe - c*xf)*x((d"2%e)/(d*e - c*xf) - (c*xdxf)/(d*¥e - c*f))))~(3/2))))/
(b*xSqrt [d/((d"2*e)/(d*e - c*xf) - (c*xd*xf)/(dxe - cxf))]*Sqrt[(d*x(e + fxx))/(
dxe - c*xf)]) - ((-(bxc) + axd)*((2+Sqrt[f]*Sqrt[d*e - cxfl*Sqrt[d/((d~2xe)/
(dxe - c*f) - (c*xd*f)/(dxe - c*xf))]*Sqrt[(d~2*e)/(d*xe - c*xf) - (c*xd*f)/(dxe
- c*f)]xSqrt[(d*(e + f*x))/(d*e - c*f)]*ArcSinh[(Sqrt[d]*Sqrt[f]*Sqrt[c +
d*x])/(Sqrt[d*e - c*f]l*Sqrt[(d~2*e)/(d*e - c*xf) - (c*xdxf)/(dxe - cx£)])])/(
b*xd~ (3/2)*Sqrtle + f*x]) - (2x(-(bxe) + axf)*ArcTan[(Sqrt[b*e - axf]*Sqrt(c
+ dx*x])/(Sqrt[-(b*c) + axd]l*Sqrtle + f*xx])])/(b*Sqrt[-(b*c) + axd]*Sqrt [bx*
e - axf])))/b))/b))/ (b2 (bxc - axd)*(bke - a*f))

Maple [B] time = 0.063, size = 12065, normalized size = 18.3

output too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((Cxx~2+Bxx+A)* (d*x+c)~(1/2)*(f*x+e)~(1/2)/(b*x+a)~3,x)

[Out] result too large to display

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)* (d*x+c)~(1/2)*(f*x+e)~(1/2)/(b*x+a)~3,x, algorithm=

"maxima")

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)* (d*x+c)~(1/2)* (f*x+e)~(1/2)/(b*x+a)~3,x, algorithm=

"fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxx**2+B*xx+A)* (d*xx+c)**(1/2)* (fxx+e)**(1/2)/(b*xx+a)**3,x)

[Out] Timed out
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Giac [B] time = 38.8443, size = 11268, normalized size = 17.12

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*xx~2+B*x+A)* (d*x+c)~ (1/2)*x(f*x+e)”(1/2)/(b*x+a)~3,x, algorithm=
“giac")

[Out] 1/4%(15xsqrt (d*f)*Cxa~2*b~2xc~2+f 2*abs(d) - 3x*sqrt(d*f)*Bxa*b~3*c~2xf 2*ab
s(d) - sqrt(d*f)*Axb~4xc~2*f 2%abs(d) - 40*sqrt(d*f)*Cxa~3*b*xckxd*f 2*abs(d)
+ 12xsqrt (d*xf)*B*xa~2xb~2xc*xd*f~"2*abs(d) + 24*sqrt (d*f)*Cxa~4*xd~2*xf 2*abs(d
- 8xsqrt (d*f)*B*a~3*b*xd~2*f " 2%abs(d) - 24*sqrt (d*f)*Cxa*xb~3*c”2xf*abs(d) *
+ 4xsqrt (d*f) *Bxb~4*c~2xf*abs(d) *e + 66*sqrt (d*f)*Cxa~2*b~2*c*xdxf*abs(d) *
- 18x*sqrt (d*f) *B*xaxb~3xckxd*f*abs(d)*e + 2*sqrt(d*f)*A*b~4*xcxd*f*abs(d)*e
40*sqrt (d*f) *C*xa~3xbxd~2*f*abs(d) *e + 12*sqrt(d*f)*Bxa~2+b~2*d”~2xf*abs(d)
*xe + 8xsqrt(d*f)*Cxb~4*c™2*abs(d)*e”2 - 24*sqrt (d*f)*C*xa*b”3*c*d*abs(d)*xe”2
+ 4xsqrt (d*f) *Bxb~4*xcxd*abs(d)*e”2 + 1b5*sqrt(d*f)*C*xa~2*b~2*d”~2*abs (d)*e~2
- 3xsqrt(d*f)*Bxaxb~3*d"2*abs(d) *e”2 - sqrt(d*f)*Axb~4*xd~2*abs(d)*e”~2)*arc
tan(-1/2x(bxc*xd*f - 2xa*xd™2+f + b*d"2xe - (sqrt(d*f)*sqrt(d*x + c) - sqrt((
dxx + c)*d*xf - ckxdxf + d"2%e)) 2xb)/(sqrt(axbkcxd*f~2 - a™2%d"2*f"2 - b~ 2x*c
*d*fxe + axb*xd”2*xfxe)*d))/((a*b™bkc*xf - a~2*b~4xd*f - b 6xc*e + a*b bkxdxe)*
sqrt (axbkxcxd*f~2 - a”2+%d"2xf72 - b7 2xckdxfxe + axbxd"2*xfxe)xd) + 1/2%(9*sqr
t (d*f)*Cxa~2xb~3*%c~5*xd~3*f"5*abs(d) - 5*sqrt (d*f)*Bxa*xb~4xc~5xd~3*f 5*abs(d
) + sqrt(d*f)*A*b~5xc~5*xd~3*%f " 5xabs(d) - 10*sqrt(d*f)*Cxa~3*b~2xc~4*xd~4*f~5
xabs(d) + 6%sqrt(d*f)*Bxa~2xb~3*%c~4*d"4*f 5xabs(d) - 2*sqrt (d*f)*Axa*xb~4*c”
4xd~4xf"5*xabs(d) - 8*sqrt(d*f)*Cxa*xb”~4*c~5+d"3*f 4*xabs(d)*e + 4*xsqrt(d*xf)*B
*b~Bxc b*d"3*f"4xabs(d)*xe - 27*xsqrt(d*xf)*Cxa”~2xb~3xc~4*d"4*f 4*abs(d)*e + 1
5xsqrt (d*f) *Bxa*xb~4xc~4xd ~4*xf~4*xabs(d) *e - 3*sqrt (d*f)*Axb~5xc~4*xd~4*f 4xab
s(d)*e + 40*sqrt(d*f)*Cxa~3xb~2*c~3*d~5xf "4*xabs(d)*e - 24*xsqrt(d*f)*Bxa~2xb
“3%c73%d"5xf "4*xabs(d) *e + 8*xsqrt (d*f)*Axaxb~4*c~3*d"5xf "4*abs(d)*e - 27*sqr
t(d*f) *(sqrt (d*f)*sqrt(d*x + c) - sqrt((d*x + c)xd*xf - c*xdxf + d™2%e)) "2%Cx
a~2xb"3xc"4*xd"2*f 4*abs(d) + 15*xsqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((
dxx + c)*d*f - ckxd*xf + d72%e)) "2*Bxaxb~4xc”4xd"2*xf 4*abs(d) - 3*sqrt(dxf)*(
sqrt (d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - c*xd*f + d~2%e)) “2%Axb~5xc 4x*
d~2xf~4xabs(d) + 80*sqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*dx*f
- cxd*f + d72%e)) "2*Cxa”3*b"2*c"3*d"3*f"4xabs(d) - 44*sqrt(d*f)*(sqrt(dx*f)
xsqrt (dxx + c) - sqrt((d*x + c)*d*xf - cxd*f + d™2xe)) "2+B*a~2*b~3*c”~3*d"~3*f
“4xabs(d) + 8xsqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*xf - cxd
xf + d72%e)) "2xAxa*xb~4*c"3xd"3xf"4*abs(d) - 56xsqrt(dxf)*(sqrt(d*f)*sqrt (dx*
X + ¢c) - sqrt((d*x + c)*d*xf - ckxdxf + d~2%e)) "2xCxa~4*xbxc~2xd”4*f 4*abs(d)
+ 32*sqrt (d*f) *(sqrt(d*f) *sqrt(d*x + c) - sqrt((d*x + c)*d*xf - cxd*f + d72x%
e)) "2*Bxa~3*%b"2*c”2xd"4*f "4*xabs(d) - 8*sqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) -

® O



302

sqrt ((d*x + c)*d*xf - ckxd*f + d~2%e)) " 2*Axa”2%b"3*c~2xd"4*xf "4xabs(d) + 32*s
qrt (d*f)*Cxaxb~4xc~4xd"4*f"3xabs(d) *e”2 - 16%sqrt (d*f)*Bxb~5*xc~4*d~4*f ~3*ab
s(d)*e”2 + 18xsqrt(d*f)*C*xa~2%b~3xc~3*d"5*xf " 3*abs(d)*e”2 - 10*sqrt (d*f)*B*a
*xb~4*xc”3*%d"5*f"3*abs(d)*e”2 + 2*sqrt (d*f)*Axb~5*xc~3*d"5*f"3*abs(d)*e”2 - 60
*xsqrt (d*f) *Cxa~3*b~2xc~2+d~6*f " 3*abs (d)*e”2 + 36*sqrt (d*f)*B*xa~2%b~3*c~2*d"~
6xf~3*abs(d)*e”2 - 12*sqrt (d*f)*Axa*xb~4*c”~2xd"~6*f "3*abs(d)*e”2 + 24*sqrt (dx*
f)*x(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - cxd*xf + d~2xe)) "2xCkaxb”
4xc”4xd"2xf"3*abs (d) *e - 12xsqrt(d*f)*(sqrt(d*xf)*sqrt(d*x + c) - sqrt((d*x
+ c)xd*f - ckxdxf + d"2%e)) "2*Bxb~5xc”4*xd"2*f " 3*abs(d) *e - 44xsqrt(dxf)*(sqr
t(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - cxd+*f + d~2%e)) "2*C*ka~2xb~3%c~3
*xd"3%f "3*abs(d)*e + 20*sqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*
dxf - cxd*f + d72%e)) 2*xBxaxb 4*xc"3*d"3*f " 3*abs(d)*e + 4xsqrt(d*f)*(sqrt(dx
f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - ckxd*f + d~2%e)) "2xA*xb~5xc~3*d~3*f~3
xabs (d)*e - 80*sqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - cx
d*xf + d72%e)) "2*%Cxa~3xb~2*xc"2*xd"4xf"3xabs(d)*e + 44*xsqrt(d*f)*(sqrt(d*f)*sq
rt(d*x + c) - sqrt((d*x + c)*d*f - ckxd*xf + d~2%e)) "2xBxa~2*b~3*c~2+d ~4*f 3%
abs(d)*e - 8xsqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - c*dx*
f + d72xe)) "2xA*axb”4xc”2xd"4*f"3*abs(d)*e + 112*sqrt (d*f)*(sqrt(d*f)*sqrt(
dxx + c) - sqrt((d*x + c)*d*xf - cxd*f + d™2xe)) " 2xCka~4*b*xc*d~5xf " 3*abs(d)*
e - 64xsqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - cxd*f + d~
2%e)) "2xBxa”3*%b"2xc*xd"5*f " 3xabs (d)*e + 16xsqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c
) - sqrt((d*x + c)*dxf - ckxd*f + d"2%e)) "2xA*xa”2*b"3*kc*d"b*f " 3*abs(d)*e + 2
7xsqrt (dxf)*x (sqrt (d*f) *sqrt(d*x + c) - sqrt((d*x + c)*d*f - ckxd*xf + d"2x%e))
“4%C*xa~2*%b~3*c"3*d*f " 3*abs(d) - 15*xsqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqr
t((d*x + c)*d*f - ckxdxf + d"2%e)) “4*xBxaxb~4*c~3xd*f 3*abs(d) + 3xsqrt(d*f)x*
(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - cxd*f + d~2%e)) 4*A*b~5xc~3
xd*f~3*abs(d) - 102*sqrt(d*f)*(sqrt(d*xf)*sqrt(d*x + c) - sqrt((d*x + c)*d*f

- cxdxf + d"2%e)) “4*xC*a”~3xb~2%c”2*d"2xf "3*abs(d) + 58*sqrt(d*f)*(sqrt(d*f)
xsqrt (dxx + c) - sqrt((d*x + c)*d*xf - cxd*f + d™2xe)) “4*Bxa~2*b~3*c”~2xd " 2*f
“3*abs(d) - 14*xsqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - cx
dxf + d"2%e)) “4xAxaxb”4*xc"2xd"2*f"3*abs(d) + 1562*sqrt(d*f)*(sqrt(d*f)*sqrt(
dxx + c) - sqrt((d*x + c)*d*f - ckxd*xf + d72%e)) “4*Cka~4*xbxc*d~3*f " 3*abs(d)
- 88xsqrt (d*f)*(sqrt (d*f)*sqrt(d*x + c) - sqrt((d*x + c)xd*xf - ckd*xf + d~2x
e)) “4*Bxa~3*%b~2*cxd"3*%f " 3*abs(d) + 24*sqrt(d*xf)*(sqrt(d*f)*sqrt(d*x + c) -
sqrt ((d*xx + c)*d*f - c*xd*xf + d72%e)) “4d*Axa~2*xb~3*cxd~3*f 3*abs(d) - 80*sqrt
(d*f) *(sqrt (d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - cxd*f + d~2xe)) 4xCx*a
“b*xd"4*f"3*abs(d) + 48*sqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*
dxf - cxd*f + d72%e)) 4*Bxa~4xb*d"4xf " 3*abs(d) - 16*sqrt(d*f)*(sqrt(d*f)*sq
rt(d*x + c) - sqrt((d*x + c)*d*f - c*xd*xf + d72x%e)) “4*A*a~3*%b~2*d~4*f " 3*abs(
d) - 48xsqrt(dxf)*Cxaxb~4*xc~3*d"5xf 2xabs(d)*e”3 + 24xsqrt(d*f)*B*b~5%xc~3*d
“5*xf"2xabs(d)*e”3 + 18*sqrt(d*f)*C*xa~2*b~3*c~2xd~6*f "2*abs(d)*e~3 - 10*sqrt
(d*f)*Bxaxb~4*c~2xd~6*f "2*abs(d)*e”3 + 2*sqrt (d*f)*A*xb~5xc~2*d~6*f " 2*abs(d)
xe”3 + 40*sqrt (dxf)*Cxa~3*b~2*cxd~7*f " 2*abs(d)*e”3 - 24x*sqrt(d*f)*Bxa~2%b~3
xcxd"7*f"2xabs(d)*e”3 + 8*sqrt(d*f)*Axaxb~4xc*xd~7+f " 2*xabs(d)*e”3 - 24xsqrt(
dxf)*(sqrt (d*xf)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - ckxd*xf + d~2%e)) "2*xCxax
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b~4xc”3*%d"3*f " 2*abs(d) *e”2 + 12*sqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((
dxx + c)*xd*f - ckxdxf + d72%e)) "2*Bxb~5*xc”3*d"3*f 2*xabs(d)*e”2 + 142%sqrt (dx*
f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - c*xd*xf + d"2xe)) ~2*Cxa 2%
b~3%c"2%d"4xf"2*%abs(d)*e”2 - 70*xsqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((
dxx + c)*dxf - cxd*xf + d72%e)) "2*Bxaxb”4xc”2xd"4*f"2*abs(d)*e”2 - 2*sqrt (dx*
f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - ckd*xf + d"2%e)) 2*Axb~5x
c"2xd"4xf"2xabs(d)*e”2 - 80x*sqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x
+ c)xd*f - ckxdxf + d72%e)) "2*Cxa”3xb~2*kcxd"5xf"2*abs(d)*e”2 + 44*xsqrt (d*f)x*
(sqrt(d*xf)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - cxd*f + d~2%e)) 2xB*a~2%b~3
xcxd"b*f"2*xabs (d)*e”2 - 8*xsqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x +
c)*d*xf - ckxd*xf + d"2%e)) "2xAxaxb~4*ckxd"b*xf " 2*abs(d)*e”2 - 56*sqrt (d*f)*(sqr
t(dxf)*sqrt(d*x + c) - sqrt((d*x + c)*d*xf - cxd*f + d"2%e)) ~2*C*a~4*bxd”~6*f
“2%abs(d)*e”2 + 32*sqrt (d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)x*dxf
- cxd*f + d72xe)) "24B*a~3*b"2xd"6xf "2*abs(d)*e”2 - 8*sqrt(d*f)*(sqrt(d*f)x*s
grt(d*x + c) - sqrt((d*x + c)*d*xf - cxd*f + d~2%e)) "2xA*a”~2%b~3xd~6*f ~2*abs
(d)*xe”2 - 24xsqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*xf - cxdx
f + d72%e)) "4xCxaxb~4*xc™3xd*f"2*abs(d)*e + 12*%sqrt(d*f)*(sqrt(d*f)*sqrt(d*x
+ ¢c) - sqrt((d*x + c)*d*f - cxd*xf + d™2xe)) “4*Bxb~5*xc”3*d*xf " 2*abs(d)*e + 1
09*sqrt (d*f) *(sqrt (d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - cxd*xf + d"2xe)
) T4xC*a”2xb~3%c"2*d"2*f " 2xabs(d)*e - 57*sqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c)
- sqrt((d*x + c)*d*f - cxd*f + d"2xe)) “4*Bkaxb~4*xc”2xd"2xf "2*abs(d)*e + b5xs
grt (d*f)*(sqrt (d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - cxd*xf + d"2xe)) ~4x
Axb~Bxc”2xd"2*f " 2*abs(d)*e - 228*sqrt (d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt(
(d*x + c)*d*f - ckxdxf + d"2%e)) "4*Cxa~3*b~2xc*xd~3*f"2*abs(d)*e + 124xsqrt(d
*xf)*x (sqrt (d*xf)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - cxd+*f + d~2%e)) 4*Bxa~2
*b~3*c*kd"3xf"2*abs(d) *e - 20*sqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x
+ c)xd*f - ckdxf + d72%e)) “4kxAxaxb"4*ckd"3*f 2%abs(d)*e + 152*sqrt (d*f)*(s
grt (d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - cxd*xf + d~2xe)) “4*xC*xa~4*xb*d~4
xf~2xabs (d)*e - 88*sqrt (d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)x*dxf
- cxd*f + d72xe)) "4xB*a~3*b"2xd"4*xf"2*abs(d)*e + 24*sqrt(d*f)*(sqrt(d*f)*sq
rt(d*x + c) - sqrt((d*x + c)*d*f - ckxd*xf + d~2xe)) 4xAxa~2*b~3*d~4xf ~2*abs (
d)*e - 9kxsqrt(d*xf)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - ckd*xf +
d”2%e) ) "6*C*xa " 2*¥b"3*xc"2*xf "2*abs (d) + 5xsqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) -
sqrt ((dxx + c)*d*xf - cxd*xf + d™2xe)) “6*Bkaxb~4xc~2*xf " 2*abs(d) - sqrt(d*f)x*
(sqrt(d*xf)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - cxd*f + d~2%e)) " 6xA*b~5*c~2
xf"2xabs(d) + 32*sqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f -
ckdxf + d72%e)) "6*xCxa~3xb~2*cxd*f " 2%abs(d) - 20*sqrt(d*f)*(sqrt(d*f)=*sqrt(d
*x + c) - sqri((d*x + c)*d*f - cxdxf + d~2*e)) 6*Bka”~2*xb 3*ckxd*f "2*abs(d) +
8xsqrt (dxf)*(sqrt (d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - ckxdxf + d~2x%e)
) "6xAxaxb~4*xckxd*f"2xabs(d) - 24*sqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((
d*xx + c)*d*f - cxdxf + d72%e)) “6*Cxa~4*xbxd~2xf "2*abs(d) + 16xsqrt(d*f)*(sqr
t(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - cxd+*f + d~2%e)) “6*B*a~3*xb~2%d~2
*f"2xabs(d) - 8*sqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - ¢
*xd*f + d72%e)) "6kxA*a"2xb"3*d"2%f " 2xabs(d) + 32xsqrt (d*f)*Cxaxb4*xcT2xd 6*fx*
abs(d)*e”™4 - 16*sqrt(d*f)*Bxb~5*xc~2*xd~6*f*abs(d)*e”4 - 27*sqrt (d*f)*Cxa~2*b
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“3xcxd"7xfxabs(d)*e”4 + 15k%sqrt(d*f)*Bkaxb”~4*xckd”~7*f*abs(d)*e”4 - 3xsqrt(dx*
f)*Axb~5xcxd"7xf*abs(d)*e”4 - 10*sqrt(d*f)*Cxa~3*b~2*xd"8*f*abs(d)*e”4 + 6%s
qrt (d*xf)*B*xa~2xb~3*d"8*f*abs(d)*e~4 - 2*sqrt(d*f)*A*xaxb~4*xd~8*fxabs(d)*e”4
- 24xsqrt (d*xf)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - c*xdxf + d~2%
e)) "2xCxaxb~4*xc~2xd 4xf*abs(d)*e”3 + 12xsqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c)
- sqrt((d*x + c)*d*f - ckxd*xf + d"2%e)) 2%B*b~5xc”2xd"4*f*xabs(d)*e”3 - 44xsq
rt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - cxd*xf + d"2xe)) ~2*C
*xa”~2xb~3*%cxd"5xfxabs(d)*e”3 + 20*sqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt(
(d*x + c)*d*f - cxdxf + d"2%e)) "2*Bxaxb~4*cxd 5*xfxabs(d)*e”3 + 4xsqrt(dx*f)*
(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - cxdxf + d~2%e)) ~2*A*b~5*xcxd
“bxfxabs(d)*e”3 + 80*sqrt(dxf)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*dx
f - cxd*xf + d"2%e)) "2xC*a”~3xb~2xd"6*f*xabs(d)*e”3 - 44xsqrt(d*f)*(sqrt (d*f)x*
sqrt(d*x + c) - sqrt((d*x + c)*d*f - c*dxf + d"2%e)) ~2*Bxa~2xb~3*d~6*f*abs(
d)*e”3 + 8xsqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*xf - cxd*f
+ d"2%e)) "2xAxaxb~4*xd"6xf*abs(d)*e”3 - 16%sqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c
) - sqrt((d*x + c)*d*f - cxd*f + d"2xe)) 4*Ckaxb~4*xc~2xd"2xf*abs(d)*e”2 + 8
xsqrt (dxf) * (sqrt (d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - c*xdxf + d"2x%e))”
4xB*b~5*c”2xd"2xf*abs(d)*e”2 + 109*sqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqr
t((d*x + c)*d*f - ckxdxf + d"2%e)) "4*Cxa~2xb~3*kcxd"3xf*abs(d)*e”2 - B57*sqrt(
d*xf)*x(sqrt (d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - ckxdxf + d~2%e)) 4*Bxax
b~4xc*d”~3*xf*xabs(d)*e”2 + 5xsqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x +
c)*d*f - cxdxf + d"2xe)) “4xAxb~5xc*d"3*xfxabs(d)*e”2 - 102*sqrt (d*f)*(sqrt(
dxf)*sqrt(d*x + c) - sqrt((d*x + c)*d*xf - cxd*f + d™2xe)) “4*Cxa~3*b~2*d~4*f
xabs (d)*e”2 + b8xsqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*xf -
cxdxf + d72%e)) “4*Bxa~2xb~3*d"4*f*xabs(d)*e”2 - 14xsqrt(d*xf)*(sqrt(d*f)*sqrt
(d*x + c) - sqrt((d*x + c)*d*f - c*xd*xf + d"2%e)) “4*xAxa*xb~4*d”~4xf*abs(d)*e”2
+ 8*sqrt (d*f)*(sqrt (d*xf)*sqrt(d*x + c) - sqrt((d*x + c)*dxf - cxd*f + d™2x%
e)) “6xCxaxb~4*xc"2xf*abs(d) *e - 4xsqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt(
(d*x + c)*d*f - cxd*xf + d"2%e)) “6*Bxb~5xc”2xfxabs(d)*e - 38*sqrt(d*xf)*(sqrt
(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - c*xd*f + d72%e)) “6*Cxa~2%b~3*ckxd*
fxabs(d)*e + 22*sqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - ¢
xd*f + d"2%e)) “6*Bkaxb~4kxcxd*fxabs(d)*e - 6*xsqrt(d*xf)*(sqrt(d*f)*sqrt(d*x +
c) - sqrt((d*x + c)xd*f - cxdxf + d"2%e)) “6*xA*b " 5xcxd*f*abs(d)*e + 32*sqrt
(d*f) *(sqrt (d*xf)*sqrt(d*x + c) - sqrt((d*x + c)*d*xf - cxd*f + d™2xe)) 6xCx*a
~3%b72xd"2xf*xabs(d) *e - 20x*sqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x +
c)xd*xf - cxdxf + d”"2%e)) “6xBxa”2xb~3xd"2*f*abs(d)*e + 8*sqrt(d*f)*(sqrt(d*
f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - ckxd*xf + d~2%e)) “6xAxaxb~4*d~2*f*abs
(d)*e - 8xsqrt(d*f)*Cxaxb~4*cxd~7+*abs(d)*e”™5 + 4*sqrt (d*f)*B*b~5*xc*xd~7*abs (
d)*e”5 + 9xsqrt(d*f)*C*xa~2%b~3*xd"8*abs(d)*e~5 - b*sqrt(d*f)*Bxaxb~4*d~8*abs
(d)*e”5 + sqrt(d*f)*A*b~5*xd"8*abs(d)*e”5 + 24xsqrt(d*f)*(sqrt(d*f)*sqrt(d*x
+ ¢) - sqrt((d*x + c)*d*f - c*xd*xf + d"2%e)) "2*Cxa*xb~4*c*d b*abs(d)*e”4 - 1
2xsqrt (d*f) * (sqrt (d*f) *sqrt(d*x + c) - sqrt((d*x + c)*d*f - c*xdxf + d"2xe))
~2*B*b~b*cxd"b*abs(d)*e”4 - 27xsqrt (d*xf)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d
*x + c)xd*f - ckdxf + d72%e)) "2*%Cxa~2*xb~3*d"6*abs(d)*e”~4 + 15*sqrt(d*f)*(sq
rt(d*xf)*sqrt(d*x + c) - sqrt((d*x + c)*d*xf - cxd*f + d™2xe)) "2%Bkaxb~4*xd 6%
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abs(d)*e”4 - 3*sqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - cx*
dxf + d"2%e)) "2%Axb~5xd"6*abs(d)*e”4 - 24*sqrt (d*f)*(sqrt(d*f)*sqrt(d*x + c
) - sqrt((d*x + c)*d*xf - cxd*f + d~2%e)) 4xCkaxb~4*xcxd"3*abs(d)*e”3 + 12xsq
rt (d*f)*(sqrt (d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*xf - cxd*f + d~2%e)) 4xB
*b~b*c*kd"3*abs (d)*xe”3 + 27*sqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x +
c)*dxf - cxd*f + d"2%e)) "4xCkxa”~2%b~3*d"4*abs(d)*e”3 - 15*xsqrt(d*xf)*(sqrt(d
*f)*sqrt(d*x + ¢) - sqrt((d*x + c)*d*f - cxd*f + d~2*e)) 4*Bxaxb~4*d 4*abs (
d)*e”3 + 3xsqrt(d*f)*(sqrt(d*xf)*sqrt(d*x + c) - sqrt((d*x + c)*d*xf - cxd*f

+ d"2%e)) "4xAxb~5xd"4*abs(d)*e”3 + 8xsqrt(dxf)*(sqrt(d*f)*sqrt(d*x + c) - s
qrt ((d*x + c)*d*xf - ckxdxf + d~2%e)) “6xCxa*xb~4*xcxd*abs(d)*e”2 - 4xsqrt (d*f)x*
(sqrt (d*xf)*sqrt(d*x + c) - sqrt((d*x + c)*d*xf - cxd*f + d~2%e)) 6xB*b~5*c*d
*xabs (d)*e”2 - 9*xsqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - c
xd*f + d"2xe)) 6%C*a~2%b"3xd"2*abs(d)*e”2 + b*xsqrt(d*f)*(sqrt(d*f)*sqrt(d*x
+ ¢) - sqrt((d*x + c)*d*f - c*xd*xf + d~2%e)) “6*Bxa*xb~4*xd"2*abs(d)*e”2 - sqr
t(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - c*xd*f + d72%e)) “6*Ax
b~5xd"2*abs(d)*e”~2)/((axb~b*xc*f - a~2%b~4*xd*f - b~ 6*cke + axb~5kxdke)*(b*xc~2
xd"2+f72 - 2%bkxcxd"3xfxe - 2% (sqrt(d*f)*sqrt(d*xx + c) - sqrt((d*x + c)*dxf

- cxd*f + d72xe)) "2xbkcxd*f + 4*x(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d
xf - cxd*f + d72%e)) " 2%axd"2*f + bkd"4*e”2 - 2x(sqrt(d*xf)*sqrt(d*x + c) - s
qrt ((d*x + c)*d*xf - cxd*f + d~2%e)) 2xb*d"2%e + (sqrt(d*f)*sqrt(d*x + c) -

sqrt ((d*x + c)*d*f - cxdxf + d72%e))~4*b)"2) + sqrt((d*x + c)*d*f - cxd*f +
d~2*e) *sqrt (d*x + c)*Cxabs(d)/(b~3*d"2) - 1/2*%(sqrt(d*f)*Cxbxc*fxabs(d) -

6*xsqrt (d*xf) *Cxa*xdxf*abs(d) + 2*xsqrt(d*xf)*Bxbkxdxf*abs(d) + sqrt(d*f)*Cxb*xd*a
bs(d)*e)*log((sqrt (d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - ckxdxf + d~2%e)
)7"2) / (b~4*d"~2xf)
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3.47 X

(a+hw2Vc+dx@4+Bx+Cx2)
===

Optimal. Leaf size=1032

Clc+dx)¥2 Je + fx(a +bx)®  (4aCdf + b(OCde + 7cCf —10Bf))(c + dx)¥2\Je + fx(a+bx)? (¢ +dx)*? e+ fx(
5bdf - 40bd? 2 -

[Out] -((16*a~2xd"2*xf 2% (2xd*f* (3*B*xd*xe + Bkc*xf — 4xAxd*f) - Cx(5xd"2%e”2 + 2*c*d
xexf + cT2*%f72)) + 4dxaxbxdxfx(C*(35%d"3*e”3 + 15xcxd™2xe”2xf + O*c™2xd*exf”
2 + B5*xc73*f73) + 8xdxfx(2xAxd*xf* (3*d*e + c*f) - Bx(5xd"2*xe”2 + 2%ckxd*exf +
c"2xf72))) - b72%(Cx(63*d"4*e”"4 + 28xc*xd"3*e”3*f + 18*c ™ 2xd"2*xe"2xf"2 + 12%
c"3xd*e*xf"3 + T*kcT4*f"4) + 2kdxfx (8xA*xd*f*(5xd"2%e”2 + 2*kckdrexf + cT2%f72)
- Bx(35%d"3*e”3 + 15xcxd"2%e " 2*f + 9*c " 2xdxexf"2 + 5xc”3%f"3))))*Sqrt[c +
dxx]*Sqrt e + f*xx])/(128%d~4*f75) - ((4*a*xCxd*f + bx(9*Cxd*xe + T*xcxCxf - 10
*xBxdxf))*(a + b*x)"2x(c + d*x)~(3/2)*Sqrtle + f*xx])/(40*xb*d~2%f~2) + (Cx(a
+ b*x) "3*%(c + d*x)~(3/2)*Sqrtle + f*x])/(5*bxd*f) - ((c + d*x)~(3/2)*Sqrtle
+ fxx]*(96*a~3*%Cxd~3*xf~3 + 8*a  2xbxd"2*xf " 2* (23*%C*d*e + 9*c*kCxf - 30*Bxd*f)
+ 20*axb”2*xd*f* (8xd*xf* (5%Bxd*xe + 3*Bxcxf — 6xA*xd*xf) - Cx(35%d"2xe”2 + 22%c
*d*xexf + 15xc™2*f72)) + b~ 3% (C*(315%d"3*e”3 + 203*cxd"2xe"2xf + 145%c™2*d*e
*f72 + 105*%c”3*f73) + 10*d*xf* (8*xA*xd*f*(5*xd*e + 3*kc*xf) — Bx(35xd"2%e”2 + 22%
cxdxexf + 15%c72*%f72))) + 4dxbxdxf* (8xb*d*f*(6*xbxckxCxe + 3*xaxCkxdxe + axc*xCxf
- 10*%Axbxd*f) - (7*bxd*xe + 5xbkxckxf - 4kaxdxf)*(4d*xaxCxd*xf + b* (9*%Cxd*e + T
cxCxf - 10%B*d*f)))*x))/(960*xbxd~4*xf~4) + ((d*e - c*f)*x(16*a~2xd~2+xf 2% (2*d
*f* (3xBxd*e + Bkxcxf - 4xAxd*f) — Cx(5xd"2%e”2 + 2*xckxd¥exf + c™2*xf72)) + 4xa
*b*xd*f* (Ck (35%d"3*%e”3 + 15xcxd™2%e”2+f + O*kc ™ 2kd*exf~2 + 5xc~3xf~3) + 8+dx*f
* (2xA*xd*f* (3kd*e + c*xf) — Bx(5+%d™2%e”2 + 2kckdxexf + c¢™2xf72))) - b 2% (C*x(6
3*%d"4%xe"4 + 28*cxd"3*ke"3*%f + 18*%c”T2xd"2*%e"2*%f72 + 12%c”3kdxexf”3 + TxcT4*xf”
4) + 2xd*xf* (8xAxd*f*x(5%d"2*%e"2 + 2*xckd*xexf + c™2%f~2) - B*(35%d"3*e”3 + 15%
ckd"2%e”2xf + 9xc”2xd*exf”2 + b*c”3%f73))))*ArcTanh[(Sqrt[f]*Sqrtlc + d*x])
/(Sqrt [d]*Sqrt[e + f*xx])])/(128+d~(9/2)*f~(11/2))

Rubi [A] time = 1.78768, antiderivative size = 1032, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 7, integrand size = 36, L

integrand size
0.194, Rules used = {1615, 153, 147, 50, 63, 217, 206}

Clc+dx)¥2+Je + fx(a +bx)®  (4aCdf + b(9Cde + 7cCf —10BAf))(c + dx)¥2\Je + fx(a+bx)? (¢ +dx)*?Je+ fx(
5bdf B 40bd2 2 B

Antiderivative was successfully verified.
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[In] Int[((a + b*x)"2*Sqrt[c + d*x]*(A + Bxx + C*x72))/Sqrtle + f*x],x]

[Out] -((16*%a~2xd"2xf 2% (2*%d*f* (3*B*d*e + Bkxcxf — 4xAxdxf) - Cx(5xd"2*e”2 +
xexf + cT2%f72)) + 4dxaxbxdxfx (C*(35%d"3*%e”3 + 15xckd"2xe”2xf + O*xc™2*d*e*f”
2 + 5*xc73*%f73) + 8kxdxf*(2xAxd*f* (3*d*e + c*f) - Bx(5*xd"2*e”2 + 2¥ckd*exf +

c™2xf72))) - bT2x(Cx(63*d~4*e~4 + 28xc*d"3xe”3*xf + 18%c™2*d"2%e " 2xf"2 + 12%
c"3kdxexf"3 + T*cT4xf74) + 2*dAxf* (8xAxdxf* (5xd~2%e”2 + 2kckxd¥xexf + c~2*xf72)
- B*(35%d"3*%e”3 + 15xc*d"2%e”2xf + 9xc”2xd*exf~2 + b*xc~3%£73))))*Sqrtlc +
dxx]*Sqrtle + f*xx])/(128%xd~4*f75) - ((4*a*xCxd*f + b*x(9*Cxd*e + T*xcxCxf - 10
*Bxd*f))*(a + b*xx)"2x(c + d*x)~(3/2)*Sqrtle + f*xx])/(40*%bxd~2xf72) + (Cx(a
+ bxx)"3x(c + d*x)”~(3/2)*Sqrtle + fxx])/(bxbkxd*xf) - ((c + d*x)~(3/2)*Sqrt[e
+ £*x]*(96*%a~3*xCxd"3*xf~3 + 8*a " 2%b*d"2*f 2% (23*Cxd*xe + 9xc*Ckxf - 30*B*xdx*f)
+ 20*%axb~2xdxf* (8*xd*f* (5%B*xd*e + 3*Bkcxf — 6xAxdxf) - C*(35%d"2*e”2 + 22*c
*d*xexf + 16xc72*f72)) + b~ 3*%(C*(315%d"3*e”3 + 203*cxd"2xe"2xf + 145%c™2*d*e
*f72 + 105%c™3*f73) + 10xd*f*(8*Axd*f*(5xd*e + 3xcxf) - B*x(35xd"2*e”2 + 22x%
ckdkxexf + 15%xc™2%f72))) + 4xb*xd*xf* (8xbxd*f*(6xb*xckCxe + 3*axCkdkxe + axcxCxf
- 10*%A*xbxd*f) - (7*xbxdxe + 5¥bkckxf - 4kaxd*f)*(4dxaxCxd*xf + b* (9*%Cxd*xe + T7*
cxCxf - 10%B*d*f)))*x))/(960*xbxd~4*xf~4) + ((d*e - c*f)*(16*a~2xd~2+xf~2*(2*d
*f+ (3*%B*xd*e + Bkxcxf — 4xAxdxf) - C*x(5xd"2%e”2 + 2*ckxdxexf + c™2xf72)) + 4*a
*b*xd*f* (Ck(35%d"3*%e”3 + 15xc*xd™2%e”2+f + Okc ™ 2kd*exf~2 + Bxc~3*xf~3) + 8+dx*f
* (2xAxd*f* (3xd*e + c*xf) — B*(5xd"2*e”2 + 2*ckxd¥exf + c™2*xf72))) - b~ 2*x(Cx(6
3*%d"4*xe"4 + 28*cxd"3*e”3*f + 18%cT2*xd"2%xe"2%xf72 + 12%xc”3kd*xexf"3 + TxcT4xf”
4) + 2xdxfx (8*xA*xd*f*(5xd"2*%e”2 + 2xckxdxexf + c”2+%f72) - B*(35%d"3*e”3 + 15%
ckd"2%e”2xf + 9xc”2xd*exf"2 + b*c"3%f73))))*ArcTanh[(Sqrt[f]*Sqrtc + dx*x])
/(Sqrt[d]*Sqrt[e + f*xx])]1)/(128%d™(9/2)*f~(11/2))

Rule 1615

Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_)*(x_))"(a_.)*((e_.) + (£
_)x(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]11}, Simp[(k*(a + b*x)"(m + q - D*(c + d*xx)"(n + 1)*x(e + f*x)"(p +

1))/(d*f*b~(q - 1)*(m + n + p + q + 1)), x] + Dist[1/(d*f*b"gq*(m + n + p +

q + 1)), Int[(a + b*x) m*x(c + d*x) n*(e + fx*x) p*ExpandToSum[d*f*b~q*(m + n
+p+q+t 1)*Px - dxfxkx(m + n + pt+tq+ DDx(a + b*x)"q + kx(a + b*X)"(q -
2)*%(a"2xd*fx(m + n + p + g + 1) - b*(b*cxex(m + q - 1) + a*x(d*ex(n + 1) +

ckxfx(p + 1))) + bx(axd*xf*(2*(m + q) + n + p) - bx(d*ex(m + q + n) + cxf*x(m

+ g+ p)))*x), xI, x], x] /; NeQ[m + n + p + g + 1, 011 /; FreeQ[{a, b, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x] && IntegersQ[2+*m, 2*n, 2xp]

Rule 153

Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_)*(x_))"(m_)*((e_.) + (f_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[(h*x(a + b*x) m*(c + d*x)~(n
+ 1)*x(e + f*xx)"(p + 1))/(d*f*x(m + n + p + 2)), x] + Dist[1/(d*f*(m + n + p

2*%c*xd
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+ 2)), Int[(a + b*xx)"(m - 1)*(c + d*x) nx(e + f*xx) p*Simp[a*xd*fxg*(m + n +
p + 2) - h*x(b*ckxe*m + a*x(d*ex(n + 1) + cxfx(p + 1))) + (bxd*fxgx(m + n + p
+ 2) + hx(a*xd*f*m - b*(d*xex(m + n + 1) + cxfx(m + p + 1))))*x, x], x], x] /
; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && GtQ[m, 0] && NeQ[m + n + p +
2, 0] &% IntegerQ[m]

Rule 147

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_)*x_))"(n_.)*((e ) + (f_.)*(x_
N*((g_.) + (h_.)*(x_)), x_Symbol] :> -Simp[((a*d*f*h*x(n + 2) + bxc*fxhx*(m

+ 2) - bxdx(f*g + exh)*(m + n + 3) - bkxd*fxh*(m + n + 2)*x)*(a + b*x) " (m +

Dx(c + d*xx)"(m + 1))/(b72%d72*%(m + n + 2)*(m + n + 3)), x] + Dist[(a"2xd"2
xfxhx(n + 1)*(n + 2) + axbxd*(n + 1)*(2*cxfxh*(m + 1) - dx(fxg + exh)*(m +

n + 3)) + b72%(c™2xf*xhx(m + 1)*(m + 2) - cxd*(f*g + exh)*(m + *x(m + n + 3
) + d72%exgx(m + n + 2)*x(m + n + 3)))/(b™2%xd"2*(m + n + 2)*(m + n + 3)), In
t[(a + b*x)"m*(c + d*x)°n, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m, n},

x] && NeQ[m + n + 2, 0] && NeQ[m + n + 3, 0]

Rule 50

Int[((a_.) + (b_D)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(@ + bxx)"(m + 1)*(c + d*x)"n)/(bx(m + n + 1)), x] + Dist[(nx(bxc - axd))/
(bx(m + n + 1)), Int[(a + b*x) ™ m*x(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] && ( 'IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) && !'ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, 4, m, n, x]

Rule 63

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + bxx~2]] /; FreeQ[{a, b}, x] & !GtQ[a, O]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 211)/(Rtla, 21*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
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Qla, 0] || LtQlb, 0])

Rubi steps
(a+bx)2\/c+dx(—%b(6bcCe+3aCde+acC f-10Abdf)-
f (a + bx)*Ve +dx (A + Bx + Cx?) o Clat bx)3(c + dx)¥2+Je + fx N Jerfx
Jeix 5bdf 502df
(4aCdf + b(9Cde + 7cCf —10Bdf))(a + bx)*(c + dx)*?\Je + fx C(a+
=- +
2002 f2

_ (4aCdf + b(9Cde + 7cCf —10Bdf))(a + bx)*(c + dx)**\Je + fx C(a+
. 40b2 /2 "

(16a2d2 2 (2df (3Bde + Bcf — 4Adf) — C (5d%¢? + 2cdef + c2f2)) + 4abd

(16a2d2f2 (2df (3Bde + Bcf — 4Adf) — C (5d%? + 2cdef + c2f2)) + 4abd

(16a2d? 2 (2df (3Bde + Bcf — 4Adf) - C (542 + 2cdef + c2f2)) + 4abd

(16a2d?f? (2df (3Bde + Bcf — 4Adf) - C (5422 + 2cdef + c2f2)) + 4abd

Mathematica [B] time = 6.67163, size = 3220, normalized size = 3.12

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[((a + b*x)~2xSqrtlc + d*x]*(A + B*x + Cxx"2))/Sqrtle + f*x],x]

[Out] ((-(b*xe) + axf) 2x(d*e - c*f) 2x(Cxe”2 - Bkexf + Axf~2)*Sqrt[d/((d"2*e)/(d*
e - c*xf) - (cxd*f)/(d*xe — c*xf))]*((d"2*e)/(d*e - c*xf) — (c*d*f)/(d*e - cx*f)
)"2xSqrt[(d*x(e + f*x))/(dxe - cxf)]*Sqrt[1 + (d*xf*(c + d*x))/((d*e - c*f)*(
(d"2xe)/(d*xe - c*xf) - (c*d*xf)/(dxe - c*f)))I*((2xd*fx(c + d*x))/((d*xe - cx*f
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)x((d"2%e)/(d*e - cxf) - (c*dxf)/(dxe - c*xf))) - (2xSqrt[d]=*Sqrt[f]l*Sqrtl[c
+ d*x]*ArcSinh [(Sqrt [d] *Sqrt [f]1*Sqrt[c + d*x])/(Sqrtl[d*e - cxf]x*Sqrt[(d~2xe
)/ (d*e - c*xf) - (cxd*xf)/(dxe - cxf)])])/(Sqrtld*e - c*xf]l*Sqrt[(d~2*e)/(d*e
- cxf) - (cxdxf)/(d*e - c*f)]*Sqrt[1 + (d*fx(c + d*x))/((d*e - c*f)*((d"2*e
)/ (d*e - c*xf) - (c*xd*xf)/(d*xe - cx£)))])))/(2%d"3*xf"6%Sqrt[c + d*x]*Sqrtle +
fxx]) + (2%b72xCx(d*e - c*f) "3x(c + d*x)~(3/2)*Sqrtle + f*xx]*x(1 + (d*f*x(c
+ d*x))/((d*e - cxf)*x((d"2%e)/(d*e - cxf) - (c*dxf)/(d*e - c*xf))))~(9/2)*((
3% (35/(64*(1 + (d*xf*(c + d*x))/((d*xe - cxf)*x((d"2%e)/(d*e - c*xf) - (cxd*xf)/
(d*e - c*£))))~4) + 35/(48x(1 + (d*fx(c + d*x))/((d*e - c*xf)*x((d"2%e)/(dxe
- cxf) - (c*xd*f)/(d*e - c*£))))"3) + 7/(8+(1 + (dxf*(c + d*x))/((dxe - c*f)
*x((d"2%e)/(d*e - cxf) - (ckdxf)/(d*e - c*xf))))"2) + (1 + (d*fx(c + dxx))/((
d*e - c*f)x((d"2xe)/(d*e - c*xf) - (cxd*f)/(d*e - c*£))))~(-1)))/10 + (21x(d
xe — cxf)"2x((d"2*xe)/(d*xe - cxf) - (ckxd*f)/(d*e - c*f)) 2% ((2*dxf*(c + d*x)
)/ ((d*e - c*f)*((d"2*e)/(d*xe - cxf) - (cxdxf)/(d*e - c*f))) - (2*Sqrt[d]*Sq
rt[f]*Sqrt[c + d*x]*ArcSinh[(Sqrt[d]*Sqrt[f]1*Sqrtlc + d*x])/(Sqrtl[d*e - cxf
1#Sqrt[(d~2%e)/(d*e - cxf) - (c*d*f)/(d*e - c*f)])])/(Sqrtld*e - cxf]*Sqrt[
(d~2%e)/(d*e - c*f) - (cxd*f)/(dxe - c*f)]*Sqrt[1 + (dxfx(c + d*x))/((dxe -
cxf)*((d"2%e)/(d*e - cxf) - (cxd*f)/(d*xe - c*x£)))])))/(512+%d"2*f"2x(c + dx
x)72%(1 + (dxfx(c + dxx))/((d*e - cxf)*x((d"2xe)/(d*e - c*f) - (cxdxf)/(d*e
- c*xf))))74)))/ (3xd"4*£74*(d/((d"2%e) /(dxe - c*xf) - (c*xd*f)/(d*e - c*xf)))~(
7/2)*Sqrt[(d*(e + f*x))/(d*e - cxf)]) + (2xbx(dxe - c*f) 2% (-4*xbxCxe + b*Bx
f + 2%xaxCxf)*x(c + d*x)~(3/2)*Sqrtle + f*xx]*x(1 + (d*fx(c + d*x))/((d*e - cxf
)x((d"2%e)/(d*e - c*f) - (cxd*f)/(d¥e - cxf))))~(7/2)*((3x(5/(8%(1 + (d*fx*(
c + d*x))/((dxe - cxf)*x((d"2%e)/(d*e - c*f) - (cxd*xf)/(d*xe - cxf))))"3) + 5
/(6%x(1 + (dxfx(c + d*x))/((d*e - c*xf)*x((d"2*xe)/(dxe - cxf) - (cxdxf)/(d*e -
cxf))))"2) + (1 + (dxfx(c + dxx))/((d*e - cxf)*((d"2xe)/(d*e - c*xf) - (cxd
xf)/(d*e - c*x£))))~(-1)))/8 + (15x(dxe - c*f)~2x((d"2xe)/(d*e - c*xf) - (cxd
*xf)/(d¥e - c*xf)) "2x((2xd*f*(c + dxx))/((d*xe - c*xf)*((d"2%e)/(d*e - cxf) - (
ckdxf)/(dxe - cxf))) - (2xSqrt[d]*Sqrt[f]*Sqrtlc + d*x]*ArcSinh[(Sqrt[d]*Sq
rt [f]1*Sqrtlc + d*x])/(Sqrtld*e - cxf]l*Sqrt[(d~2*e)/(dxe - cxf) - (cxd*f)/(d
*e - c*xf£)])])/(Sqrtld*e - c*f]1*Sqrt[(d~2*e)/(dxe - c*f) - (c*xd*f)/(d*e - cx
£)1*Sqrt[1 + (d*xfx(c + d*x))/((d*e - c*xf)*((d"2xe)/(d*e - cxf) - (cxdxf)/(d
xe — c*x£)))]1)))/(256%d"2+%f 2% (c + d*x) 2% (1 + (d*f*x(c + d*x))/((d*e - cxf)*
((d™2%e)/(dxe - cxf) - (c*dxf)/(d*e - c*f))))~3)))/(3*d"3*xf~4x(d/((d"2*e)/(
dxe - cxf) - (cxdxf)/(d*e - c*£)))~(5/2)*Sqrt[(dx(e + f*x))/(d*e - c*xf)]) +
(2% (d*e - c*f)*(6*%b~2%C*xe~2 - 3*b~2xBkexf - 6xa*xb*Cxexf + Axb~2xf72 + 2xax
b*xBxf~2 + a”2xC*xf~2)*(c + d*x)~(3/2)*Sqrtle + f*x]*(1 + (d*xfx(c + d*x))/((d
xe - cxf)*((d"2xe)/(d*¥e - c*xf) - (ckxd*f)/(dxe - c*f))))~(5/2)*((3/(4x(1 + (
dxfx(c + d*x))/((d*xe - c*xf)*((d"2*e)/(d*e - c*xf) - (cxd*f)/(d*e - cxf))))"2
) + (1 + (d*fx(c + d*x))/((d*e - c*f)*((d"2*e)/(dxe - cxf) - (cxd*f)/(dxe -
cxf))))"(-1))/2 + (3x(d*xe - cxf)"2*x((d"2*e)/(d*xe - cxf) - (cxdxf)/(d*xe - ¢
*£)) "2+ ((2xd*f*x(c + d*x))/((d*xe - c*xf)*((d"2*e)/(d*e - cxf) - (c*xdxf)/(dxe
- c*xf))) - (2*Sqrt[d]*Sqrt[f]*Sqrtlc + d*x]*ArcSinh[(Sqrt[d]*Sqrt[f]*Sqrtlc
+ d*x])/(Sqrt[d*e - c*f]*Sqrt[(d™2xe)/(d*e - c*f) - (cxd*f)/(d*e - c*f)])]
)/ (Sqrt[dxe - cxf]*Sqrt[(d~2xe)/(d*e - c*f) - (cxd*f)/(d*e - cxf)]*Sqrt[l +
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(d*f*x(c + d*x))/((d*xe - c*f)*((d"2*e)/(d*e - cxf) - (c*dxf)/(dxe - cx*f)))]
)))/(32xdA72+f72* (¢ + d*x) 2% (1 + (d*f*(c + d*x))/((d*e - cxf)*((d"2xe)/(d*e
- c*xf) - (cxd*xf)/(d*e - c*£))))~2)))/(3*d~2xf~4x(d/((d"2*e)/(dxe - cxf) -
(cxdxf)/(dxe - c*x£)))~(3/2)*Sqrt[(d*(e + f*x))/(d*xe - cxf)]) + (2x(-(b*e) +
axf)* (4xb*Cxe”2 - 3*bxBkexf - 2xa*xCxexf + 2xAxbxf~2 + a*Bxf~2)*x(c + d*x)~(
3/2)xSqrtle + f*xx]*x(1 + (d*f*x(c + d*x))/((d*e - c*xf)*((d"2*e)/(d*e - cxf) -
(cxdxf) /(d*e - c*x£))))~(3/2)*(3/(4*x(1 + (d*f*x(c + d*x))/((d*xe - cxf)*((d"2
xe)/(dxe - c*xf) - (cxdxf)/(d*e - c*f))))) + (3x(d*e - cxf)~2x((d"2xe)/(d*e
- c*xf) - (cxd*f)/(d*e - c*f)) " 2x((2*d*xf*(c + dxx))/((d*e - c*xf)*((d"2*e)/(d
xe — c*f) - (cxdxf)/(dxe - c*f))) - (2*Sqrt[d]=*Sqrt[f]*Sqrtlc + d*x]*ArcSin
h[(Sqrt[d]l*Sqrt [f]1*Sqrtlc + d*x])/(Sqrtld*e - cxf]*Sqrt[(d~2*xe)/(d*e - c*f)
- (cxdxf)/(dxe - cxf)]1)]1)/(Sqrtld*e - c*f]l*Sqrt[(d~2*e)/(d*e - c*f) - (c*d
xf)/(d*e - c*f)]*Sqrt[1 + (d*fx(c + d*x))/((d*e - c*xf)*((d"2*e)/(d*xe - cxf)
= (c*xdxf)/(dxe - c*£)))]1)))/(16%xd"2*f"2*(c + dx*x) "2*x(1 + (d*f*x(c + d*x))/(
(d*e - c*f)*((d"2*e)/(d*xe - cxf) - (c*xdxf)/(d*xe - c*£)))))))/(3xd*xf~4*Sqrt[
d/((d~2xe)/(dxe - c*f) - (cxd*f)/(dxe - c*f))]*Sqrt[(d*(e + f*x))/(d*e - cx

£)1)

Maple [B] time = 0.042, size = 3958, normalized size = 3.8

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a) 2% (Cxx~2+Bxx+A)* (d*x+c) ~(1/2)/(f*x+e)~(1/2) ,%)

[Out] 1/3840%*(d*x+c)~(1/2)*(f*xx+e) " (1/2) *(768*Cxx~4*b~2*xd~4*f " 4* ((d*x+c) * (f*x+e))
“(1/2)*%(d*f) " (1/2) +1280*%Cxx~2*%a~2+%d " 4*xf ~4* ((d¥x+c) * (f*x+e) ) ~(1/2)*(dxf)~(1/
2)+1280*%A*x"2*b~2xd"4*f ~4x ((d*x+c) * (f*x+e)) " (1/2) *(d*f) ~(1/2)+1920*B* (d*f) "~
(1/2)* ((d*x+c) * (£xx+e) )~ (1/2) *x*xa~2%d~4+f ~4+680*%C*x (d*f) " (1/2) * ((d*xx+c) * (f*x
+e) )~ (1/2) xaxb*xc~2xd~2%e*xf ~3+1000%C* (d*f) ~(1/2) * ((d*x+c) * (fxx+e) )~ (1/2) *a*b
xc*kd " 3xe”2xf " 2+156xCk (d*xf) ~(1/2) *x ((d*xx+c) * (fxx+e)) ~(1/2) *x*¥b~2%c "~ 2%d " 2%e*xf ™
3-2240*Cxx~2*axbxd " 4*xexf "3 ((dxx+c) * (f*x+e) )~ (1/2) % (d*f) ~(1/2)-128*Cxx~2*b~
2%cxd"3*ke*xf "3k ((dxx+c) * (fxx+e) )~ (1/2) *(d*f) " (1/2) +320*Cxx~2*xaxbxcxd~3*f "4 (
(dxx+c) * (f*x+e)) " (1/2) *(d*f) ~(1/2)+196*C* (d*f) " (1/2) * ((d*x+c) * (f*x+e) )~ (1/2
) *x*b " 2%ckd 3% 2% f T2-1280*%B* (d*f) ~(1/2) * ((d*x+c) * (f*xx+e)) " (1/2) *axbxcxd~3*
e*xf~3-400*Cx (d*f) ~(1/2) * ((d*x+c) * (f*x+e)) ~(1/2) *x*axb*xc”™2xd " 2*f ~4+2800*Cx (d
*f) 7 (1/2) * ((d*x+c) * (fxx+e)) " (1/2) *x*axb*xd"4d*xe 2xf~2-240*Bx (d*f) ~(1/2) * ((d*x
+c)* (fxx+e) )~ (1/2) *xxb~2%c*d~3*e*f ~3-3200%B* (d*f) ~(1/2) * ((d*x+c) * (f*x+e) ) ~(
1/2) *x*xaxbxd~4*e*xf " 3+105%Ckx1n (1/2*% (2xd*xf*xx+2* ((d*x+c) * (f*xx+e)) " (1/2)*(d*f)~
(1/2)+cxf+d*e) / (d*f) " (1/2) ) *b~2xc~5*xf~5+340*B* (d*f) " (1/2) * ((d*x+c) * (f*¥x+e))
~(1/2) *b"2xc72%d"2%exf "3+500*%Bx* (d*xf) ~(1/2) * ((d*xx+c) * (f*x+e) )~ (1/2) *b~2*c*d”
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3*%e 2% f"2-640*Cx (d*xf) ~(1/2) * ((d*x+c) * (f*xx+e) )~ (1/2) *a~2*c*d~3*e*f ~3+600*Cx* (
d*f) " (1/2) x ((d*x+c) * (fxx+e) )~ (1/2) *a*bxc™3xd*xf~4-220*Cx (d*£f) ~(1/2) * ((d*x+c)
*(fxx+e)) " (1/2) *b™2xc " 3xd*xexf~3-272*C* (d*f) ~(1/2) * ((d*x+c) * (f*x+e)) ~(1/2) *b
T2%cT2%d72%e 2% F T 2-420%Cx (d*xf) T (1/2) * ((d*x+c) * (fxx+e) ) ~(1/2) *b~2%c*d " 3*e " 3*
f4+140%Cx (d*f) " (1/2) * ((d*x+c) * (f*xx+e)) " (1/2) *x*xb~2*xc~3*%d*f~4-1260*C* (d*f) ~ (1
/2) % ((d*x+c)* (f*xx+e)) ~(1/2) *x*b™2%d " 4*e 3% f+1920%A*x (d*f) ~ (1/2) * ((d*x+c) * (f*
x+e)) " (1/2) *xaxbxc*xd~3*xf~4-640%A* (d*f) ~(1/2) * ((d*x+c) * (fxx+e)) ~(1/2) ¥*b~2*c*d
“3%e*xf"3+3840%A* (d*f) " (1/2) * ((d*x+c) * (f*x+e)) " (1/2) *x*xaxbxd~4*f ~4+320*A* (d*
£)7(1/2) *((d*x+c) * (fxx+e) )~ (1/2) *x*b~2*xc*xd™3*f ~4+480*B*1n (1/2% (2*d*f*xx+2* ((
dxx+c) *(fxx+e)) " (1/2)*(d*f) ~(1/2) +cxf+d*e) / (d*xf) ~(1/2) ) xaxb*c™2*xd"3*exf~4-2
40*C*1n (1/2* (2xd*f*xx+2% ((d*xx+c) * (fxx+e) )~ (1/2) *(d*f) " (1/2) +cxf+d*xe) / (d*f) ~(
1/2)) *axbxc~3*%d"2%exf~4-360*C*1n (1/2% (2*xd*f*x+2% ((d*x+c)* (fxx+e)) ~(1/2)*(dx*
)7 (1/2) +cxf+d*xe) / (d*f) "~ (1/2) ) *a*b*xc™2xd"3*e”~2*xf ~3+96*C*x~3*¥b 2% c*d™3*f ~4x* (
(d*x+c) * (f*x+e)) " (1/2) *(d*f) ~(1/2) -864*C*x~3*b~2*xd " 4*xe*xf ~3* ((d*x+c) * (f*x+e)
)7 (1/2)*%(d*f) " (1/2) +2560*Bxx~2*xaxb*xd~4*f "4+ ((d*x+c) * (f*xx+e)) ~(1/2)*(d*£f) (1
/2)+160%B*x"2*b~2*c*xd~3*f ~4x ((d¥x+c) * (f*x+e)) " (1/2) *(d*f) ~(1/2)-1120*B*x "2
b~ 2*d 4xexf 3% ((d*x+c) * (f*x+e) ) ~(1/2) % (d*f) ~(1/2) -112%Cxx~2*b~2%c~2xd"2*f "4
* ((dxx+c) * (fxx+e) )~ (1/2)*(d*f) ~(1/2) +1008*Cxx~2*b~2%d " 4*xe 2% f "2 ( (d*x+c) * (f
*x+e)) " (1/2) % (d*f) " (1/2)+1920%C*x~3*a*xb*d " 4*f ~4* ((d*xx+c) * (fxx+e) )~ (1/2) *(d*
£)7(1/2)-1600%xA* (d*f) ~(1/2) * ((d*x+c) * (f*xx+e) )~ (1/2) *x*¥b~2+%d " 4*e*f ~3-200*Bx* (
d*xf) " (1/2) *((d*x+c) * (fxx+e) )~ (1/2) *x*b~2*%c~2xd"2*xf ~4+1400*B* (d*f) ~(1/2) *((d
*x+c)* (f*xx+e)) " (1/2) *x*b"2%d " 4*xe " 2*%f " 2+320*Cx (d*f) ~(1/2) * ((d*x+c) * (f*x+e) )~
(1/2) *x*a~2%c*xd"3*x£~4-1600*Cx (d*f) ~(1/2) * ((d*x+c) * (fxx+e) ) ~(1/2) *x*a~2%d 4
exf~3+4800*B* (d*f) " (1/2) * ((d*xx+c) * (f*x+e)) ~(1/2) *axbxd~4*e~2xf ~2-4200*C* (d*
£)7(1/2) *((d*x+c) * (fxx+e)) ~(1/2) *xaxbxd"4*xe~3*xf-5760*A* (d*f) ~(1/2) * ((d*x+c) *
(fxx+e)) "~ (1/2) *a*xbxd"4*xe*xf~3+1440*B*1n (1/2* (2%d*f*x+2* ((d*x+c) * (f*xx+e) )~ (1/
2)x (dxf) " (1/2)+cxf+d*e) /(d*f) ~(1/2)) *axb*cxd~4*e”2*xf~3-1200%Cx1n (1/2* (2*d*f
*x+2% ((d*x+c) * (fxx+e)) ~(1/2) *x (d*f) ~(1/2) +cxf+d*e) / (d*xf) ~(1/2) ) *axbkc*xd 4*e”
3*f72+1440*Bx1n (1/2% (2*xd*f*x+2* ((d*x+c) * (fxx+e) ) ~(1/2)*(d*£f) ~(1/2) +c*xf+d*e)
/(d*f) " (1/2)) *a~2*d"5*xe~2*xf ~3-480*C* (d*f) " (1/2) * ((d*x+c) * (f*x+e) )~ (1/2) *x*a
*b*ckd " 3kexf~3+2880xAx1n (1/2% (2+d*f*x+2* ((dxx+c) * (fxx+e) )~ (1/2)*(d*f) ~(1/2)
+cxf+d*e) /(d*f) " (1/2) ) *a*xb*d"5xe”2*xf ~3+720*A*x1n (1/2% (2xd*f*x+2* ((d*x+c) * (£*
x+e)) " (1/2)x(d*£f) "~ (1/2)+c*xf+d*e) / (d*f) ~(1/2) ) *b"2%c*d~4*e”2*f ~3-480*C* (d*f)
“(1/2) % ((A*xx+c) * (£xx+e) ) ~(1/2) *a~2%c™2%d" 2% ~4+240%Ax1n (1 /2% (2*d* L *+x+2* ((d*
x+c)*x(fxx+e) )~ (1/2) % (d*f) " (1/2) +cxf+d*xe) / (d*xf) "~ (1/2) ) ¥*b~2*c™2*xd"3*e*xf~4+480
*B*1n (1/2* (2xd*f*xx+2*% ((dxx+c)* (f*xx+e)) " (1/2) *(d*f) " (1/2) +cxf+d*e) /(d*f) ~(1/
2) ) *axb*c”3xd"2*f"5-120*B*1n (1/2% (2xd*f*x+2* ((d*x+c) * (f*xx+e) ) ~(1/2) *x (d*xf) ~(
1/2)+cxf+dxe)/(d*f) ~(1/2) ) *b~2*xc~3*xd"2*exf~4-180*B*1n (1/2* (2*xd*xf*xx+2* ( (d*x+
c)x(fxx+e)) " (1/2) % (d*f) " (1/2) +cxf+dxe) / (d*f) ~(1/2) ) *b~2*xc™2xd"3*e~2xf ~3+240
*C*1n (1/2* (2xdxfxx+2*% ((d*xx+c) * (f*xx+e)) " (1/2) *(d*f) " (1/2) +cxf+d*e) /(d*xf) ~(1/
2))*a"2%c”2xd"3kexf"4+960*Bx (d*xf) " (1/2) * ((d*x+c) * (f*xx+e) ) ~(1/2) *a~2*c*d~3*f
~4+300%B* (d*f) " (1/2) * ((d*x+c) * (f*x+e)) ~(1/2) *b~2*%c~3*xd*f ~4-480*A* (d*f) ~(1/2
Yx((dxx+c) *(fxx+e)) " (1/2) *b™2xc™2xd " 2% ~4-960*A*1n (1/2* (2xd*xf*xx+2* ( (d*xx+c) *
(fxx+e))~(1/2)*x(dxf)~(1/2) +cxf+d*xe)/(d*xf) " (1/2) ) *axbxc~2xd~3*f ~5+720*%C*x1n (1
/2% (2%A*Efxx+2*% ((d*xx+c) * (fxx+e) )~ (1/2) *(d*f) " (1/2) +cxf+d*xe) / (d*f) ~(1/2) ) *a"2
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*ckd"4*e " 2xf73+2100%Cx1n (1/2% (2*d*f*x+2* ((dxx+c) * (fxx+e) ) ~(1/2) *(d*£f) ~(1/2)
+cxf+dxe) / (d*f) ~(1/2)) *a*xb*xd~5*xe 4*xf+525xCx1n (1/2% (2xd*f*xx+2* ((d*x+c) * (f*x+
e)) " (1/2)*(d*f) " (1/2) +cxf+dxe) / (d*f) ~(1/2) ) *b~2*xc*xd"4d*xe~4*xf+2400*A* (d*f) ~ (1
/2) % ((d*x+c) * (fxx+e) )~ (1/2)*b~2+%d"4*e 2+f ~2-2880*B* (d*f) ~(1/2) * ((d*x+c) * (£*
x+e)) " (1/2)*a~2*%d"4*e*xf~3-2100*%B* (d*f) ~(1/2) * ((d*x+c) * (f*xx+e) )~ (1/2) *b~2%d"
4xe~3*%F+2400%Cx (d*f) ~(1/2) * ((d*x+c)* (f*x+e)) ~(1/2) *a~2xd"4*e~2xf~2-300*C*1n
(1/2% (2xd*f*x+2% ((d*x+c) * (Fxx+e) ) " (1/2) x(d*f) ~(1/2) +cxf+d*xe) / (dxf)~(1/2) ) *a
*b*xCc”4*xd*f T5+75xCx1In (1 /2% (2xd*x L *x+2% ((d*x+c) * (£xx+e) )~ (1/2) *(d*£f) ~(1/2) +c*f
+dx*xe) / (d*f) " (1/2) ) *b"2xc~4*d*e*xf ~4+90*Cx1n (1/2*% (2xd*f*xx+2% ((d*x+c) * (f*x+e))
~(1/2) % (A*f) " (1/2) +cxf+d*xe) / (d*f) ~(1/2) ) #¥b™2*c™3*d"2*e”2*xf ~3+150*C*1n (1/2%*(
2kdxfxx+2% ((d*x+c) * (f*xx+e)) ~(1/2) % (d*f) ~(1/2)+c*xf+dxe) /(d*xf) ~(1/2) ) *b~2xc~2
*d"3*%e " 3*%f "2+960*B*x " 3*¥b " 2xd "4 f "4k ((d*xx+c) * (f*x+e)) " (1/2) % (d*f) " (1/2)-960%
Bx1n (1/2*% (2xd*f*x+2* ((d*x+c) * (f*xx+e) )~ (1/2)*(d*£) ~(1/2) +c*xf+d*e) /(d*f)~(1/2
))*a”2%xc*xd"4*e*xf"4-2400%Bx1n (1/2% (2*%d*f+x+2* ((d*x+c) * (fxx+e) ) ~(1/2)*(d*f) ~(
1/2)+cxf+dxe)/(d*f) ~(1/2) ) *axb*xd"5xe”3*f ~2-600%B*1n (1/2* (2*xd*xf*x+2* ((d*x+c)
*(fxx+e)) " (1/2) x(d*f) " (1/2) +cxf+d*e) / (d*f) " (1/2) ) *b~2*c*xd~4*e~3*xf~2-945%Cx*1
n(1/2* (2xd*f*x+2* ((d*x+c) * (fxx+e) )~ (1/2) % (d*f) " (1/2) +cxf+dxe) / (d*f) ~(1/2) ) *
b~ 2xd"5*e~5+640%B* (d*f) ~(1/2) * ((d*x+c) * (fxx+e) )~ (1/2) *x*axbxcxd~3*f~4-1920%
Ax1n (1/2*% (2xd*xT*x+2* ((d*x+c) * (£xx+e) )~ (1/2) *(d*£) ~(1/2) +c*xf+d*xe) /(d*f)~(1/2
) ) *xaxbxckd " 4*e*xf"4-960*B*x (d*f) " (1/2) * ((d*x+c) * (f*x+e)) ~(1/2) *axbxc~2xd~2xf~
4+1050*B*1n (1/2% (2*d*f*x+2*% ((d*x+c)* (fxx+e) )~ (1/2) *(d*f) ~(1/2) +cxf+d*xe) / (d*
£)7(1/2)) *b"2%d"5*xe”~4*xf-1200*Cx1n (1/2% (2xd*xf*xx+2* ((d*xx+c) * (f*x+e) )~ (1/2)*(d
*f)~(1/2)+cxf+dxe) / (d*xf) ~(1/2) ) *a~2%d " 5*xe " 3*xf~2+3840*A* (d*f) ~(1/2) * ((d*x+c)
*(fxx+e)) " (1/2) *a~2xd"4*xf~4+1890*C* (d*f) ~(1/2) ¥ ((d*x+c) * (f*x+e) ) ~(1/2) *b~ 2%
d"4*e”4-1200%A*x1n (1/2% (2+d*f*+x+2* ((d*x+c) * (fxx+e) ) ~(1/2) % (d*f) " (1/2) +cxf+dx*
e)/(d*f) " (1/2)) *b~2xd"5*xe~3*xf~2+1920*A*1n (1/2* (2xd*f*x+2* ((d*x+c) * (f*x+e))”
(1/2)*x(d*£f) " (1/2) +cxf+d*xe) / (d*f) ~(1/2) ) *a"2*%c*xd~4*f~5-1920*A*x1n (1/2* (2xd*f*
x+2% ((dxx+c) * (f*x+e)) " (1/2) *(d*f) " (1/2) +cxf+d*xe) / (d*f) ~(1/2) ) *a~2*%d " 5*xexf~4
-150*B*1n (1/2*% (2xd*f*x+2x ((d*x+c) * (f*x+e)) " (1/2) x(d*f) ~(1/2) +c*xf+d*e) / (d*f)
~(1/2)) *b"2*%c”4xd*f~5+240*C*x1n (1/2* (2kd*fxx+2* ((d*x+c) * (f*xx+e) ) ~(1/2) * (d*f)
~(1/2)+ckf+d*xe) / (d*xf) " (1/2) ) *a~2%c”3*d"2xf ~5-480*Bx1n (1/2% (2*d*f *x+2* ((d*xx+
c)*(fxx+e)) " (1/2)*x(d*f) ~(1/2)+cxf+d*e) / (d*f) ~(1/2) ) *a~2*c”™2%d~3*f ~5+240*A*1
n(1/2% (2xd*f*xx+2% ((d*x+c)* (fxx+e)) ~(1/2) *(d*f) ~(1/2) +cxf+dxe) / (d*xf) ~(1/2) ) *
b~ 2xc"3%d"2xf"5-210*C* (d*f) ~(1/2) * ((d*x+c) * (f*x+e)) ~(1/2) *b~2xc~4*xf~4) / ((d*
x+c)* (fxx+e))~(1/2)/£f°5/d74/(dxf)~(1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a) 2% (Cxx~2+B*x+A)* (d*x+c)~(1/2)/(f*x+e)~(1/2),x, algorithm=
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"maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 43.625, size = 4766, normalized size = 4.62

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) "2x (Ckx~2+B*x+A)* (d*x+c) ™ (1/2)/(f*x+e)”(1/2) ,x, algorithm=
"fricas")

[Out] [-1/7680%*(15%(63*C*b~2*xd"5*e”5 - 35x(Cxb~2%c*d~4 + 2% (2%Cxaxb + B*b~2)*d"5)
xe 4*xf - 10%(Cxb~2xc™2xd"3 - 4% (2+Cxa*xb + B*b~2)*cxd~4 - 8% (C*a~2 + 2*Bxaxb
+ A*b72)*d"5) *e"3*f "2 - 6% (C*xb~2%c”3*d"2 - 2% (2xCxaxb + Bxb~2)*c”2%d"3 + 8
*(C*xa~2 + 2*Bxaxb + A*xb~2)*xc*d”4 + 16*%(B*a”2 + 2xA*xaxb)*d~5)*e”2xf~3 - (5*C
*b72%c74*d - 128*%A*a”"2*%d”5 - 8% (2*Cxaxb + B*b~2)*c"3*d"2 + 16%(C*xa”2 + 2*Bx
axb + A*b"2)*c"2*d"3 - 64*x(Bxa~2 + 2*Axaxb)*kckd"4)*exf~4 - (7*Cxb"2%c”5 + 1
28*A*xa~2*xcxd~4 - 10%(2*xCxaxb + Bxb~2)*c 4*d + 16*%(Cxa~2 + 2%Bkaxb + A*xb~2)*
c™3*%d™2 - 32x(B*a”2 + 2%Axaxb)*c”2xd"3)*f75)*sqrt (d*f)*log(8*d"2xf 2xx"2 +
d™2%e”2 + Bxckdkexf + cT2xf72 + 4x(2xd*xfxx + dxe + cx*f)*sqrt(d*f)*sqrt(d*x
+ c)xsqrt(fxx + e) + 8*%(d™2xexf + c*xd*xf~2)*x) - 4%(384*Cxb~2xd~5xf~b*x"4 +
945+C*b~2*d"5*xe " 4*xf — 210*%(Cxb~2%c*d"4 + 5x(2*Ckxaxb + B*b~2)*d"5)*e"3*f"2 -
2% (68*C*b~2%c™2*d~3 - 125%(2*C*xaxb + B*b~2)*c*d"4 - 600*(C*xa”2 + 2*Bxaxb +
Axb~2)*d"5) *e"2xf~3 - 10*%(11*C*b~2*c~3*d"2 — 17x(2xC*axb + B*b~2)*c~2*d"3
+ 32%(C*a”2 + 2xBxaxb + A*b"2)*c*d”™4 + 144*x(Bxa”~2 + 2xAxaxb)*d"5)*exf"4 - 1
5% (7*C*b~2*%c™4*xd — 128*A*a~2*%d~5 - 10*(2*Cxaxb + Bxb~2)*c~3*%d"2 + 16*(C*a”2
+ 2*%Bkxaxb + A*b"2)*c”2+%d"3 - 32*%(B*a”"2 + 2xAxaxb)*c*d"4)*f"5 - 48%x(9*Cxb~2
*d"5xexf~4 - (Cxb~2%c*d™4 + 10*(2*Ckaxb + B*b~2)*d"5)*f~5)*x~3 + 8% (63*Cxb~
2%d"5*e " 2*%f"3 - 2% (4*Cxb~2xc*d~4 + 35*%(2*Ckaxb + Bxb~2)*d~5)*exf~4 - (7*Cxb
“2%c72%d73 - 10*(2xCxaxb + B*b~2)*c*d"4 - 80*(C*xa”~2 + 2xBxaxb + A*xb~2)*d"5)
*f75)*x72 - 2*%(315%Cxb~2xd"5*e”3*%f"2 - T*(7*Cxb~2*xcxd~4 + 50*(2+C*a*b + Bx*b
~2)*%d7B) *e”2*xf"3 - (39*Cxb"2xc"2%d"3 - 60*(2*xCxaxb + Bxb~2)*xc*d~4 - 400%* (Cx
a2 + 2*Bxaxb + A*xb72)*d"5)*exf~4 - 5x(7*Cxb~2%c”3*d"2 - 10%(2*C*xaxb + Bx*b~
2)*c"2*xd"3 + 16%(C*a~2 + 2*xBkaxb + A*xb~2)*c*d~4 + 96*%(B*xa~2 + 2*A*axb)*d~5)
*£75)xx)*sqrt (d*x + c)*sqrt(f*x + e))/(d"5*£76), 1/3840%(15%(63*C*xb~2*d " 5*e
“5 - 35%(C*b~2*xc*xd"4 + 2x(2xCxaxb + B*b~2)*d"5)*e " 4*xf — 10*x(C*b~2%c~2*d"3 -
4x (2xCxaxb + Bxb~2)*c*d"™4 - 8*%(C*a”™2 + 2*Bxaxb + A*xb~2)*d"5)*e”3*f"2 - 6*(
Cxb~2*c™3*d"2 — 2% (2*Ckaxb + B*b~2)*c™2*d"3 + 8*x(C*xa~2 + 2*Bka*b + A*xb~2)*c
*d"4 + 16%(Bxa”2 + 2*A*xaxb)*d”5)*e”2*xf~3 - (5xC*xb~2xc”4*d - 128*A*a~2*xd~5 -
8% (2*C*axb + B*b~2)*c~3x%d"2 + 16*%(C*a”2 + 2*Bkaxb + A*xb~2)*c”2+%d"3 - 64x*(B
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*a”2 + 2kAxaxb)*kckxd"4)*xexf~4 - (7T+*C*xb~2*c”5 + 128*A*xa~2xcxd~4 - 10*(2*Cxaxb
+ B*b72)kcT4*xd + 16%(Cxa~2 + 2*Bxaxb + A*b~2)*c™3xd"2 - 32x(B*a”2 + 2xA*ax
b)*c~2*xd"3) *£75) *sqrt (-d*f) *arctan(1/2* (2xd*f*x + dxe + cxf)*sqrt(-d*f)x*sqr
t(d*x + c)*sqrt(f*x + e)/(d"2*f72%x"2 + cxd*exf + (d"2xexf + c*xd*xf~2)*x)) +
2% (384*Cxb~2%d"5*xf~5*xx"4 + 945%Cxb~2xd~5*xe~4xf - 210%(Cxb~2%c*xd~4 + 5% (2%C
*axb + B*b72)*d"5)*e"3*f"2 - 2% (68*%Cxb~2%c”2*xd"3 - 125%(2*Cxa*xb + B*b~2)*c*
d~"4 - 600%(C*xa”~2 + 2xBxaxb + A*b~2)*d"5)*e”2*xf~3 - 10*%(11*C*b~2%c~3*d"2 - 1
T*(2%Cxaxb + Bxb~2)*xc”2+%d"3 + 32*%(C*a”2 + 2xBxaxb + A*xb~2)*c*d”4 + 144x*(Bx*a
2 + 2%A*xaxb)*d"5)*exf~4 — 15x(7*Cxb"2%c”4*d - 128*%A*a”~2xd"5 - 10*(2*C*ax*b

+ Bxb72)*c"3%d"2 + 16%(C*a”2 + 2*Bkaxb + A*xb"2)*c"2x%d"3 - 32 (B*a”2 + 2*Ax*a
*b) *cxd"4) *f~5 - 48% (9*Cxb~2*xd"5xe*xf~4 - (Cxb~2*c*xd~4 + 10%(2*Cxaxb + Bxb~2
)*d"5)*f75)*x"3 + 8% (63*Cxb~2xd"5xe"2xf "3 - 2% (4*C*xb~2*c*kd"4 + 35*%(2*xCxaxb

+ B*b7"2)*d"5)*exf~4 - (7T+*C*b~2*c”2*d"3 - 10*(2*xCxaxb + B*b~2)*c*d"4 - 80*(C
*a"2 + 2*Bkaxb + Axb"2)*d"5)*f75)*x"2 - 2*%(315*Cxb"2xd"5xe"3*xf"2 - T*(7*Cxb
~2%c*d"4 + 50%(2*Cxaxb + Bxb~2)*d"5)*e"2*%f"3 - (39*Cxb~2*xc~2*%d"3 - 60* (2*C*
axb + B*b"2)*ckxd"4 - 400*(Cxa~2 + 2*Bxa*xb + Axb~2)*d"5)*exf~4 - 5 (7*Cxb~2x
c”3%d"2 - 10*%(2*C*axb + B*b~2)*c~2xd"3 + 16*(C*a”2 + 2*B*axb + Axb~2)*c*d"4
+ 96%(B*xa~2 + 2%Axaxb)*d~5)*f~5)*x)*sqrt(d*x + c)*sqrt(f*x + e))/(d"5*xf76)
]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)**2% (Ckx**2+B*xx+A)* (d*x+c)**x(1/2)/ (f*x+e)*x(1/2) ,x)

[Out] Timed out

Giac [A] time = 1.97709, size = 2032, normalized size = 1.97

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a) 2% (Cxx~2+Bxx+A)* (d*x+c) ~(1/2)/(f*x+e)~(1/2),x, algorithm=
"giac")
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[Out] 1/1920*%(sqrt((d*x + c)*d*f - cxd*xf + d™2xe)*(2x(4*(d*x + c)*(6x(d*x +
*(d*x + c)*C*b~2/(d"5*f) - (31*%C*b~2%c*d"20*f~8 - 20*Cxaxbxd~21*%f~8 - 10*B*
b~ 2%d"21*f"8 + 9*xCxb~2%d"21*f~7*e)/(d"25*%f79)) + (263*Cxb~2%xc~2*d"20%f~8 -
340xC*a*xbxckxd"21*xf78 — 170%Bxb"2xc*d”"21*xf~8 + 80%xCxa~2xd"22*%f~8 + 160*B*axb
*d722%f78 + 80xAxb72*%d"22*xf78 + 154*C*xb~2*xcxd"21*f"7*xe - 140*Cxaxb*xd~22xf~7
xe — TO0*Bxb™2%d"22*xf " 7*xe + 63*Cxb~2xd"22+%f"6*e~2)/(d"25*f~9)) - 5x(121*Cxb~
2xc”3*%d720%xf78 - 236*Cka*xbxc™2xd"21*xf"8 - 118*xBxb™2*%c”2*d"21*xf78 + 112*xCxa”
2xcxd"22%xf78 + 224*xBkxaxb*xcxd"22*xf78 + 112%Axb"2*xc*kd"22*%f78 - 96%Bxa”2*xd"23*
78 - 192xA*axb*xd”"23*f"8 + 109*%Cxb~2*xc™2*%d"21*xf " 7*xe — 200%Ckaxb*xc*xd~22xf"7x*
e — 100%B*b™2*xcxd"22*%f " 7*e + S0*C*xa " 2xd"23*f"7*e + 160*%Bxaxbxd"23*xf"7*xe + 8
O*xA*b~2xd"23*%f"7*e + 91*Cxb~2*cxd"22*%f " 6%e”2 - 140*%Ckxaxbxd”23*xf"6xe”2 — 70x*
B*xb~2*d"23*f"6*%e”2 + 63*xCxb~2xd"23*f"5xe”3)/(d"25*f79) ) *x(d*x + c) + 15x(7xC
*¥b72xc"4xd"20%xf "8 — 20%C*xaxbxc”3*%d"21*f"8 - 10%Bxb~2*xc"3*%d"21*f~8 + 16%xCxa”
2xcT2%d722*xf78 + 32xBxaxbxcT2*%d"22*xf78 + 16xAxbT2*xcT2*%d"22*%f78 - 32xBxa”2%*c
*d"23%xf78 - 64xAkxaxb*ckxd"23*xf78 + 128xA*a"2xd"24*f"8 + 12%xCxb"2xc”3*xd"21xf"
T*e — 36%Ckxa*xb*c™2xd"22*%f " 7*e — 18*B*b " 2*xc™2xd"22*%f " 7*xe + 32*%Ckxa”2%xcxd~23*f
“T*xe + 64*Bkxaxbxcxd"23*f"7*xe + 32%A*xbT2xcxd"23*f"T7T*xe - 96*Bxa~2xd"24*xf " T*xe

- 192%A*a*b*d”~24*xf"7T*e + 18*C*b™2*c ™ 2xd"22*%f"6*e”2 - 60*Ckxaxbxcxd 23*xf " 6*xe”
2 — 30%Bxb"2xcxd"23*xf"6xe”2 + 80*xCxa~2*%d"24xf"6xe”2 + 160*Bxaxbxd~24*f " 6*xe”
2 + 80xAxb72xd"24*xf"6xe”2 + 28*%C*xb~2%c*xd"23*%f"5xe”3 - 140*%xCxa*xbxd”24*f "5xe™
3 - TO0*Bxb~2%d~24*f"5*e”~3 + 63*Cxb~2*d~24*f 4*e~4)/(d"25*%£79))*sqrt(d*x + ¢
) = 15%(7*C*b~2%c™b*f~5 — 20*Cxaxbxc~4xd*f~5 - 10*B*b~2*xc”4*xd*f~5 + 16xCxa”
2xc”3*%d"2*%f75 + 32%B*a*xbxc”3xd"2*xf"5 + 16%xAxbT2xc”3*%d"2*f"5 - 32%Bka”~2%c 2%
d73*%f75 - 64xAxa*xbxc”2xd"3xf"5 + 128%A*a”2*xckd"4*xf"5 + BxCxbT2*xcT4xdxf " 4x*e

— 16*%Cxaxb*c”3*%d"2xf 4d*xe — 8xBxb " 2xc~3*d"2*%f "4xe + 16%xCkxa " 2xc”2xd"3*f "4*e +
32xBxaxbxc”2*%d"3*%f "4*xe + 16%A*b " 2xc”2xd"3*xf "4*xe — 64*%Bxa”2%c*kd"4*xf"4*xe - 1
28*xAxaxbxckxd"4xf"4d*xe — 128*%A*xa”~2xd"5xf 4xe + 6*%C*xb~2%xc"3*xd"2xf " 3%e”2 - 24xC
*axbxc"2xd"3*xf"3%e”2 - 12*Bxb”2%xcT2x%d"3*f"3*%e”2 + 48*Cka”2xcxd"4xf " 3%xe”2 +

96xBxaxb*c*d~4*xf 3*%e”2 + 48xAxb " 2%c*d"4*xf"3*e”2 + 96*%Bxa”2+%d"5xf"3*e”2 + 19
2% Axaxb*d"bxf"3%e”2 + 10*xC*b~2%c”2xd"3*f"2%e”3 - 80*Cxaxbxcxd 4*xf " 2*%e”3 - 4
0*B*b~2*%c*xd"4*xf " 2xe”3 — 80*Cxa~2*%d"5*f"2*%e”3 - 160*Bxaxb*d”~5*f " 2*xe”3 - 80x*A
*b"2xd"5*xf "2%e"3 + 35%Cxb"2xckxd"4xfxe”4 + 140%Cxaxbxd"5*xf*xe”4 + 70*B*xb~2xd~
5xfxe~4 - 63xCxb~2*d"5xe”5)*log(abs(-sqrt(d*f)*sqrt(d*x + c) + sqrt((d*x +

c)*d*xf - cxd*f + d"2%e)))/(sqrt(d*f)*d~4*xf~5))*d/abs(d)

c)*(8
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f (a+bx)\/c+dx(A+Bx+Cx2)

3.48
\e+fx

X

Optimal. Leaf size=540

(c +dx)¥? \Je + fx (24H2Cd2f2 + 4bd fx(4aCdf + b(~8Bdf + 5cCf +7Cde)) + 8abd f (~6Bdf + 3cCf + 5Cde) + b?
- 96bd5 £3

[Out] -((8*xaxd*xf*(2xd*xf*(3*%B*xd*e + Bkckf - 4xAxd*xf) — Cx(5xd"2%e”2 + 2kckd*xexf +
cT2xf72)) + b*(Cx(35%d"3*%e”3 + 15xc*xd™2%e”2*f + 9kc™2xd*exf~2 + 5xc~3*%f73)
+ 8kdxfx (2%Axd*xf* (3*d*xe + cxf) - Bx(5xd"2*xe”2 + 2*cxd*exf + c72xf72))))*Sqr
tlc + d*x]*Sqrtle + fxx])/(64*d"3*f74) + (Cx(a + bxx) 2*x(c + d*x)~(3/2)*Sqr
tle + f£*x])/(4xb*xd*f) - ((c + dxx)~(3/2)*Sqrtle + fxx]*(24*%a~2*Cxd~2*xf~2 +
8*xaxbxdxf* (5xCkxdxe + 3*c*kCkxf - 6*Bkxd*xf) + b~ 2% (8xd*f* (5+%Bxd*e + 3*Bkxc*xf - 6
*Axd*f) - Cx(35xd"2*e”2 + 22xckxd*exf + 15%c™2*%f72)) + 4dxbxdxfx (4*a*xCxd*f +
b (7*Cxdxe + Bxc*xCkxf — 8*Bxdxf))*x))/(96xbxd~3*%f~3) + ((d*e - c*f)x*(8xaxdxf
* (2+¢d*f* (3*Bkd*e + Bxcxf — 4xAxd*f) - Cx(5xd"2*e”2 + 2xckxdxexf + c™2+xf72))
+ bk (Cx(35%d"3*e”3 + 15%c*xd™2%e”2*xf + 9*kc ™ 2xd*exf~2 + 5xc”3*%f73) + 8xd*xf*(2
xAxd*f* (3*xd*e + cxf) - Bx(5xd"2%e”2 + 2xcxdxexf + c”2+f72))))*ArcTanh[(Sqrt
[£f1*Sqrt[c + d*x])/(Sqrt[d]l*Sqrtle + f*x]1)]1)/(64*d~(7/2)*£~(9/2))

Rubi [A] time = 0.71253, antiderivative size = 540, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 34, e =

integrand size
0.176, Rules used = {1615, 147, 50, 63, 217, 206}

(c +dx)¥? \Je + fx (24612Cd2f2 + 4bd fx(4aCdf + b(-8Bdf + 5cCf + 7Cde)) + 8abd f (—6Bdf + 3cCf + 5Cde) + b (
- 96bd3 3

Antiderivative was successfully verified.

[In] Int[((a + bxx)*Sqrt[c + d*x]*(A + B*x + C*x"2))/Sqrtle + f*x],x]

[Out] -((8*xaxd*xf*(2xd*xf*(3*%B*d*e + Bkc*f - 4xAxd*xf) — Cx(5xd"2%e”2 + 2kckd*xexf +
c”2xf72)) + b*(Cx(35%d"3*e”3 + 15xc*d™2%e”2*f + 9*kc ™ 2xd*exf~2 + 5xc~3*%f"3)

+ 8xdxf* (2xAxd*f* (3*xd*e + cxf) - Bx(5xd"2%e”2 + 2xcxd*exf + c”2%f72))))*Sqr

tlc + d*x]*Sqrtle + f*xx])/(64*d"3*xf74) + (Cx(a + bxx) 2x(c + d*x)~(3/2)*Sqr

tle + f£*x])/(4xb*xd*f) - ((c + dxx)~(3/2)*Sqrtle + fxx]*(24*a~2*Cxd~2*f~2 +
8*xaxbxdxf* (5xCxdxe + 3*c*xCkxf - 6*Bkxd*f) + b~ 2x(8xd*f+* (5%Bxd*e + 3*Bxcxf - 6
*Axd*f) - Cx(35xd"2*e”2 + 22xckd*exf + 15%c™2*xf72)) + 4dxbxdxfx (4*xa*xCxd*f +
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b* (7*C*d*e + B*xcxCxf - 8xBxd*f))*x))/(96*%b*xd"3*xf~3) + ((d*xe - c*f)x*(8ka*xdx*f
* (2+d*f* (3*Bkd*e + Bxcxf — 4xAxd*f) - Cx(5xd"2*e”2 + 2xckxdxexf + c™2%xf72))
+ bk (Cx(35%d"3*e"3 + 15%c*d™2%e ™ 2*f + 9*xc ™ 2xd*exf~2 + 5+xc ™ 3*f7"3) + 8xdxf*(2
xAxdxf* (3xd*e + cxf) - Bx(5xd"2%e”2 + 2xckdxexf + c~2xf72))))*ArcTanh[(Sqrt
[£f1*Sqrt[c + d*x])/(Sqrt[d]l*Sqrtle + f*x]1)]1)/(64%d~(7/2)*£~(9/2))

Rule 1615

Int [(Px_)*((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_)*(x_))"(n_.)*x((e_.) + (f
_)x(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]11}, Simp[(k*x(a + b*x)"(m + q - D*(c + d*xx)"(n + 1)*x(e + f*x)"(p +

1))/(d*f*b~(q - 1)*(m + n + p + g + 1)), x] + Dist[1/(d*f*b"g*(m + n + p +

q + 1)), Int[(a + b*x) m*x(c + d*x) n*(e + fxx) p*ExpandToSum[d*f*b~q*(m + n
+p+qt+t 1)*Px - dxfxkx(m + n + pt+tq+ DDx(a + b*x)"q + kx(a + b*x)"(q -
2)*%(a"2xd*f*x(m + n + p + g + 1) - b*(b*cxex(m + q - 1) + a*x(d*ex(n + 1) +

ckxfx(p + 1))) + bx(axd*f*(2*(m + q) + n + p) - b*x(d*ex(m + q + n) + cxf*x(m

+q+p)))*x), x], x], x] /; NeQIm + n + p + q + 1, 0]] /; FreeQ[{a, b, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x] && IntegersQ[2+*m, 2*n, 2xp]

Rule 147

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*x((e ) + (£f_.)*(x_
N*((g_.) + (h_.)*(x_)), x_Symbol] :> -Simp[((a*xd*f*hx(n + 2) + b*xc*kfxh*(m

+ 2) - bxd*(f*g + exh)*(m + n + 3) - bkd*xf*hx(m + n + 2)*x)*(a + bxx) " (m +

D*x(c + d*x)"(n + 1))/ ("2%d™2%(m + n + 2)*(m + n + 3)), x] + Dist[(a™2xd"2
xfxhx(n + D)*(n + 2) + axbxd*(n + 1)*(2*cxfxh*x(m + 1) - dx(fxg + exh)*x(m +

n + 3)) + b 2x(c™2xf*hx(m + 1)*(m + 2) - ckd*(f*g + exh)*(m + 1)*(m + n + 3
) + d72%exgx(m + n + 2)x(m + n + 3)))/(b72%d"2%(m + n + 2)*(m + n + 3)), In
tl(a + b*x)"m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m, n},

x] && NeQ[m + n + 2, 0] && NeQ[m + n + 3, 0]

Rule 50

Int[((a_.) + (b_)*(x_)) " (m_)*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+ b*x)"(m + D*(c + d*x)"n)/(b*(m + n + 1)), x] + Dist[(n*x(bxc - axd))/
(bx(m + n + 1)), Int[(a + b*x) mx(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,

c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] && ( !'IntegerQ[n] || (GtQ[m, O] && LtQ[m - n, 0]))) && !'ILtQ[m + n

+ 2, 0] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)7n, x]1, x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
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[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 217

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && !GtQ[a, O]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rubi steps
(a+bx)\/c+dx(— % b(4bcCe+3aCde+acCf-8Abdf)— % b(4
f (a + bx)Vc + dx (A + Bx + Cx?) o Clat bx)2(c + dx)¥2 Je + fx . Verfx
\e+ fx 4bd f 4b2df
Cla+bx)2(c+dx)¥2\Je+ fx  (c+dx)\Je+ fx (24a2Cd2f2 + 8abd f(5C
- 4bdf -

(8adf (2df (3Bde + Bef — 4Adf) — C (5d%¢ + 2cdef + c2f2)) + b (C (354°

(8adf (2df (3Bde + Bef — 4Adf) — C (5d%¢ + 2cdef + c2f2)) + b (C (354°

(8adf (2df (3Bde + Bef — 4Adf) — C (5d%¢ + 2cdef + c2f2)) + b (C (354°

(8adf (2df (3Bde + Bef — 4Adf) — C (5d%¢ + 2cdef + c2f2)) + b (C (354°

Mathematica [B] time = 6.32651, size = 2402, normalized size = 4.45

Result too large to show
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Antiderivative was successfully verified.

[In] Integrate[((a + b*x)*Sqrtlc + d*x]*(A + B*x + C*x72))/Sqrtle + fx*x],x]

[Out] ((-(b*xe) + axf)*(d*e - cxf) 2x(Cxe”2 - Bkexf + Axf~2)*Sqrt[d/((d"2xe)/(d*e
- cxf) - (cxdxf)/(d*e - c*xf))]*((d"2xe)/(d*e - cxf) - (cxd*f)/(d*e - c*f))~
2x3qrt[(d*(e + f*x))/(d*e - cxf)]*Sqrt[1 + (dxfx(c + d*x))/((d*e - cxf)*((d
~2xe)/(d*e - cxf) - (c*xd*xf)/(dxe - cxf)))]*((2xd*fx(c + d*x))/((d*e - c*f)*
((d~2xe)/(d*e - c*xf) - (cxd*xf)/(d*xe - cxf))) - (2xSqrt[d]*Sqrt[f]*Sqrtlc +
d*xx]*ArcSinh [(Sqrt [d] *Sqrt [f]*Sqrt[c + d*x])/(Sqrtl[d*e - c*xf]*Sqrt[(d~2xe)/
(d*e - cxf) - (cxdxf)/(d*e - c*xf)]1)])/(Sqrt[d*e - cxf]*Sqrt[(d~2xe)/(d*e -
cxf) - (cxd*f)/(dxe - c*f)]*Sqrt[1 + (dxfx(c + dxx))/((dxe - c*f)*((d"2*e)/
(d*e - c*f) - (cxd*f)/(d*e - c*x£)))])))/(2%d"3*xf"5*xSqrt[c + d*x]*Sqrtle + f
xx]) + (2%b*Cx(d*e - c*f)~2x(c + d*x)~(3/2)*Sqrtle + f*xx]*(1 + (d*f*x(c + dx
x))/((d*e - cxf)*((d"2xe)/(d*e - c*f) - (cxd*f)/(d*e - cxf))))~(7/2)*((3*(5
/(8x(1 + (d*fx(c + d*x))/((dxe - c*f)*((d"2xe)/(d*xe - c*f) - (cxd*f)/(dxe -
cxf))))73) + 5/(6%(1 + (dxf*x(c + d*x))/((d*e - c*xf)*x((d"2%e)/(d*e - cxf) -
(cxd*f)/(d*e - cxf))))72) + (1 + (d*f*x(c + d*x))/((d*e - cxf)*((d"2xe)/(d*
e - c*xf) - (cxd*f)/(d*e - c*x£))))~(-1)))/8 + (15*x(d*e - c*xf) 2+ ((d"2x*e)/(dx*
e - c*xf) - (cxd*f)/(d*e - c*xf)) " 2x((2xdxf*(c + d*x))/((d*xe - cxf)*((d"2xe)/
(dxe - c*f) - (c*xd*f)/(dxe - c*xf))) - (2*%Sqrt[d]*Sqrt[f]*Sqrtlc + d*x]*ArcS
inh [(Sqrt[d]*Sqrt [f]1*Sqrt[c + d*x])/(Sqrtld*e - cxf]l*Sqrt[(d~2*e)/(dxe - cx
) - (cxd*f)/(d*e - c*£)]1)])/(Sqrtld*e - cxf]l*Sqrt[(d~2xe)/(d*xe - c*xf) - (c
xd*f)/(d*e - cxf)]*Sqrt[1 + (d*xf*x(c + d*x))/((d*xe - cxf)x((d"2xe)/(d*e - cx
f) - (cxd*xf)/(d*e - c*x£)))]1)))/(256*%d"2*f"2x(c + dxx)~2*(1 + (d*xf*(c + dx*x)
)/ ((dxe - cxf)*((d"2%e)/(d*e - c*f) - (ckd*f)/(d*e - cx£))))7"3)))/(3*d"3*f"
3%(d/((d"2xe)/(d*e - c*xf) - (cxd*f)/(dxe - c*f)))~(5/2)*Sqrt[(dx(e + f*x))/
(dxe - cxf)]) + (2x(dxe - cxf)*(-3*%b*Ckxe + b*B*f + a*xCxf)*(c + d*x)~(3/2)*S
grtle + f*x]*(1 + (d*f*(c + d*x))/((d*xe - cxf)*((d"2*e)/(d*e - c*xf) - (c*dx
f)/(dxe - c*£))))7(5/2)*x((3/(4*x(1 + (dxf*x(c + d*x))/((d*e - cxf)*((d"2xe)/(
dxe - cxf) - (cxdxf)/(d*e - c*x£))))"2) + (1 + (d*fx(c + d*x))/((d*e - c*f)*
((d™2xe)/(dxe - cxf) - (c*xdxf)/(d*e - c*f))))~(-1))/2 + (3*(d*e - cxf) 2% ((
d"2xe)/(d*e - cxf) - (c*xdxf)/(d*xe - c*xf)) 2+ ((2xd*f*(c + d*x))/((d*xe - c*f)
x((d"2xe)/(d*e - c*f) - (cxd*f)/(d*e - cxf))) - (2xSqrt[d]*Sqrt[f]*Sqrtlc +
d*xx]*ArcSinh [(Sqrt [d]*Sqrt [f1*Sqrt[c + d*x])/(Sqrtld*e - c*xf]*Sqrt[(d~2x*e)
/(d*e - c*xf) - (cxd*f)/(d*e - c*f)])]1)/(Sqrtld*e - cxfl*Sqrt[(d~2*e)/(d*e -
c*xf) - (cxd*f)/(dxe - c*f)]*Sqrt[1l + (dxfx(c + d*x))/((dxe - c*f)*((d"2*e)
/(d*e - c*xf) - (cxd*f)/(d*e - c*£)))])))/(32+%d™2*f72%(c + d*x) "2+ (1 + (d*f*
(c + d*x))/((d*e - cxf)*((d"2*e)/(d*e - c*f) - (c*kd*f)/(dxe - cxf))))~2)))/
(3*%d™2x£73%(d/((d"2xe) /(d*e - c*f) - (cxd*f)/(d*e - c*xf)))~(3/2)*Sqrt[(d*(e
+ £xx))/(d*e - cxf)]) + (2% (3*b*Cxe”2 - 2%b*Bxexf - 2kaxCxexf + Axbxf~2 +
a*Bxf72)*(c + d*x)~(3/2)*Sqrtle + f*xx]*(1 + (dxf*(c + d*x))/((d*e - c*xf)x*((
d"2xe)/(d*e - cxf) - (cxdxf)/(d*e - c*£))))~(3/2)*(3/(4x(1 + (dxf*(c + d*x)
)/ ((d*e - cxf)*((d"2*e)/(d*xe - c*f) - (cxd*f)/(d*e - cxf))))) + (3*x(d*¥e - ¢
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*f)"2x((d"2xe) /(d*e - c*xf) - (c*xd*f)/(dxe - c*f)) " 2x((2*xdxf*(c + d*x))/((dx*
e - cxf)*x((d"2xe)/(d*e - c*xf) - (cxd*f)/(d*e - c*f))) - (2+Sqrt[dI*Sqrt[f]*
Sqrt[c + d*x]*ArcSinh[(Sqrt[d]*Sqrt[f]l*Sqrtlc + d*x])/(Sqrt[d*e - c*xf]*Sqrt
[(@d"2*e)/(d*xe - cxf) - (c*xdxf)/(d*e - c*£)])])/(Sqrtld*e - cxf]xSqrt[(d~2xe
)/(d*xe - c*xf) - (c*xd*f)/(d*e - c*xf)]*Sqrt[1l + (d*f*(c + d*x))/((d*e - c*f)x*
((d™2xe)/(d*e - c*xf) - (ckd*xf)/(dxe - cx£)))]1)))/(16%d"2*xf 2% (c + d*x) " 2x(1
+ (d*f*(c + dxx))/((d*xe - c*f)*((d"2xe)/(d*e - cxf) - (cxd*f)/(dxe - c*f))
)))))/(3*%dxf~3*%Sqrt [d/ ((d"2*e)/(d*xe - cxf) - (c*kd*f)/(dxe - cx*f))]*Sqrt[(d*
(e + fxx))/(d*e - c*xf)])

Maple [B] time = 0.026, size = 2002, normalized size = 3.7

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)*(Ckx~2+B*x+A)* (d*x+c)~(1/2)/ (fxx+e)~(1/2),x)

[Out] 1/384x*(d*x+c)~(1/2)*(f*x+e) (1/2)*(24*xBx1n(1/2* (2*d*f*x+2* ((d*x+c) * (f*x+e))
~(1/2) % (A*xf) " (1/2) +cxf+dxe) / (d*f) ~(1/2) ) *bxc™3xd*f ~4+105%C*1n (1/2% (2*kd*xf*x+
2% ((dxx+c) * (fxx+e) )~ (1/2)*(d*f) ~(1/2) +cxf+d*xe) /(d*f) ~(1/2) ) ¥b*d~4dxe~4-60*C*
In(1/2% (2*d*xf*x+2% ((d*x+c)* (fxx+e)) ~(1/2) % (d*f) ~(1/2) +cxf+dxe) / (d*f) ~(1/2))
*b*xckd"3*%e " 3*F-288%Ax (d*f) ~(1/2) * ((d*x+c) * (£*xx+e) )~ (1/2) *b*xd~3*e*xf~2-288*B*
(d*£)~(1/2) * ((d*xx+c) * (fxx+e) )~ (1/2) *a*xd~3*xe*xf~2+240*B*x (d*f) ~(1/2) * ((d*x+c) *
(fxx+e)) "~ (1/2) *b*d"3*e ™ 2xf+72*xCx1n (1/2* (2*xd*f*x+2* ((d*x+c) * (fxx+e) )~ (1/2) *(
d*xf) " (1/2) +cxf+dxe) / (d*f) ~(1/2) ) *a*xckd"3*xe”2xf ~2+24*Cx1n (1/2* (2*xd*xf*xx+2* ((d
xx+c)* (fxx+e) ) " (1/2)*x(d*f) ~(1/2) +cxf+d*e) / (d*xf) 7 (1/2) ) *axc™2xd"2*xexf~3-12*%C
*1n (1/2% (2xdxfxx+2% ((d*xx+c)* (fxx+e)) " (1/2) x(d*xf) ~(1/2) +cxf+d*e) / (d*xf) ~(1/2)
) *bxc " 3*d*exf"3-18*Cx1n (1/2*% (2xd*xf*xx+2* ((d*x+c) * (f*xx+e) ) ~(1/2)*(d*f)~(1/2)+
cxf+dxe)/(d*f) " (1/2)) *bxc™2xd"2*xe~2*xf ~2-96*A*1n (1/2* (2xd*f*xx+2* ((d*xx+c) * (f*
x+e)) " (1/2)*x(d*f) " (1/2) +c*xf+d*xe) / (d*f) " (1/2) ) *b*c*d~3*xe*xf ~3+50*Cx (d*f) ~(1/2
Yk ((dxx+c) * (fxx+e) ) ~(1/2) *b*xcxd™2xe 2% F+32*Cx (d*f) ~(1/2) * ((d*x+c) * (f*x+e))”
(1/2) *x*a*xcxd™2xf~3-160*Cx (d*xf) ~ (1/2) * ((d*x+c) * (f*xx+e) ) ~(1/2) *x*a*d "~ 3xexf~2
-20%C* (d*f) " (1/2) * ((d*x+c) * (fxx+e) )~ (1/2) *x*b*xc™2xd*f~3+140*Cx (d*£) ~(1/2) *(
(d*x+c) * (f*x+e)) " (1/2) *x*xbxd~3*e~2xf+32*B* (d*f) " (1/2) * ((d*x+c) * (f*x+e) )~ (1/
2) *x*b*ckd"2xf"3-160*B* (d*f) ~ (1/2) * ((d*x+c) * (f*x+e) ) ~(1/2) *x*¥b*d " 3*e*xf~2-64
*Bx (d*xf) " (1/2) * ((dxx+c) *(£*x+e) ) " (1/2) ¥*b*kcxd ™ 2%e*xf ~2+16*Cxx ™ 2*xbxc*xd ™ 2xf ~3* (
dxf)~(1/2)* ((d*x+c) * (fxx+e)) " (1/2) -1124Ckxx"2%b*d " 3xe*xf 2% (d*f) ~ (1/2) * ((d*x+
c)x(fxx+e)) " (1/2)-64*Cx (d*f) ~(1/2) * ((d*x+c) * (f*x+e)) " (1/2) *axcxd ™ 2xexf~2+34
*Ck (d*xf) ™ (1/2) % ((d*xx+c) * (£xx+e)) ~(1/2) *¥bxc 2xd*e*xf~2-24*Cx (d*f) ~ (1/2) * ((d*x
+c) k (fxx+e)) " (1/2) *x*xb*c*xd™2%e*xf ~2-15%Cx1n (1/2*% (2xd*f*xx+2% ((d*x+c) * (f*x+e))
“(1/2)*%(d*xf) "~ (1/2) +cxf+d*xe) / (d*f) ~(1/2) ) *¥b*xc™4*f~4+96*%Cxx~3*b*xd~3*f ~3* (d*f)
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“(1/2) % ((d*xx+c) * (fxx+e) )~ (1/2) +128*B*xx~2%b*xd~3*f ~3* (d*f) ~(1/2) * ((d*x+c) * (f*
x+e)) " (1/2)+128*C*x~2xa*xd”~3*xf "3k (d*f) ~(1/2) * ((d*x+c) * (f*x+e) )~ (1/2)-48*Cx (d
*f) 7 (1/2) % ((d*xx+c) * (fxx+e) ) ~(1/2) *a*xc™2xd*f ~3+192*xB*x (d*f) ~(1/2) * ((d*x+c) *(f
*x+e)) " (1/2) *x*kaxd”3*f ~3+24*B*x1n (1/2% (2¢d*f*xx+2* ((d*x+c) * (fxx+e) )~ (1/2) *(d*
£)7(1/2) +cxf+d*xe) / (d*f) "~ (1/2) ) ¥b*xc™2xd"2*%e*xf ~3+96xAx (d*f) ~ (1/2) * ((d*x+c) * (£
*x+e) ) " (1/2) ¥*b*cxd~2+f " 3+96*B* (d*f) ~(1/2) * ((d*x+c) * (f*x+e)) ~(1/2) *xa*cxd~2*f
~3-48*B* (d*f) "~ (1/2) * ((d*x+c) * (f*x+e) ) ~(1/2) *b*c~2xd*f~3-96*Bx1n (1/2* (2*d*f*
x+2*% ((dxx+c) * (fxx+e)) ~(1/2) % (d*f) " (1/2) +cxf+dxe) / (d*f) ~(1/2) ) *a*xcxd™3xexf~3
+72*%B*1n (1/2*% (2xd*xf*xx+2% ((d*x+c) * (fxx+e) )~ (1/2) *(d*f) ~(1/2) +c*xf+d*e) / (d*f) ™
(1/2) ) *¥b*xc*d"3*%e” 2xf~2+240%Cx (d*f) ~ (1/2) * ((d*x+c) * (f*x+e) ) ~(1/2) *a*xd "~ 3*e™ 2%
f+192%A* (d*xf) ~(1/2) * ((d*x+c) * (f*x+e) ) ~(1/2) *x*b*xd"3*f ~3+192%A*x1n (1/2* (2*d*f
*x+2% ((d*x+c) * (fxx+e) )~ (1/2) x(d*xf) ~(1/2) +cxf+d*e) / (d*f) " (1/2) ) xaxcxd™~3*xf~4-
192xAx1n (1/2% (2+d*f*x+2* ((d*xx+c) * (fxx+e) ) ~(1/2) % (d*f) ~(1/2) +cxf+d*xe) / (d*xf)~
(1/2) ) *a*xd"4*e*xf~3+144xAx1n (1/2% (2*%d*f*+x+2* ((d*x+c) * (f*xx+e) )~ (1/2)*(d*f) "~ (1
/2)+cxf+d*e) /(d*f) " (1/2) ) *bxd~4*e”2+f "2+144*Bx1n (1/2* (2xd*f*x+2* ((d*x+c) * (f
*x+e)) " (1/2) *x(d*f) " (1/2) +cxf+dxe) / (d*f) ~(1/2)) *xaxd"4d*xe”2xf~2-120%B*1n (1/2*(
2%d*f*xx+2% ((dxx+c) * (fxx+e) ) ~(1/2) % (d*£f) ~(1/2) +cxf+d*xe) / (d*xf) " (1/2) ) *b*d " 4x*e
“3xf-120*%Cx1n (1/2*% (2*¢d*fxx+2* ((d*x+c) * (f*x+e)) ~(1/2)*(d*f) ~(1/2) +c*xf+dxe) / (
d*xf) " (1/2) ) *axd~4xe~3*%f+384*A* (d*f) ~(1/2) * ((d*x+c)* (f*x+e)) ~(1/2) *a*xd~3*f~3
-210*C* (d*f) " (1/2) * ((d*x+c) * (f*xx+e)) " (1/2) *b*xd"3*e~3+30*C* (d*f) ~(1/2) * ((d*x
+c) * (fxx+e)) " (1/2) *bxc~3*%f~3-48*A*1n (1/2*% (2xd*fxx+2* ((d*x+c) * (f*xx+e)) ~(1/2)
*(dxf)~(1/2)+c*xf+d*xe) / (d*xf) ~(1/2) ) ¥bxc™2+%d"2*xf ~4-48*B*1n (1/2* (2xd*xf*x+2* ((d
*x+c) % (£*x+e) ) " (1/2) x(d*xf) ~(1/2) +cxf+d*e) / (d*f) ~(1/2) ) xaxc™2xd~2%f ~4+24*C*1
n(1/2% (2xd*xf*x+2* ((d*x+c) * (fxx+e) )~ (1/2)*(d*£) ~(1/2) +cxf+d*xe) / (d*f) ~(1/2) ) *
axc”3*xd*f"4) /f~4/ ((dxx+c)*(fxx+e))~(1/2)/d"3/(d*f)~(1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)*(Cxx~2+B*x+A)* (d*x+c)~(1/2)/(f*x+e)~(1/2),x, algorithm="m
axima")

[Out] Exception raised: ValueError

Fricas [A] time = 9.36583, size = 2503, normalized size = 4.64

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)* (Ckx~2+B*xx+A)* (d*x+c)”~(1/2)/(f*x+e)~(1/2),x, algorithm="f
ricas"

[Out] [1/768*(3*(35*C*b*xd~4*e”4 - 20%(Cxb*xcxd~3 + 2% (Ckxa + Bxb)*d~4)*e”3*f - 6x(C
*b*c”2+%d"2 - 4*x(C*xa + Bxb)*cxd™3 - 8+ (B*a + Axb)*d~4)*e"2xf~2 - 4% (Cxb*c™3*
d + 16xA*axd™4 - 2x(Cxa + Bxb)*c™2*d"2 + 8x(B*a + Axb)*c*d~3)*e*f~3 - (5*xCx
b*c™4 - 64xAxaxc*d”™3 - 8*%(Ckxa + Bxb)*c~3xd + 16*(B*a + Axb)*c™2xd"2)*f~4)x*s
qrt (d*f) *1og (8*d~2*xf72+x"2 + d72%e”2 + 6Gkxcxdkexf + c™2+f72 + 4x(2xdxfxx + d
xe + cxf)*sqrt(d*f)*sqrt(d*x + c)*sqrt(fxx + e) + 8*%(d™2xexf + c*xd*xf~2)*x)
+ 4% (48*Cxbxd~4*xf~4xx~3 - 105*%C*b*d~4*e”3*f + 5x(5xCxb*c*d~3 + 24*(Ckxa + Bx*
b)*d~4)*xe"2xf72 + (17*Cxb*c™2*d"2 — 32*x(Cxa + B*b)*c*d”™3 - 144*x(B*xa + AxDb)*
d"4)*xexf~3 + 3*x(5xCxb*c~3*d + 64*A*axd™4 — 8x(Cxa + B*b)*c™2+%d"2 + 16*(B*a
+ Axb)*ckd"3)*f~4 — 8*x(7+Cxb*d " 4*exf~3 — (Cxbxcxd~3 + 8+ (Cka + Bxb)*d"4)*f"
4)xx"2 + 2% (35*Cxb*d"4*xe”2*f~2 - 2% (3*%Cxb*c*d~3 + 20*(Cxa + B*xb)*d~4)*xexf~3
- (5*%Cxb*c™2xd"2 - 8%(Ckxa + B*b)*c*d™3 - 48%(Bxa + Axb)*d~4)*f~4)*x)*sqrt(
dxx + c)*sqrt(f*x + e))/(d"4*f75), -1/384%(3%(35%Cxb*d~4*e”4 - 20* (C*bxc*d”
3 + 2%(C*xa + B*xb)*d~4)*e”3*f - 6*%(Cxb*c™2*xd"2 — 4x(Cxa + B*b)*c*d™3 - 8*x(Bx*
a + Axb)*d"4)*e”"2*xf"2 — 4x(Cxb*c~3*d + 16*A*a*xd™4 — 2x(Cxa + Bxb)*c™2xd"2 +
8% (Bxa + Axb)*c*xd~3)*exf~3 - (5%C*b*c”4 - 64xA*axcxd”™3 - 8+ (Ckxa + Bxb)*c~3
xd + 16%(Bxa + Axb)*c~2*xd"2)*f~4)*sqrt(-dxf)*arctan(1/2*(2xd*f*x + d*xe + c*
f)*sqrt (-d*f)*sqrt (d*x + c)*sqrt(f*x + e)/(d72*%f72%x"2 + ckdxexf + (d~2%exf
+ cxd*f72)*x)) — 2% (48*Cxb*d"4*f"4*x"3 — 105*%Cxbxd~4*e~3*f + 5% (5xCxbkxcxd™
3 + 24*%(C*xa + Bxb)*d~4)*e”2+f"2 + (17*Cxb*xc~2*xd"2 — 32%(C*a + B*b)*c*d"3 -
144 (Bxa + A¥b)*d"4)*e*xf~3 + 3*(5*xCxb*xc~3*%d + 64*A*a*xd™4 - 8*x(C*xa + Bxb)*xc”
2%d72 + 16*%(B*xa + Axb)*cxd~3)*f~4 - 8+ (7*Cxb*d~4*exf~3 — (Cxbxc*d~3 + 8*(Cx
a + Bxb)*d"4)*f"4)*x72 + 2% (35%C*b*d"4*e " 2*f"2 — 2% (3*Cxbxc*d~3 + 20*(C*xa +
Bxb) *d~4)*xexf~3 - (5%C*b*c”2*d"2 - 8*(C*xa + Bxb)*xc*d™3 - 48+ (B*a + Axb)*d~
4)x£74) *x) *sqrt (d*x + c)*sqrt(fxx + e))/(d"4x£75)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)* (Ckx**2+Bxx+A)* (d*x+c)**(1/2)/ (fxx+e)**(1/2) ,x)

[Out] Timed out
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Giac [A] time = 1.39128, size = 994, normalized size = 1.84

C 12 (6 a 13 £6_ 13 6 13 56 C2 12 (6 ac 13 ¢
(me+mﬁ_aﬁ+d%@mx+d@mx+dCu;?w_u@hifSCd;;%dfwwdf)+5%wdf 56 Cacd'3 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)*(Cxx~2+B*x+A)* (d*x+c)~(1/2)/(f*x+e)~(1/2),x, algorithm="g
iac")

[Out] 1/192%(sqrt((d*x + c)*d*f - c*kd*xf + d72*e)*(2x(d*x + c)*(4*x(d*x + c)*(6%(d*
X + c)*Cxb/(d74*f) - (17*Cxbxcxd~12+xf~6 - 8*Cxaxd~13+xf~6 - 8*Bxb*xd~13+xf~6 +
TxCxb*d~13%f75%e) /(d"16%£77)) + (59*Cxb*c™2xd~12*f~6 - 56%Cxaxcxd~13*f76 -
56*B*xb*cxd~13*f76 + 48xBxa*xd~14*f~6 + 48*%Axbxd~14xf~6 + 50*Ckbkcxd~13xf 5x
e — 40%Ckaxd~14*f"5xe - 40*B*bxd~14*f "5xe + 35xCxbxd~14xf"4xe~2)/(d~16*f77)
) — 3% (5*xCxb*c~3*d"12*f"6 - 8xCkxa*xc~2*d~13*f~6 - 8xB*xb*xc~2*d~13*f~6 + 16*Bx
axc*xd"14*f76 + 16xAxbxcxd”14*xf"6 - 64*%Axaxd”15%xf"6 + O*Cxb*c™2*%d"13*f 5*xe -
16*%Ckaxcxd~14xf"5*e - 16*Bxbxcxd~14xf 5*e + 48*Bkaxd~15xf 5bxe + 48%A*b*xd~1
5%f"bxe + 15xCxbkxcxd”~14*xf"4*e”2 - 40*%Cxa*xd”15xf"4*e”2 - 40xB*b*xd~15*f"4*xe”2
+ 35%Cxb*xd~16%f"3%e”3) /(d"16*f77) ) *sqrt (d*x + c) + 3*(5*Cxbxc™4*xf~4 - 8*Cx
axc”3xd*f"4 - 8*Bxb*xc"3xd*f"4 + 16*Bkxaxc”2xd"2*%f"4 + 16%Axb*xcT2xd"2*f"4 - 6
dxAxaxcxd"3*xf74 + 4xCxb*xc”3*d*xf"3%e — 8*xCxaxc™2xd " 2*xf " 3xe — 8*Bxbxc ™ 2xd " 2xf
“3xe + 324Bkaxckxd"3xf"3%e + 32kAxbxckxd"3*f"3ke + 64xAxaxd"4*xf"3xe + 6*Ckbxc
T2xd7T2xf72%e72 - 24%Cxakxckd"3*f72%e”2 — 24xBxbxckxd"3xf"2%e”2 - 48*Bxaxd 4xf
T2%e72 - 48%A*bxd"4xf"2%e”2 + 20*Cxbxc*d"3xfxe”3 + 40*Ckxaxd"4xfxe”3 + 40*Bx*
b*xd~4xf*e”3 - 35*%Cxb*d~4xe”4)*log(abs(-sqrt(d*f)*sqrt(d*x + c) + sqrt((d*x
+ c)xd*f - cxdxf + d"2%e)))/(sqrt(d*xf)*d~3*f~4))*d/abs(d)
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Vc+dx@4+Bx+Cx2)
349 | X
\e+fx
Optimal. Leaf size=246
(e
Ve o+ e+ Fx (2df(@AdS = B(cf +3de)) + C (f + 2cdef +527)) (de - cf) tanh™! (\/‘}W) (2df@Adf -1
82 f3 84572

[Out] ((Cx(5xd"2*e”2 + 2xckd*exf + c 2*%f72) + 2kd*xf*(4*xAxd*f - B*(3*d*e + c*xf)))*
Sqrtlc + dxx]*Sqrtle + f£*x])/(8%d"2%f73) - ((B5*Ckd*e + TkxcxCxf — 6*Bkd*f)*(

c + d*x)~(3/2)*Sqrtle + fx*x])/(12xd"2*xf72) + (C*x(c + d*x)~(5/2)*Sqrtle + f*
x])/(3*d"2xf) - ((d*e - c*f)*(Cx(5xd"2*xe"2 + 2kckd*exf + c™2xf72) + 2xd*xfx*(
4xA*xd*xf - Bx(3xd*e + c*xf)))*ArcTanh[(Sqrt[f]*Sqrt[c + d*x])/(Sqrt[d]*Sqrtl[e

+ fxx]1)]1)/(8%d~(5/2)*£~(7/2))

Rubi [A] time = 0.230315, antiderivative size = 246, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 29, e o e

0.207, Rules used = {951, 80, 50, 63, 217, 206}

integrand size

YN
Ve et 73 (2df(GAAf ~ B(cf +3de) + C (7 + 2cdef +5d%2)) (e cf)tamh 1 (\/gm) (24f(4adf -1
82 3 8d5/2_

Antiderivative was successfully verified.

[In] Int[(Sqrtlc + d*x]*(A + Bxx + C*x72))/Sqrtle + f*x],x]

[Out] ((C*x(5*d™2%e”2 + 2xckxdkexf + c”2%xf72) + 2xd*f*(4xAxd*xf - Bx(3xd*e + c*f)))x*
Sqrt[c + d*x]*Sqrtle + fxx])/(8%d"2*xf73) - ((5*Ckdxe + T*c*xCxf - 6xBkdxf)*(

c + d*x)~(3/2)*Sqrtle + fxx])/(12xd~2*f72) + (C*x(c + d*x)~(5/2)*Sqrtle + f*
x])/(3%d72*f) - ((d*e - c*xf)*(Cx(5xd"2*e~2 + 2*ckd*e*xf + c™2xf72) + 2*d*f*(
4xAxd*xf - Bx(3*d*e + c*xf)))*ArcTanh[(Sqrt[f]*Sqrt[c + d*x])/(Sqrt[d]*Sqrtl[e

+ £xx])]1)/(8%d~(6/2)*£~(7/2))

Rule 951

Int[((d_.) + (e_)*(x_ D))" )*((f_.) + (g_)*xx_))"(m_)*((a_.) + (b_.)*(x_)
+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[(c™p*(d + exx)~(m + 2*p)*(f + gxx
)>(n + 1))/(gxe”~(2%p)*(m + n + 2%xp + 1)), x] + Dist[1/(gxe”(2%p)*(m + n + 2
xp + 1)), Int[(d + exx) m*x(f + g*x) n*ExpandToSum[g*(m + n + 2xp + 1)*(e”(2
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xp)*(a + bxx + c*x72)7p - c"px(d + exx) " (2%p)) - c"px(exf - dkxg)*(m + 2%p)*
(d + exx)"(2%p - 1), x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g}, x] && NeQ[e
xf - dxg, 0] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bxd*e + axe”2, 0] && IGt
Qlp, 0] && NeQ[m + n + 2*%p + 1, 0] && (IntegerQ[n] || !IntegerQ[m])

Rule 80

Int[((a_.) + (b_)*(x_))*x((c_.) + (d_)*x_))"(n_.)*x((e_.) + (£_.)*x(x_))"(p
_.), x_Symbol] :> Simp[(b*(c + d*x)"(n + D*(e + £xx)"(p + 1))/(d*f*x(n + p
+2)), x] + Dist[(axd*fx(n + p + 2) - b*(d*e*x(n + 1) + cxf*x(p + 1)))/(d*fx*(
n+p+2)), Int[(c + d*x)"n*x(e + f*x)7p, x], x] /; FreeQ[{a, b, c, d, e, f
, n, pr, x] && NeQ[n + p + 2, 0]

Rule 50

Int[((a_.) + (b_D)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(@ + bxx)"(m + 1)*(c + d*x)"n)/(bx(m + n + 1)), x] + Dist[(nx(bxc - axd))/
(bx(m + n + 1)), Int[(a + bxx) m*x(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] & ( 'IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) && !ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, 4, m, n, x]

Rule 63

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)*x(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + b*x)~(1/p)], x]] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + bxx~2]] /; FreeQ[{a, b}, x] & !GtQ[a, O]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps
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1 1
\/c+dx( 1 (-5cCde-2Cf +6Ad2 )~ 2 d(5Cde+7cCf~6Bd f)x)

f\/c+dx(A+Bx+Cx2) e C(c+dx)5/21/€+fx+f Vet fx dx
et fx - 3d2f 3d>f
(5Cde +7¢Cf - 6Bdf)(c + d)¥2\Je+ fx  C(c+dn)¥2\Je+ fx (C (5% + 2«
= — + +
12422 3d2f
_ (C(52¢ + 2cdef + 2f?) + 2df (4Adf — B(3de + cf))) Ve +dxyfe+ fx  (5Cde +
= 8d2f3 a

_ (C (5d2€2 + 2cdef + szz) +2df(4Adf — B(3de + cf))) Ve+dxe+ fx  (5Cde +
- 8d2f3 B

_ (C(52¢ + 2cdef + c2f?) + 2df (4Adf — B(3de + cf))) Ve +dxyfe+ fx  (5Cde +
= 8d2f3 -

_ (C(52¢ + 2cdef + c2f?) + 2df (4Adf — B(3de + cf))) Ve +dxyfe+ fx  (5Cde +
= 8d2f3 -

Mathematica [A] time = 1.06982, size = 225, normalized size = 0.91

—d\[fVe + dx(e + fx) (C (32 f? - 2cdf (fx — 2¢) + d? (152 + 10efx - 8f2x2)) - 6d f(AAdf + B(cf — 3de + 2dfx)))
24d3 f712\Je + fx

Antiderivative was successfully verified.

[In] Integrate[(Sqrtlc + dxx]*(A + Bxx + C*x~2))/Sqrtle + f*x],x]

[Out] (-(d*Sqrt[fl*Sqrtlc + d*x]*(e + f*x)*(-6*xd*xfx(4*xAxd*xf + Bx(-3xd*xe + c*f + 2
xd*xf*xx)) + C*x(3*%c™2+f72 - 2kckd*fx(-2%e + fxx) + d72+(-15*%e”2 + 10*e*xf*x -
8*xf~2*%x72)))) - 3x(dxe - c*f)~(3/2)*(Cx(5*d"2*e”~2 + 2xc*d*exf + c~2*xf72) +

2xdxf* (AxAxd*f - B*(3*dxe + cx*f)))*Sqrt[(d*(e + fxx))/(d*e - cxf)]*ArcSinh[
(Sqrt[f]*Sqrt[c + d*x])/Sqrtldxe - cxf]])/(24*xd"3*£~(7/2)*Sqrtle + f*x])
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Maple [B] time = 0.018, size = 763, normalized size = 3.1

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((Cxx~2+B*x+A)*(d*x+c)~(1/2)/(fxx+e)~(1/2),x)

[Out] 1/48*(d*x+c)”~(1/2)*(f*xx+e)”(1/2)* (16*Cxx~2xd"2*f 2% (d*f) " (1/2) * ((d*x+c) * (f*
x+e)) " (1/2)+24*A*x1n (1/2* (2kd*Fxx+2*% ((d*x+c) * (f*x+e) ) ~(1/2) * (d*f) " (1/2) +cxf+
d*xe) /(d*f)~(1/2) ) xcxd™2+xf~3-24*A*x1n (1/2*% (2xd*f*xx+2* ((d*x+c) * (f*x+e)) " (1/2) *
(d*£)~(1/2) +cxf+d*xe) / (d*f) " (1/2) ) *d"3*e*xf~2-6xBx1n(1/2* (2xd*f*x+2* ((d*x+c) *
(f*x+e))~(1/2)*x(d*xf)~(1/2) +c*xf+d*xe) /(d*f) " (1/2) ) *c™2xd*f~3-12+%Bx1n(1/2*(2*d
*fxx+2% ((dxx+c) x (fxx+e) ) ~(1/2) % (d*f) ~(1/2) +cxf+dxe) / (d*xf) ~(1/2) ) *c*xd ™~ 2%e*xf”
2+18*B*1n (1/2* (2xd*fxx+2x ((d*x+c) * (f*x+e)) " (1/2) x(d*f) ~(1/2) +c*xf+d*e) / (d*f)
~(1/2))*A"3*%e” 2% F+24*Bx (d*f) ~ (1/2) * ((d*x+c) * (f*xx+e) )~ (1/2) *x*xd~2%f ~2+3*C*1n
(1/2% (2*d*f*+x+2% ((dxx+c) * (fxx+e) ) ~(1/2) % (d*£f) " (1/2) +cxf+d*xe) / (d*xf) ~(1/2) ) *c
“3*FT3+3%Cx1n (1/2*% (2*¢dxFxx+2* ((d*x+c) * (f*xx+e)) ~(1/2) *(d*f) ~(1/2) +c*xf+dxe) / (
d*f) " (1/2)) *c™2xdxexf ~2+9%Cx1n (1/2% (2*d*fxx+2* ((d*x+c) * (f*xx+e) )~ (1/2) *(d*f)
“(1/2)+c*xf+d*xe) / (d*f) " (1/2) ) xcxd™2%e " 2+%f-15%Cx1n (1/2*% (2xd*f*xx+2* ((d*x+c) * (f
*x+e)) " (1/2) % (d*f) " (1/2) +cxf+d*e) /(d*f) " (1/2) ) *d"3*e”3+4*Cx (d*f) ~(1/2) * ((d*
x+c)* (fxx+e) )~ (1/2) *x*xckd*f~2-20%Cx (d*f) ~(1/2) * ((d*x+c) * (f*xx+e) )~ (1/2) *x*d~
2%exf+48xAx (d*f) " (1/2) * ((d*x+c)* (f*x+e) )~ (1/2)*d"2*xf~2+12xB* (d*f) ~(1/2)*((d
*x+c) * (fxx+e)) " (1/2) *cxd*xf~2-36*Bx (d*f) ~ (1/2) * ((d*xx+c) * (fxx+e) )~ (1/2) *d"2*e
*f-6+C* (A*f) " (1/2) x ((d*x+c) * (f*x+e)) ~(1/2) *c™2*xF~2-8*Cx (d*f) ~ (1/2) * ((d*x+c)
*(fxx+e)) " (1/2) *cxd*xexf+30*Cx (d*f) ~(1/2) * ((d*x+c) *(f*xx+e) )~ (1/2)*d"2%e"2) /£
=3/ ((d*x+c) * (f*x+e))~(1/2)/d~2/(d*f)~(1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+B*x+A)*(d*x+c)~(1/2)/(f*x+e)”~(1/2),x, algorithm="maxima")

[Out] Exception raised: ValueError
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Fricas [A] time = 2.5108, size = 1277, normalized size = 5.19

3(5Cd% - 3(Cod? + 2 Bd®)e? f - (Cc?d - 4 Bed? - 8 Ad®)ef? — (Cc® - 2 Bc2d + 8 Acd?) f2)Jdf log (8 d2f2x2 + d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+B*x+A)*(d*x+c)~(1/2)/(f*x+e)”~(1/2),x, algorithm="fricas")

[Out] [-1/96%(3*(5%C*xd"3*%e”3 - 3*%(Cxcxd™2 + 2xBxd~3)*e"2xf - (Cxc”™2xd - 4*xB*c*xd"2

- 8%A*d"3)xe*f"2 - (Ckxc™3 - 2%Bkc™2*d + 8*xAxc*d~2)*f~3)*sqrt (d*f)*log(8*d~
2xf72%x72 + d72%e”2 + 6xckdkexf + cT2xf72 + 4x(2*xdxfxx + dke + c*xf)*sqrt(dx
f)*sqrt(d*x + c)*sqrt(fxx + e) + 8*(d"2%e*xf + cxd*f~2)*x) - 4*(8xCxd~3*f 3%
X72 + 15%C*d"3%e”2xf - 2% (2+Ckcxd~™2 + 9*Bxd~3)*exf~2 - 3*(Ckc™2%d - 2*Bxcxd
T2 - 8%A*d"3)*f73 - 2% (5kCxd"3xexf"2 - (Ckcxd"2 + 6*Bxd~3)*f"3)*x)*sqrt (d*xx

+ c)*sqrt(fxx + e))/(d™3*xf74), 1/48%(3%(5xC*d~3*e”3 - 3*(Ckcxd~2 + 2*Bxd~3
)*e"2xf - (Cxc™2xd - 4xBkcxd™2 - 8*Axd"3)*exf~2 - (Cxc™3 - 2*Bxc™2*xd + 8xAx
c*d”2) *f73) *sqrt (-d*f)*xarctan(1/2* (2xd*f*x + dxe + c*f)*sqrt(-d*f)*sqrt(d*x

+ c)xsqrt(fxx + e)/(d72%f72%xx72 + ckdxexf + (d"2%exf + cxd*f72)xx)) + 2% (8
*xCkd"3*f"3%x72 + 15%Ckd"3*e”2+f - 2% (2*%Ckxc*d™2 + 9*B*d~3)*exf~2 - 3% (Ckc™2x
d - 2*%Bxc*d"2 - 8xA*d"3)*f"3 - 2% (5*kCxd~3*%exf~2 - (Ckxc*xd™2 + 6%B*d~3)*f~3)*
x)*sqrt(dxx + c)*sqrt(f*x + e))/(d73*£74)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Ckx**2+B*x+A)* (dxx+c)**(1/2)/(fxx+e)**(1/2),x)

[Out] Timed out

Giac [A] time = 2.66155, size = 425, normalized size = 1.73

(\/(dx T Odf —cdf + Bevix+ c(z (dx + c)(

43 f 49 f5

Pf5

4 (dx+c)C 7 CCd6f4—6 Bd7f4+5 Cd7f3€ ) 4 3 (Cczd6f4—2 BCd7f4+8 Ad8f4+2 CCd7f36—6 B

N Y
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)*(d*x+c)~(1/2)/(f*x+e)~(1/2),x, algorithm="giac")

[Out] 1/24x(sqrt((d*x + c)*d*f - c*d*f + d~2%e)*sqrt(d*x + c)*(2x(d*x + c)*(4*(dx*
x + c)*C/(d"3*f) - (T*Cxc*xd~6*f~4 - 6xB*d"7+f"4 + 5*xCxd"7*xf"3%e)/(d"9*f"5))

+ 3% (Ckc™2xd"6*f74 - 2xBxc*kd"7*f74 + 8*A*d"8+f"4 + 2xCxc*xd”~7*f"3xe - 6*%B*d
“8xf"3%e + 5xCxd"8*f72%xe”2)/(d79*f75)) - 3% (Ckc™3*xf73 - 2xBxc"2*d*f”~3 + 8x*A
*cxd"2xf73 + Ckxc™2*d*xf"2xe — 4xBkxcxd"2xf72xe — 8%xA*d"3*f"2%e + 3*CxckdT2kfx*

e”2 + 6xBxd"3*xf*xe”2 - 5xCxd~3xe”3)*log(abs(-sqrt(d*f)*sqrt(d*x + c) + sqrt(

(d*x + c)*d*f - cxd*f + d™2%e)))/(sqrt(d*f)*d~2xf73))*d/abs(d)
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Vc+dx@4+Bx+Cx2)
~I‘ (a+bx)Je+fx

Optimal. Leaf size=290

3.50 X

tanh ™ (gg) (2bdf(4Abdf — aC(cf + 3de)) + (2adf — bcf + bde)(4aCdf + b(—4Bdf + cCf + 3Cde))) 2Vbc -

A3 572

[Out] -((4xa*xCxd*f + b*(3*Cxd*e + c*Cxf - 4xBkxd*f))*Sqrtlc + d*x]*Sqrtle + fxx])/
(4xb~2*d*f72) + (Ckx(c + d*x)~(3/2)*Sqrtle + f*x])/(2¥bxd*f) + ((2*b*xd*xf* (4%
Axbxd*f - a*xCx(3*d*xe + c*f)) + (bxdxe - bkxcxf + 2kaxdxf)*(4d*xaxCxdxf + b* (3%
Cxd*e + c*Cxf - 4xBxdxf)))*ArcTanh[(Sqrt[f]*Sqrtlc + d*x])/(Sqrt[d]*Sqrtl[e

+ f*x])])/(4%b~3%d"~(3/2)*f~(5/2)) - (2+x(A*b~2 - a*(b*B - a*C))*Sqrt[b*c - a

*d] *ArcTanh [(Sqrt [b*e - axf]l*Sqrt[c + d*x])/(Sqrt[bxc - a*d]*Sqrtle + f*x])

1)/ (0"3*Sqrt [bxe - axf])

Rubi [A] time = 0.672355, antiderivative size = 290, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 8, integrand size = 36, il

0.222, Rules used = {1615, 154, 157, 63, 217, 206, 93, 208}

integrand size

tanh ™" (://_5\/‘/:%) (2bdf (4Abdf — aC(cf + 3de)) + (2adf — bef + bde)(4aCdf + b(—4Bdf + cCf + 3Cde))) 2Vbc -
4b3d312 f5/2 B

Antiderivative was successfully verified.

[In] Int[(Sqrtlc + d*x]*(A + Bxx + C*x72))/((a + bxx)*Sqrtle + f*x]),x]

[Out] -((4*a*xCxd*f + b*(3*%Cxd*e + c*Cxf - 4xBxdxf))*Sqrtlc + d*x]*Sqrtle + fx*x])/
(4xb~2xd*£72) + (C*x(c + dxx)~(3/2)*Sqrtle + fxx])/(2*%bxd*f) + ((2xbkxd*fx*(4x
Axbxd*f - axCx(3xdxe + c*f)) + (bxd¥e - bkxcxf + 2kaxd*f)*(4*xaxCxdxf + b*x (3%
Cxdxe + c*Cxf - 4xBxd*f)))*ArcTanh[(Sqrt[f]*Sqrt[c + d*x])/(Sqrt[d]*Sqrt[e

+ £xx])]1)/(4%b~3*%d~(3/2)*£7(5/2)) - (2x(A*b~2 - ax(b*B - a*C))*Sqrt[bxc - a

*d] *ArcTanh [(Sqrt [b*e - a*xf]*Sqrtlc + d*x])/(Sqrtlbxc - axd]*Sqrtle + fxx])

1)/ (b~ 3*Sqrt [bxe - axf])

Rule 1615

Int[(Px_)*((a_.) + (b_)*x(x))"(m_.)*x((c_.) + (d_)*xxD))"(n_.)*x((e_.) + (f
_D*(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
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n[Px, x]1}, Simp[(k*(a + b*x)"(m + q - D*(c + d*x)"(n + 1)*(e + £*x)"(p +

1))/(dxf*b"(q - D*(m + n + p + q+ 1)), x] + Dist[1/(dxf*b"gx(m + n + p +

q + 1)), Int[(a + b*x) m*x(c + d*x) n*x(e + fxx) p*ExpandToSum[d*f*b~q*(m + n
+p+qg+ 1)*Px - dxfxkx(m + n + p + g + 1)*x(a + bxx)"q + kx(a + b*xx)"(q -
2)*(a"2xd*f*x(m + n + p + g + 1) - b*(b*cxex(m + q - 1) + a*x(d*ex(n + 1) +

cxfx(p + 1))) + bk(axd*f*x(2%x(m + q) + n + p) - bx(d*xex(m + q + n) + c*xfx(m

+q+ p)))*x), x], x], x] /; NeQm + n + p + q + 1, 0]] /; FreeQ[{a, b, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x] && IntegersQ[2+*m, 2*n, 2xp]

Rule 154

Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(m_)*((e_.) + (f_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[(h*(a + b*x) m*(c + d*x)~(n
+ 1)*x(e + fxx)"(p + 1))/(d*f*(m + n + p + 2)), x] + Dist[1/(d*f*(m + n + p
+ 2)), Intl(a + b*x)"(m - 1)*(c + d*x) "n*x(e + f*x) p*Simp[axd*f*g*(m + n +
p + 2) - hx(b*cke*m + a*x(d*ex(n + 1) + c*xf*x(p + 1))) + (bxd*f*gx(m + n + p
+ 2) + hx(axdxf*m - bx(d*ex(m + n + 1) + cxfx(m + p + 1))))*x, x], x], x] /
; FreeQ[{a, b, ¢, 4, e, f, g, h, n, p}, x] && GtQ[m, O] && NeQ[m + n + p +
2, 0] &% IntegersQ[2*m, 2%n, 2*p]

Rule 157

Int[(((c_.) + (@_D*xD))"(m )*((e_.) + (£_.)*(x_)) " (p_)*x((g_.) + (h_.)*(x_
D))/ ((a_.) + (b_.)*(x_)), x_Symbol] :> Dist[h/b, Int[(c + d*x)"n*x(e + f*x)~
p, x], x] + Dist[(b*g - ax*h)/b, Int[((c + d*x) n*x(e + f*x)"p)/(a + b*x), x]
, x] /; FreeQ[{a, b, c, d, e, f, g, h, n, p}, x]

Rule 63

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + bxx~2]] /; FreeQ[{a, b}, x] & !GtQ[a, O]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 211)/(Rtla, 21*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
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Qla, 0] || LtQlb, 0])

Rule 93

Int[(((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_))/((e_.) + (f_.)*(x
_)), x_Symbol] :> With[{q = Denominator[m]}, Dist[q, Subst[Int[x~(q*(m + 1)
- 1)/(bxe - axf - (dxe - c*xf)*x"q), x], x, (a + b*x)"(1/q)/(c + d*x)~(1/q)
1, x]1]1 /; FreeQ[{a, b, ¢, d, e, f}, x] && EqQ[m + n + 1, 0] && RationalQ[n]
&& LtQ[-1, m, O] && SimplerQ[a + b*x, c + d*x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQl[{a, b}, x] && NegQ[a/b]

Rubi steps
\/c+dx(%b(4Abd f-aC(3de+cf)) -5 b(daCdf +b(3Cde+cCf-4Bd f))x)
f Ve +dx (A + Bx + sz) e Clc + dx)32\Je + fx . f (a+bx)Jet fx X
(a +bx)\Je + fx 2bdf 2v2df

Rt
_(4aCdf +b(3Cde + cCf - 4Bdf))Vc + dxrJe + fx . C(c + dx)*?\Je + fx s [+

4p2d f2 2bdf

_ (4aCdf +b(3Cde + cCf — 4Bdf))Vc + dxyJe + fx N C(c +dx)32\Je + fx s ((

Al

4p2df? 2bdf

__(4aCdf + b(3Cde + cCf — 4Bdf))Vc + dxyJe + fx . C(c +dx)32\Je + fx .\ (2 (A

102d 2 2bdf
(4aCdf + b(3Cde + cCf — 4Bdf))Vc + dxJe + fx  C(c +dx)¥? Je + fx 2 (Ab
— _ + —
W2df 2bdf
(2bdf

4p2df2 2bdf

__(4aCdf + b(3Cde + cCf — 4Bdf))Vc + dxyJe + fx N C(c +dx)32\Je + fx s
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Mathematica [A] time = 3.85997, size = 465, normalized size = 1.6

_ Ve+fxVad-be + de—cf

ybe-af Vferfx FO2Nc+dxJde-
4p3

8\/ad—bc(a(uC—bB)+Ab2)tan’l(—w ng‘“f) 8de=cf(a(aC-bB)+AR) | 2L sinh_l(ﬁm) 4brJet Fx(aC f~bBf+bCe)| Verdx(de—cf) sinh
+

Antiderivative was successfully verified.

[In] Integratel[(Sqrtlc + d*x]*(A + Bxx + Cxx"2))/((a + b*x)*Sqrtle + f*x]),x]

[Out] ((8*(A*b~2 + ax(-(b*B) + a*C))*Sqrt[d*e - c*f]*Sqrt[(dx(e + f*x))/(d*e - cx*
£)]1*ArcSinh [(Sqrt [f]*Sqrt[c + d*x])/Sqrtld*e - cxf]]1)/(Sqrt[fl*Sqrtle + f*x
1) + (4xb*(b*Cxe - b*B*xf + a*xCxf)x*Sqrtle + f*x]*(-(Sqrt[f]l*Sqrt[d*e - c*f]x*
(c + d*x)*Sqrt[(dx(e + f*x))/(d*e - c*f)]) + (d*e - cxf)*Sqrtlc + d*x]*ArcS
inh [(Sqrt [f]*Sqrt[c + d*x])/Sqrtld*e - c*f]]))/(£7(5/2)*Sqrt[d*e - cxf]*Sqr
tlc + d*x]*Sqrt[(dx(e + f*x))/(d*e - cxf)]) + (b72xC*xSqrtle + f*x]*(Sqrt[f]
xSqrt[c + dxx]*(cxf + dx(e + 2xf*x)) - ((d*e - c*f)~(3/2)*ArcSinh[(Sqrt[£f]*
Sqrtlc + dxx])/Sqrtld*e - c*£]])/Sqrt[(d*(e + f*x))/(d*e - c*£)]))/(dxf~(5/
2)) - (8% (A*b"2 + a*x(-(b*B) + axC))*Sqrt[-(bxc) + axd]*ArcTan[(Sqrt[b*e - a
xf]1*Sqrt[c + d*x])/(Sqrt[-(b*c) + axd]*Sqrtle + fxx])])/Sqrtl[b*e - axf])/(4
*b~3)

Maple [B] time = 0.033, size = 1822, normalized size = 6.3

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((Cxx~2+B*xx+A)*x(d*x+c) " (1/2)/(b*x+a)/(f*xx+e)~(1/2),x)

[Out] 1/8*(8*A*x1n((-2*xaxd*f*x+b*c*f*x+brdrexx+2* ((a~2xd*xf-a*xb*cxf-a*b*d*e+b”™2*xc*e
)/b72) 7 (1/2) * ((d*x+c) * (f*xx+e) ) " (1/2) *b-a*xcxf-a*xd*e+2*b*xcke) / (bxx+a) ) xaxb~ 2%
A" 2xf7 2% (d*f) " (1/2) -8*A*1n ((-2*a*xd*xf*x+bkcxfrx+bxd*xe*xx+2* ((a~2*xd*xf-axbxcxf-
a*xbxdxe+b”2xc*e) /b72) " (1/2) * ((d*x+c) * (f*x+e) ) ~(1/2) ¥*b-axcxf-a*d*e+2*xbxcxe) /
(bxx+a) ) *b~3xcxdxf " 2% (d*f) ~(1/2) +8*Ax1n (1/2% (2*d*f*xx+2* ((d*x+c) * (f*x+e) )~ (1
/2)%(d*f) " (1/2) +cxf+d*xe) / (d*£) "~ (1/2) ) *b~3*d"2*f " 2% ((a~2xd*xf-a*xb*cxf-a*b*d*e
+b72*c*e) /b72) " (1/2) -8*B*1n ((-2*a*d*f*x+bxcxfxx+bxdxexx+2* ((a~2*d*f-axbxc*f
—axb*d*e+b”2*xc*e) /b72) ~(1/2) * ((d*x+c) * (f*xx+e) )~ (1/2) *b—axckxf-a*d*e+2*b*c*e)
/ (bxx+a)) *a~2%bxd~2+f " 2% (d*f) ~(1/2) +8*B*1n ( (-2*a*xd*f*x+bxc*f*x+b*xd*exx+2* ((
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a~2xdxf-axbxcxf-axbkxd*xe+b~2xcxe) /b72) " (1/2) * ((d*xx+c) * (fxx+e) )~ (1/2) *b-a*c*f
—axd*xe+2*b*cxe) / (b*xx+a) ) *axb~2kcxd*f 2% (d*xf) = (1/2) -8*B*x1n (1/2% (2xd*f *x+2% ((
d*xx+c)*(fxx+e) )~ (1/2)*(d*f) ~(1/2) +cxf+d*xe) / (d*f) ~(1/2) ) *xaxb™2*xd"2*xf~2*x ((a~2
*d*xf-a*xbkrckxf-axbxdxe+b™2xcxe) /b72) 7 (1/2) +4*Bx1n (1/2*% (2xd*f*x+2% ((d*x+c) * (£*
x+e)) " (1/2)*x(d*f) "~ (1/2)+ckxf+d*xe) / (d*f) ~(1/2) ) ¥b~3*kc*xd*f 2% ((a~2xd*xf—axbxcxf
—axbxd*xe+b~2xc*e) /b72) " (1/2) -4*Bx1n(1/2% (2xd*f*x+2*% ((d*x+c) * (f*x+e)) ~(1/2) *
(@*f) " (1/2)+cxf+d*xe) / (d*f) ~(1/2) ) *b~3*d"2*exf* ((a~2*d*f-a*bxc*f-axbxd*e+b”2
*c*xe) /b72) 7 (1/2) +8*Cx1n ((—2*a*d*f*x+b*rckxf*xx+bkd*xexx+2x ((a~2*%d*f-a*b*cxf-ax*b
*d*e+b " 2%c*e) /b72) " (1/2) * ((d*xx+c) * (f*xx+e)) ~(1/2) *b—a*xcxf-axdxe+2xb*cxe) / (b*
x+a) ) *a~3*xd"2%f 2% (d*f) " (1/2) -8*Cx1n ((—2*a*xd*f*x+b*c*f*x+brdre*xx+2* ((a~2*d*
f-axb*cxf-axb*d*xe+b™2*xc*xe) /b~2) ~(1/2) * ((d*x+c) * (fxx+e) ) ~(1/2) *b-a*cxf-a*dx*e
+2xbxcxe) / (b*x+a) ) *a”~ 2xb*xckxd*xf "2 (d*f) ~(1/2) +8*C*1n (1/2* (2*¢d*fxx+2* ((d*x+c)
*(fxx+e)) " (1/2)*x(d*f) " (1/2) +cxf+d*e) / (d*f) ~(1/2) ) *a~2xbxd~2xf ~2x ((a~2*d*f-a
*bkxckf-a*xbrdre+b™2xc*xe) /b72) ~(1/2) -4*C*x1n(1/2*% (2xd*Fxx+2* ((d*x+c) * (f*x+e))”
(1/2)*(d*£f) " (1/2) +cxf+d*xe) / (d*xf) ~(1/2) ) *axb~2*ckxd*xf~2* ((a~2xd*xf-axb*cxf-a*b
*d*xe+b " 2%c*e) /b72) T (1/2) +4xCx1n (1/2% (2*d*f*x+2* ((d*x+c) * (fxx+e) )~ (1/2) % (d*f
)" (1/2)+cxf+d*xe) / (d*f) ~(1/2) ) xa*xb~2+d"2xexf* ((a~2xd*f-axb*cxf-axbxd*e+b™2*c
*e) /b72) " (1/2)-Cx1n(1/2*% (2*d*xfxx+2*% ((d*xx+c) * (f*xx+e) )~ (1/2) % (d*xf) ~(1/2) +c*f+
d*xe) /(d*f)~(1/2) ) *b~3xc™2+xf 2% ((a~2*d*f-axbxcxf-axbxdxe+b™2*c*e) /b~2) " (1/2)
-2%C*1n (1/2*% (2xd*f*xx+2*% ((d*xx+c) * (f*x+e)) " (1/2) *(d*f) " (1/2) +cxf+dxe) / (d*f) ~(
1/2) ) *b~3xckxd*exf* ((a~2*xd*xf-axbkcxf-axbxdxe+b~2*c*e) /b~2) " (1/2) +3*xCx1n(1/2%
(2%d*f*xx+2x% ((d*x+c) * (fxx+e)) ~(1/2) % (d*xf) ~(1/2) +cxf+dxe) / (d*f)~(1/2)) *b~3%d"
2%e” 2% ((a~2*xd*f-axbxcxf-axbxd*e+b~2*c*e) /b72) " (1/2) +4*Cxxxb~3*d*f* ((d*x+c) *
(fxx+e)) " (1/2) % (d*f) " (1/2) *((a~2*xd*f-axb*c*f-a*bxd*e+b™2xc*xe) /b72) ~(1/2)+8%
Bxb~3xdxf* ((d*xx+c)* (f*xx+e)) " (1/2) *(d*f) " (1/2) * ((a~2*d*f-a*b*cxf-axbxd*e+b~2
*xcxe) /b72) " (1/2) -8*Cxaxb~2xd*f* ((d*x+c) * (fxx+e)) ~(1/2) *(d*f) ~(1/2) * ((a™2*d*
f-axb*cxf-axb*d*xe+b™2*xc*xe) /b~2) ~(1/2) +2*%Cxb~3*cxf* ((d*xx+c) * (fxx+e)) ~(1/2) *(
d*f) " (1/2) *((a~2xdxf-a*xb*cxf-a*xb*d*e+b™2*xc*xe) /b~2) ~(1/2) -6+C*b~3*d*e* ((d*x+
c)x(fxx+e)) " (1/2)*(d*f) " (1/2) *((a~2xd*f-axb*c*f-a*bxd*e+b™2xc*xe) /b~2) " (1/2)
Yx(fxx+e) " (1/2) % (d*xx+c) " (1/2) / ((a~2xd*f-axb*c*xf-a*bxd*xe+b™2xc*xe) /b~2) " (1/2)
/(d*£)~(1/2)/d/£72/0"4/ ((d*x+c) * (fxx+e) )~ (1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)*(d*x+c)~(1/2)/(b*x+a)/(f*x+e)”(1/2),x, algorithm="m
axima"

[Out] Exception raised: ValueError
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Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)*(d*x+c)~(1/2)/(b*xx+a)/(f*x+e)~(1/2),x, algorithm="f

ricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

Ve + dx (A +Bx + sz)
f (a+bx)\e+ fx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Ckx**2+B*x+A)*(dxx+c)**(1/2)/(b*x+a)/(fxx+e)**(1/2),x)

[Out] Integral(sqrt(c + d*x)*(A + Bxx + C*x**2)/((a + bxx)*sqrt(e + f*x)), x)

Giac [B] time = 1.80923, size = 797, normalized size = 2.75

1 i 2(dx+c)C Cb5cd3f2 +4 Cab4d4f2 — 4 Bb°d* f 2+3 Cb5d4fe ( dfCaZbch
X + — 2 1/ Y 4 d \%
4 \/( C)df Cdf doevdx + C( bdf|d| b6d4f3|d| )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Ckx"2+B*x+A)*(d*x+c)”(1/2)/(b*xx+a)/(f*x+e)”(1/2),x, algorithm="g

iac")

[Out] 1/4*sqrt((d*x + c)*d*f - c*xd*f + d72%e)*sqrt(d*x + c)*(2x(d*x + c)*C/ (b*xdxf
*xabs(d)) - (Cxb~5xc*xd™"3*f~2 + 4xCkxaxb~4xd"4*f"2 - 4*Bxb~5xd"4xf"2 + 3*Cxb~5
xd~4xf*e) /(b~6+d"4*f"3xabs(d))) - 2*(sqrt(d*f)*C*xa”2*xbxcxd~2 - sqrt(d*f)*Bx*
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axb”"2xc*xd"2 + sqrt(d*f)*Axb~3*cxd”2 - sqrt(d*f)*C*xa~3*d~3 + sqrt(d*f)*Bxa~2
*xb*d”3 - sqrt(d*f)*Axaxb~2xd"3)*arctan(-1/2x(bxc*d*f - 2xa*xd”2xf + b*xd~2xe

- (sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - c*xdxf + d~2%e)) 2*b)/(sqr
t(a*bxc*xd*xf~2 - a”2xd"2*%f72 - b7 2*ckxdxf*xe + axbxd"2xfxe)*d))/(sqrt(axbxckxd*
£72 - a”™2*%d"2*f72 - b"2*xcxdxf*e + axbxd”"2*f*e)*b"3*kd*abs(d)) + 1/8*(sqrt(dx
f)*Cxb™2xc™2*xf72 + 4xsqrt(d*f)*Ckaxbkxckxd*f~2 - 4*sqrt (d*f)*Bxb~2xckd*xf~2 -

8xsqrt (d*f) *Cxa~2xd~2+f~2 + 8*sqrt(d*f)*Bxaxb*d~2*xf~2 - 8xsqrt (d*f)*Axb~2xd
“2%f72 + 2xsqrt (dxf)*Cxb~2xckdxf*xe - 4*xsqrt(d*f)*Ckaxb*d~2*f*xe + 4xsqrt(d*f
) *Bxb~2*%d"2*f*xe - 3xsqrt(d*f)*C*xb~2xd"2xe"2)*log((sqrt(d*f)*sqrt(d*x + c) -

sqrt ((d*x + c)*d*f - cxd*f + d"2xe))~2)/(b~3xd*f ~3*abs(d))
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Vc+dx@4+Bx+Cx2)
f (a+bx)2+Je+fx

Optimal. Leaf size=364

3.51 X

-1 m\/be—uf >
Vet dufe+ fx (2a2Cdf — ab(Bdf + cCf + Cde) + B(Adf + cCe)) ) tanh (m) (~a?b(2Bdf +3cCf +5C

b2 f(bc — ad)(be — af) b

[Out] ((2*%a~2#Ckxd*f + b~2*x(cxCxe + Axd*xf) - axbx(Cxd*e + c*Cxf + Bxd*f))=*Sqrt[c +
dxx]*Sqrt[e + f*xx])/(b"2x(b*xc - a*xd)*f*x(bxe - axf)) - ((A*b~2 - ax(b*B - a

*xC))*(c + d*x)~(3/2)*Sqrtle + f*x])/(b*x(b*c - a*xd)*(bxe - axf)x(a + b*x)) -
((4*xaxCxd*xf + b*x(Ckxd*e - c*Cxf - 2xBxdx*f))*ArcTanh[(Sqrt[f]*Sqrtlc + d*x])

/(Sqrt [d]*Sqrt[e + fxx])]1)/(b~3*Sqrt[d]*£7(3/2)) + ((4*a~3*%Ckxd*f - b~3%(2xB

xckxe + Akxdxe - Axcxf) + axb”2x(4xcxCke + 3*Bxdke + Bkcxf) - a~2%b*(5xCxd*e

+ 3*ckCxf + 24Bkdxf))*ArcTanh[(Sqrt[bxe - axf]*Sqrtl[c + d*x])/(Sqrt[b*c - a

xd]*xSqrt[e + £*x])])/(b~3*Sqrt[b*c - a*d]*(bxe - axf)~(3/2))

Rubi [A] time = 1.09748, antiderivative size = 364, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 8, integrand size = 36, e o e

0.222, Rules used = {1613, 154, 157, 63, 217, 206, 93, 208}

integrand size

—1 [ Ve+dxy/be-af
Ve + dxyJe+ fx (2a2Cdf - ab(Bdf + cCf + Cde) + bP(Adf + cCe)) tanh (m) (~a®b(2Bdf +3cCf +5C
+

b2 f(bc — ad)(be — af) b

Antiderivative was successfully verified.

[In] Int[(Sqrtlc + d*x]*(A + Bxx + C*x72))/((a + b*x) "2*Sqrtl[e + f*x]),x]

[Out] ((2*%a~2#Ckxd*xf + b~2*x(cxCxe + Axd*xf) - axbx(Cxd*e + c*Cxf + Bxdxf))*Sqrt[c +
dxx]*Sqrt[e + £*xx])/(b"2x(b*xc - a*xd)*f*x(bxe - axf)) - ((A*b~2 - a*x(b*B - a

*xC))*(c + d*x)~(3/2)*Sqrtle + f*x])/(b*x(b*c - a*xd)*(b*e - axf)x(a + b*x)) -
((4xaxCxd*xf + bx(Cxdxe - c*Cxf - 2xBkxdx*f))*ArcTanh[(Sqrt[f]*Sqrtlc + d*x])

/(Sqrt[d]l*Sqrtle + f*x]1)])/(b~3*Sqrt[d]*£~(3/2)) + ((4*a~3*C*xd*f - b~3*(2xB

xcke + Akxdxe — Axc*xf) + axb”2x(4xckCxe + 3*Bkdxe + Bxckxf) - a~2xbx(5*xCkxdxe

+ 3*ckCxf + 2xBkdxf))*ArcTanh[(Sqrt[b*e - axf]*Sqrtl[c + d*x])/(Sqrt[bxc - a

xd]*Sqrt[e + £*x])])/(b~3*Sqrt[b*c - a*d]*(bxe - axf)~(3/2))

Rule 1613
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Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*x(x_)) " (m_.)*x((e_.) + (f_
Dx(x_))"(p_.), x_Symbol] :> With[{Qx = PolynomialQuotient[Px, a + b*x, x],
R = PolynomialRemainder[Px, a + b*x, x]}, Simp[(b*R*(a + b*x)"(m + 1)*(c +
d*x)"(n + 1)*x(e + £*xx)"(p + 1))/((m + 1) *(b*c - a*d)*(b*e - axf)), x] + Di
st[1/((m + 1)*(bxc - axd)*(bxe - axf)), Int[(a + b*x)"(m + 1)*x(c + d*xx) n*(
e + f*x) pxExpandToSum[(m + 1)*(bxc - axd)*(b*e - a*f)*Qx + a*xdxf*Rx(m + 1)
- b*R*x(d*ex(m + n + 2) + cxf*x(m + p + 2)) - b*d*xf*R*(m + n + p + 3)*x, x],
x], x]1]1 /; FreeQ[{a, b, c, d, e, f, n, p}, x] && PolyQ[Px, x] && ILtQ[m, -
1] && IntegersQ[2+#m, 2*n, 2xp]

Rule 154

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(m_)*((e_.) + (£_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[(h*(a + bxx) mx(c + d*x)~(n
+ 1)*x(e + fxx)~(p + 1))/(d*f*x(m + n + p + 2)), x] + Dist[1/(d*f*(m + n + p
2)), Int[(a + b*x)"(m - 1)*(c + d*x) " n*(e + f*x) p*Simp[axd*xfxgx(m + n +
p + 2) - h*(b*ckxe*m + a*x(d*ex(n + 1) + cxf*x(p + 1))) + (bxd*fxgx(m + n + p
+ 2) + hx(axd*f*m - bx(d*xex(m + n + 1) + cxfx(m + p + 1))))*x, xJ, x], x] /
; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && GtQ[m, 0] && NeQ[m + n + p +
2, 0] &% IntegersQ[2*m, 2%n, 2*p]

+

Rule 157

Int[(((c_.) + (@_D*xxD)"(m )*((e_.) + (£_.)*(x_))"(p_)*x((g_.) + (h_.)*(x_
D))/ ((a_.) + (b_.)*(x_)), x_Symbol] :> Dist[h/b, Int[(c + d*x)"n*x(e + f*x)~
p, x], x] + Dist[(b*g - a*h)/b, Int[((c + d*x) n*x(e + f*x)"p)/(a + b*x), x]
, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x]

Rule 63

Int[((a_.) + (b_D)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)x(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x"2]] /; FreeQ[{a, b}, x] && 'GtQ[a, O]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
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Qla, O] || LtQlb, 0])

Rule 93

Int[(((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_))/((e_.) + (f_.)*(x
_)), x_Symbol] :> With[{q = Denominator[m]}, Dist[q, Subst[Int[x~(q*(m + 1)
- 1)/(bxe - axf - (dxe - c*xf)*x"q), x], x, (a + b*x)"(1/q)/(c + d*x)~(1/q)
1, x]1]1 /; FreeQ[{a, b, ¢, 4, e, f}, x] && EqQ[m + n + 1, 0] && RationalQ[n]
&& LtQ[-1, m, O] && SimplerQ[a + b*x, c + d*x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQl[{a, b}, x] && NegQ[a/b]

Rubi steps
m(_ a2C(3de+cf)+b2(2Bce+Ade—Ac f)-ab(2cCe+3Bde+B
2b
f Ve +dx (A + Bx + sz) e (Ab2 —a(bB - aC)) (c +dx)¥? Je + fx ) J (atbs
(a + bx)%+Je + fx b(bc — ad)(be — af)(a + bx) (bc — ac
(2a2Cdf + b*(cCe + Adf) — ab(Cde + cCf + Bdf)) Vo + dx\Je + fx  (Ab? - a(bB -
B b2(bc — ad)f (be — af) - b(bc — ac
(2a2Cdf + b2(cCe + Adf) - ab(Cde + cCf + Bdf)) Ve + dx+Je + fx  (Ab? - a(bB -
N b2(bc — ad) f (be — af) - b(bc — a

(2a2Cdf + b?(cCe + Adf) — ab(Cde + cCf + Bdf)) Ve +dxqJe + fx (Ab2 — a(bB -
b2(bc — ad) f (be — af) - b(bc — a

(2a2Cdf + b2(cCe + Adf) — ab(Cde + cCf + Bdf)) Ve + dxJe + fx  (Ab? - a(bB -
b2(bc — ad) f (be — af) - b(bc — a

(202Cdf + b(cCe + Adf) — ab(Cde + cCf + Bdf)) Ve + dx\Je+ fx  (Ab? - a(bB -
b2(bc — ad) f (be — af) - b(bc — a
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Mathematica [A] time = 2.92368, size = 417, normalized size = 1.15

\e+fxVad-bc _ \e+fxVad-be

(a+bx)(be-af) * Vad-bc(be-af)3/2 vbe-af N
2b3

SN T (a(aC-5B)+ A 2baw—cfxa(aC—bBy+Ab2)tanfl(lgigilgiff) 4(bB—2aC)Vad—bctan‘l(igfzilﬂiff) +_4(bB—2aC)Jde—qu

Antiderivative was successfully verified.

[In] Integrate[(Sqrtlc + dxx]*(A + Bxx + Cxx72))/((a + b*x) 2+Sqrtl[e + f*x]),x]

[Out] ((-2%b*(A*b~2 + a*x(-(b*B) + a*C))*Sqrt[c + dxx]*Sqrtl[e + f*x])/((b*e - axf)
x(a + bxx)) + (4*x(b*B - 2*xaxC)*Sqrt[dxe - c*f]*Sqrt[(dx(e + fxx))/(d*e - cx
f)]1*ArcSinh [(Sqrt [f]*Sqrt[c + d*x])/Sqrtld*e - c*f]])/(Sqrt[f]*Sqrtle + f*x

1) + (2xb*CxSqrtle + f*x]*(Sqrt[fl*Sqrtlc + d*x] - (Sqrtld*e - c*f]*ArcSinh
[(Sqrt[f]*Sqrt[c + d*x])/Sqrtld*e - cxf]])/Sqrt[(d*x(e + f*x))/(d*e - cxf)])
)/£7(3/2) - (4*(b*B - 2*axC)*Sqrt[-(b*c) + a*xd]*ArcTan[(Sqrt[b*e - axf]x*Sqr

tlc + d*x])/(Sqrt[-(b*c) + axd]*Sqrtle + f*x])])/Sqrt[bxe - a*xf] + (2xb*(Ax*

b~2 + ax(-(b*B) + a*xC))*(d*e - cxf)*ArcTan[(Sqrt[b*e - a*xf]l*Sqrtlc + d*x])/

(Sqrt [-(b*c) + axd]l*Sqrtle + f*x])])/(Sqrt[-(bxc) + axd]*(bxe - a*xf)~(3/2))

)/ (2%b73)

Maple [B] time = 0.042, size = 3670, normalized size = 10.1

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((Cxx~2+B*xx+A)*x(d*x+c) " (1/2)/(b*x+a) "2/ (fxx+e) " (1/2),x%)

[Out] -1/2%(d*x+c)”(1/2)*(fxx+e)~(1/2)* (4*Cx1n ((-2*axd*f*x+b*cxf*x+bxd*exx+2*((a”~
2xdxf-a*b*xckxf-axbxd*e+b ™ 2xc*xe) /b~2) ~(1/2) * ((d*x+c) * (f*x+e)) ~(1/2) *b-a*cxf-a
xdxe+2xb*xcxe) / (bxx+a) ) *a~4xd*xf " 2% (d*f) " (1/2) -24Bx1n ((-2*a*d*f*x+b*xc*f*x+b*xd
xexx+2* ((a~2xd*xf-axb*cxf-axbxdxe+b ™ 2xc*xe) /b~2) ~(1/2) * ((d*x+c) * (f*x+e)) ~(1/2
) ¥b-axcxf-axdre+2*xbxcxe) / (b*x+a) ) *xxb~4xckxexfx (d*f) ~(1/2) +4*C+1n (1/2x (2xd*f
*x+2% ((dxx+c)*x (fxx+e) ) 7 (1/2) x(dxf) = (1/2) +cxf+dxe) / (d*f) 7 (1/2) ) *x*a™2%b~2*d*
£72x ((a~2*d*f-a*xbxcxf-axb*dxe+b~2xc*xe) /b~2) 7 (1/2) -C*1n(1/2* (2*d*f*x+2* ((d*x
+c)* (£xx+e) )~ (1/2)*x(d*f) = (1/2) +cxf+d*e) / (d*f) = (1/2) ) *x*xa*xb~3*xc*f~2* ((a~2*dx*
f-axb*xcxf-axbxd*e+b™2%c*xe) /b72) ~(1/2)+Cx1In (1/2% (2xd*fxx+2x ((d*x+c) * (f*x+e))
“(1/2)x(d*£) " (1/2) +c*xf+dxe) / (d*f) ~(1/2) ) *x*b~4*cxexf* ((a~2*dxf-axbkc*xf-axbx*
d*e+b~2*xc*e) /b72) " (1/2) +4*Cx1n ((-2*a*d*fxx+bxc*xf*x+bxd*e*xx+2* ((a~2xd*f-a*xb*
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cxf-a*xb*xd*xe+b~2*xc*e) /b72) " (1/2) * ((d*x+c) * (f*x+e) ) " (1/2) ¥b-a*xcxf-a*d*e+2xb*c
xe) / (bxx+a) ) *x*a”~ 3xb*xd*f 2% (d*f) ~(1/2) -3%Cx1n ( (—2*xaxd*xf*x+b*cxfxx+b*xd*e*xx+2
* ((a™2*d*f-axbxcxf-axbxdxe+b~2*c*e) /b~2) " (1/2) ¥ ((d*x+c) * (f*x+e) )~ (1/2) *b-ax*
cxf-a*xd*e+2xb*cke) / (b*xx+a) ) *x*xa~2xb~ 2% c*xf "2+ (d*f) ~(1/2) +Cx1n (1/2*% (2xd*f *x+2
*((d*x+c) *(fxx+e)) " (1/2)*(d*f) "~ (1/2) +cxf+d*xe) / (d*f) ~(1/2) ) *axb~3*ckxexf*((a”
2*xd*xf-a*xbxcxf-axbxd*xe+b™2xc*e) /b~2) " (1/2) -5xCx1n ((—2*a*d*f*x+b*cxf*x+bxd*e*
x+2x ((a~2xd*f-axbkcxf-axbxd*e+b™2xc*xe) /b~2) ~(1/2) * ((d*x+c) * (fxx+e)) ~(1/2) *b
—axckxf-a*xdre+2xbxcxe) / (bxx+a) ) *a~3*xb*rd*rexf* (d*xf) " (1/2) +4*C*1n ((-2*a*d*f*x+b
*ckfxx+brdrexx+2* ((a~2xd*xf-axb*cxf-axb*d*xe+b™2*xc*e) /b~2) ~(1/2) * ((d*x+c) * (£*
x+e)) " (1/2) *b-a*ckxf-a*d*e+2*xbkxcke) / (bxx+a) ) *a~2+¥b " 2*cke*xf* (d*xf) ~(1/2) -2*xA*Db
“4xfx ((dxx+c)* (fxx+e)) " (1/2) x(d*xf) ~(1/2) * ((a~2*d*f-a*xb*cxf-a*bxdxe+b”™2xc*e)
/572) 7 (1/2)+3*Bx1n ((-2*axd*f*x+b*c*xfxx+bkd*re*xx+2x ((a~2*xd*f-axbxcxf-axbxd*xe+
b~2*xc*xe) /b~2) " (1/2) * ((d*x+c) * (f*xx+e) )~ (1/2) *b-a*cxf-a*d*e+2*xb*xc*xe) / (bxx+a))
*x*xaxb”3kdkexfx (d*f) " (1/2)-3*%Cx1n (1/2% (2xd*f*xx+2*% ((d*x+c) * (fxx+e) )~ (1/2)*(d
*f) 7 (1/2)+cxf+d*xe) / (d*f) ~(1/2) ) *x*xa*xb~3*kd*xexf* ((a~2xd*xf-axb*xcxf-axb*d*e+b™2
*xc*xe) /b72) " (1/2) -5xCx1n ((—2*a*d*f*x+b*ckf*rx+brdrexx+2* ((a~2*%d*f-axb*cxf-ax*xb
*dxe+b " 2*cx*e) /b72) " (1/2) x ((d*x+c) * (fxx+e)) " (1/2) xb—a*xc*f-a*xdxe+2xb*xcxe) / (b*
x+a) ) kx*xa~2*%b"2xd*exfx (d*f) " (1/2) +4*C*x1n ((-2*axd*f*x+bxc*xf*x+b*d*xexx+2* ((a”
2+xd*xf-a*xbrckxf-axbxd*xe+b~2xcxe) /b72) ~(1/2) * ((d*xx+c) *(f*xx+e) ) ~(1/2) *b-a*xc*f-a
*d*xe+2*b*cke) / (bxx+a) ) *x*xaxb~3kckexf* (d*f) " (1/2) +2*xBx1n (1/2* (2*d*f+x+2* ((d*
x+c)*x (fxx+e) )~ (1/2) % (d*f) " (1/2) +cxf+d*xe) / (d*f) "~ (1/2) ) *a*b™3*xd*xexf* ((a~2xd*f
—axb*c*xf-a*bxdxe+b™2xc*xe) /b72) " (1/2) +3*B*1n ((-2*a*xd*f*x+bxcxf*xx+b*xd*e*xx+2%* (
(a~2*d*f-axb*c*xf-axbxdxe+b™2xcxe) /072) ~(1/2) * ((d*x+c) * (f*x+e) )~ (1/2) ¥b-a*c*
f-axdxe+2*xbxcxe) / (bxx+a) ) *a~2*%b~ 2kd*xexf* (d*xf) ~(1/2) -24B*1n ( (-2*a*xd*f*xx+b*xc*
frx+bxdrexx+2* ((a~2xd*f-axb*xckf-axbxd*e+b™2xc*xe) /b72) 7 (1/2) * ((d*x+c) * (f*x+e
)) " (1/2) #b-a*xc*xf-axdxe+2*xbxckxe) / (bxx+a) ) *axb ~3*kckexf* (d*xf)~(1/2)-3*Cx1n(1/2
* (2xdxf*x+2% ((d*x+c) * (Fxx+e) ) " (1/2) *x(d*f) ~(1/2)+cxf+d*e) / (d*f) ~(1/2) ) *a~2*b
“2xd*exf* ((a~2xd*xf-axbxcxf-a*xb*d*e+b”™2*c*e) /b~2) 7 (1/2) -2%Cxx*a*xb~3*f* ((d*xx+
c)x(fxx+e)) " (1/2)*(d*f) " (1/2) *((a~2xd*f-axb*c*xf-a*bxd*e+b™2xc*xe) /b~2) " (1/2)
-A*1n ((-2*%axd*f*xx+bxcxf*xx+b*xd*e*xx+2* ((a~2xd*xf-axbxcxf-axb*xd*e+b”2*c*e) /b~ 2)
~(1/2) * ((d*xx+c) * (fxx+e) ) ~(1/2) ¥*b-a*xckf-a*xd*re+2*xbkxckxe) / (bxx+a) ) ¥x*¥b~4*d*e*f *
(d*£)~(1/2)-2xB*1n(1/2* (2xd*f*x+2% ((d*x+c) * (fxx+e) ) ~(1/2) *(d*f) " (1/2) +cxf+d
xe) /(d*f) " (1/2) ) *x*a*xb~3*xd*f 2% ((a~2xd*f-axbkxckxf-axbxdxe+b™2*cxe) /b~2) ~(1/2
)+2xBx1n (1/2% (2¢d*fxx+2*% ((d*x+c) * (fxx+e) )~ (1/2) *(d*f) ~(1/2) +cxf+d*xe) / (d*xf)~
(1/2) ) *x¥b~4*d*e*xf* ((a~2xd*xf-axbxcxf-a*xb*d*e+b”™2*c*xe) /b~2) " (1/2)-2xBx1n ((-2
*a*xd*f*x+brckfrx+brdrexx+2* ((a~2*%d*f-axb*ckf-axbxd*xe+b™2xc*xe) /b72) ~(1/2) * ((
dxx+c) * (fxx+e)) ~(1/2) *b—a*xckxf-a*xd*e+2xb*c*xe) / (b*xx+a) ) *x*a~2*%b~2xd*f ~2*x (d*f)
~(1/2)+B*1n ((-2%axd*f*xx+b*xcxf*x+bxd*exx+2* ((a~2xd*f-axb*cxf-a*xbkxd*e+b™2*c*e
)/b72) 7 (1/2) * ((d*x+c) * (fxx+e) ) ~(1/2) xb-a*cxf-a*d*e+2*xb*cke) / (bxx+a) ) xx*xa*xb”
3kckET2x (d*f) " (1/2) +2%B*axb~3*f* ((d*xx+c) * (fxx+e) ) ~(1/2)*(d*£f) ~(1/2) *((a~2*d
*f-axbkckf-axbxd*xe+b™2xcxe) /b72) " (1/2) -4*Cxa~2xb ™ 2xf* ((d*xx+c) * (f*x+e)) ~(1/2
Yx(d*f) " (1/2) *((a~2*xd*xf-axbxcxf-axb*d*e+b™2*c*e) /b~2) " (1/2) +2*xCxa*xb~3*xex* ((d
*x+c) % (£xx+e)) " (1/2) x(d*f) ~(1/2) * ((a~2*d*f-a*bxcxf-axbxd*xe+b~2xc*e) /b~2) ~ (1
/2)+A*x1n ((-2*%a*xd*fxx+bxcxf*x+b*d*e*x+2* ((a~2xd*xf-axbxcxf-a*xb*d*e+b~2*c*e) /b
~2)7(1/2) * ((d*x+c) * (fxx+e) ) ~(1/2) ¥*b-a*xc*xf-a*d*re+2xbxckxe) / (bxx+a) ) *x*¥b~4*c*f
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“2x(dxf) " (1/2)-Cx1n(1/2*% (2*d*fxx+2* ((d*xx+c) * (f*x+e) ) ~(1/2) % (d*f) ~(1/2) +c*f+
d*e)/(d*f)~(1/2))*x*b"4*d*e~2*x ((a~2*d*f-axbxcxf-axbxd*e+b™2*c*e) /b~2) " (1/2)
+A*x1n ((-2*xaxd*fxx+bxcxf*x+b*d*e*x+2* ((a~2xd*xf—axbxcxf-axb*d*e+b”2*c*e) /b~2)
~(1/2) % ((d*xx+c) * (f*xx+e) ) ~(1/2) ¥*b-a*xckf-a*xd*re+2*xbkxckxe) / (bxx+a) ) *a*xb~3*xc*xf ™2
(d*£)~(1/2) -2*%B*1n(1/2*% (2xd*f*xx+2* ((d*x+c) * (f*xx+e) ) " (1/2) *(d*f) ~(1/2) +c*xf+d
*xe) /(d*f) " (1/2)) *a~2%b~2xd*f ~2*x ((a~2*xd*xf-axbxc*xf-axb*xd*e+b~2*c*e) /b~2) ~(1/2
)—2xBx1n ((—2*a*d*f*x+bxcxfxx+bxdxexx+2* ((a~2*d*f-a*bxcxf-axbxdxe+b~2*c*e) /b
~2)7(1/2) * ((d*x+c) * (fxx+e) ) ~(1/2) ¥*b-a*xc*xf-a*d*re+2xbxcxe) / (bxx+a) ) *a~3*xb*xd*f
2% (d*f) " (1/2) +B*1n ((—2*axd*f*x+b*c*xf*x+brxd*e*xx+2* ((a~2xd*xf-a*xb*cxf-a*b*d*e
+b"2*c*e) /b72) " (1/2) * ((d*x+c) * (f*x+e)) " (1/2) *b—axcxf-axd*xe+2*b*c*e) / (b*xx+a)
)*a”2xb 2%k f 2% (d*f) T (1/2) +4*Cx1n (1/2*% (2*¢d*Fxx+2* ((d*x+c) * (f*x+e) ) ~(1/2) *(
d*f) "~ (1/2)+cxf+d*e) / (d*f) ~(1/2) ) *a~3*bxd*xf 2% ((a~2xd*f-a*xbxcxf-axbxd*xe+b 2%
cxe)/b72) 7 (1/2)-CxIn(1/2*% (2xd*xf*x+2* ((d*x+c) * (£*x+e)) ~(1/2) *(d*f) ~(1/2) +c*f
+dx*xe) /(d*f) " (1/2) ) *a~2%b"2*cxf ~2* ((a~2*xd*f-axbxcxf-axb*xd*e+b~2*c*e) /b™2) (1
/2)-C*1n(1/2*% (2*xd*fxx+2* ((d*xx+c) * (f*x+e)) " (1/2) *(d*f) ~(1/2) +cxf+d*e) /(d*f) "~
(1/2))*axb~3*d*e”2* ((a~2*xd*xf-axbxcxf-a*xb*d*e+b 2*c*e) /b~2) " (1/2)-3*Cx1n((-2
*a*xd*f*x+brckfrx+brdrexx+2x ((a~2*%d*f-a*xb*c*xf-axbxdxe+b™2xc*xe) /b72) " (1/2) * ((
d*xx+c) * (fxx+e) )~ (1/2) *b-a*xc*xf-a*xd*re+2xbxckxe) / (bxx+a) ) *a~3*xb*xcxf~2x (d*xf) ~(1/
2) +2+C*x*xb " 4xex ((dxx+c) * (fxx+e) )~ (1/2) *(d*f) " (1/2) * ((a~2xd*xf-a*xb*cxf-a*xb*d*
e+b”2%c*e) /b72) " (1/2) —Ax1n ((—2*a*d*f*x+b*rckxfrxx+brdrexx+2* ((a~2*%d*f-a*b*cxf-
axb*xd*xe+b”2*xc*xe) /b72) ~(1/2) * ((d*x+c) * (f*x+e)) ~(1/2) *b—a*xcxf-a*d*xe+2*b*cke) /
(bxx+a) ) *axb~3kxd*xexf* (d*xf) ~(1/2) )/ ((d*x+c)*(f*xx+e)) ~(1/2)/(a*xf-bxe)/f/(d*f)
~(1/2)/ ((a"2*xd*f-axbxcxf-axbxdxe+b~2*c*e) /b~2) " (1/2) / (b*x+a) /b~4

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)* (d*x+c)~(1/2)/(b*x+a)~2/(f*x+e)~(1/2),x, algorithm=
"maxima")

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((C*x™2+B*x+A)* (d*x+c)~(1/2)/(b*x+a) "2/ (f*x+e)”(1/2),x, algorithm=
"fricas")

[Out] Timed out

Sympy [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Ckx**2+B*x+A)* (dxx+c)**(1/2)/ (bxx+a)**2/ (f*x+e)**(1/2),x)

[Out] Exception raised: ValueError

Giac [B] time = 12.5035, size = 1874, normalized size = 5.15

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Ckx~2+B*x+A)* (d*x+c)”~(1/2)/(b*x+a) 2/ (f*x+e)”(1/2),x, algorithm=
Ilgiac ||)

[Out] (3*sqrt(d*f)*Cxa~2xb*xckxd~2*f - sqrt(d*f)*Bxaxb~2xc*xd~2xf - sqrt(d*f)*Axb~3%
cxd”~2*xf - 4xsqrt(d*f)*C*xa~3*d"3xf + 2*sqrt(d*f)*Bxa~2xb*xd~3*f - 4xsqrt(d*f)
*xCkaxb~2%cxd"2%e + 2xsqrt(d*xf)*B*xb~3xc*d"2%e + bksqrt(d*f)*Cka~2*bxd"~3*e -
3xsqrt (d*xf) *Bxa*xb~2*d"3*%e + sqrt(d*f)*A*xb~3*d"3xe)*arctan(-1/2x(b*xcxd*xf - 2
xa*xd"2+f + b*d"2xe - (sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)x*d*f - c*xdxf
+ d"2%e)) "2xb) /(sqrt (a*bxc*xd*f~2 - a~2xd"2*f72 - b~ 2*ckxd*xf*e + axbxd"2xfxe)
xd) )/ (sqrt (a*xbxcxd*f72 - a~2*d"2+f72 - b7 2*ckdxf*e + axbxd~2xfxe)* (a*xb~3*f*
abs(d) - b~4xabs(d)*e)*d) + 2x(sqrt(d*f)*Cka~2xb*c~2*d"3*xf~2 - sqrt(d*f)*Bx*
axb~2%c72+%d"3*xf72 + sqrt(d*f)*A*b~3*c72%d"3*f72 - 2*sqrt (d*f)*Cxa~2*bxc*d"4
xfxe + 2%sqrt (d*f)*Bxaxb~2xc*xd 4*xfxe — 2xsqrt(d*f)*A*xb~3xc*d"4xf*xe - sqrt(d
*xf)*x (sqrt (d*xf)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - cxd*f + d~2%e)) 2xCxa~2
xbxcxd~2*xf + sqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*dxf - cx*dx
f + d72xe)) "2%Bkaxb”2xc*d"2xf - sqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((
d*x + c)*d*f - cxd*xf + d"2xe)) "2xA*b~3xc*xd"2*xf + 2*sqrt(d*f)*(sqrt(d*f)*sqr
t(d*x + c) - sqrt((d*x + c)*d*f - cxd*f + d"2%e)) "2xC*xa~3*d"3*f - 2xsqrt(d*
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f)*x(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*xx + c)*d*f - cxd*xf + d"2xe)) "2xBka~2x%
b*xd~3*f + 2xsqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*xf - cxdxf
+ d"2%e) ) "2xA*xaxb~2*xd"3*f + sqrt(dxf)*C*xa~2%b*d"5*e”2 - sqrt(d*f)*Bxa*xb~2x
d"5%e”2 + sqrt(d*f)*Axb~3*d"5*xe”2 - sqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sq
rt((d*x + c)*d*f - cxd*f + d"2%e)) "2*C*ka~2xb*xd~3*e + sqrt(d*f)*(sqrt(d*f)*s
gqrt(d*x + c) - sqrt((d*x + c)*d*xf - cxd*f + d™2xe)) 2*Bkaxb~2*xd"3*e - sqrt(
d*f)*(sqrt (d*f) *sqrt(d*xx + c) - sqrt((d*x + c)*dxf - cxd*f + d"2%e)) ~2%A*b~
3xd"3%e) / ((b*c™2*%d"2+f"2 - 2%bxc*d~3*f*xe - 2x(sqrt(d*f)*sqrt(d*x + c) - sqr
t((d*x + c)*d*f - ckxdxf + d"2%e)) "2xbxckd*f + 4x(sqrt(d*f)*sqrt(d*x + c) -
sqrt ((d*x + c)*d*f - c*xd*xf + d72%e)) "2*axd"2*f + bxd"4*e”2 - 2x(sqrt(d*f)x*s
grt(d*x + c) - sqrt((d*x + c)*d*f - cxd*f + d"2xe)) "2xb*xd"2*xe + (sqrt(d*f)x*
sqrt(d*x + c) - sqrt((d*x + c)*d*f - cxd*f + d~2*e)) 4x*b)*(a*b~3*f*rabs(d) -
b~4*xabs(d)*e)) + sqrt((d*x + c)*d*f - ckxdxf + d"2%e)*sqrt(d*x + c)*Cxabs(d
)/ (b72xd"2%f) - 1/2x(sqrt(d*f)*Cxb*xcxf - 4xsqrt(d*f)*Cxaxd+f + 2*sqrt(d*f)=*
Bxb*d*f - sqrt(d*f)*Cxb*xd*e)*log((sqrt(d*f)*sqrt(d*x + c) - sqrt((d*xx + c)x*
dxf - cxd*f + d"2xe))”2)/(b~3*f " 2*abs(d))
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Vc+dx@4+Bx+Cx2)
352 [——= N

Optimal. Leaf size=484

tanh™! (\/——H;v_ VZ‘J;) (3a262C (c2f2 + 10cdef + 5d2?) — 4a3bCdf (3cf + 5de) + Ba*Cd2f2 — ab? (2cd (2Af2 - Bef +1
e+fx C—a

463 (be — ad)¥2(be

[Out] ((4*a~3*Cxd*xf — a~2%b*C* (7*d*e + 5*xc*f) — b~ 3*x(4xBxckxe - A*xd*e - 3*kAxc*xf) +
axb~2x (8xcxCxe + 3*Bxdxe + Bkcxf - 4*xAxdxf))*Sqrtlc + d*xx]*Sqrtle + fxx])/
(4%b~ 2% (b*c - ax*xd)*(bxe — axf) 2x(a + b*x)) - ((A*b~"2 - ax(b*B - axC))*(c +
d*x) ~(3/2)*Sqrt[e + f*xx])/(2xbx(b*c - a*d)*(b*e - axf)*x(a + b*x)~2) + (2xC
xSqrt [d] *ArcTanh [(Sqrt [f]*Sqrt[c + d*x])/(Sqrt[d]*Sqrtle + f*x])])/(b~3*Sqr
t[f]) - ((8*xa~4*C*d~2*f"2 - 4*a”3xb*xCxd*xf*(5xd*e + 3*c*f) + 3*a~2xb~2xCx (5%
d"2*%e”2 + 10*ckxdxexf + ¢ 2+%f72) - axb"3*x(d"2*xex(3*%Bxe - 4*A*xf) + c"2*xf*(8*C
xe — Bxf) + 2%ckd*x(12*%C*xe”2 - Bxexf + 2%A*f~2)) - b7 4*x(A*xd"2%e”2 - 2*ckxdxe*
(2%Bxe - Axf) - c72x(8*%Cxe”2 - 4*Bxexf + 3%A*xf~2)))*ArcTanh[(Sqrt[b*e - axf
1xSqrtc + d*x])/(Sqrt[bxc - axd]*Sqrtle + f*xx])])/(4xb~3*(bxc - axd)~(3/2)
*x(bxe - axf)~(5/2))

Rubi [A] time = 1.56326, antiderivative size = 484, normalized size of antiderivative =

. . . ber of rul
1., number of steps used = 8, number of rules used = 8, integrand size = 36, e -

0.222, Rules used = {1613, 149, 157, 63, 217, 206, 93, 208}

integrand size

tanh ™! (J——va_ VZ‘Z) (3212C (22 + 10cdef +5d%%) — 4a*bCf Bcf + 5de) + 8a*Cd2 2 — ab? (2¢d (2Af2 — Bef +1
e+fx C—a

4b3(be — ad)32(be -

Antiderivative was successfully verified.

[In] Int[(Sqrtlc + d*x]*(A + Bxx + C*x72))/((a + bxx)~3*Sqrt[e + f*x]),x]

[Out] ((4*a~3*Cxd*xf — a~2%b*C*(7*d*e + 5*xc*xf) — b~ 3x(4*xBxckxe - A*xd*e - 3*kAxc*xf) +
axb~2x (8*cxCxe + 3*Bxdxe + Bkcxf - 4*Axdxf))*Sqrt[c + d*xx]*Sqrtle + fxx])/
(4%b~ 2% (b*c - ax*d)*(bxe — axf) 2x(a + b*x)) - ((A*b”"2 - ax(b*B - axC))*(c +
d*x)~(3/2)*Sqrt[e + f*xx])/(2xb*x(b*c - a*d)*(b*e - axf)*x(a + b*x)"2) + (2xC
xSqrt [d] *ArcTanh [(Sqrt [f]*Sqrt[c + d*x])/(Sqrt[d]*Sqrtle + f*x])])/(b~3*Sqr
t[f]) - ((8*a~4*C+xd"2*f"2 - 4*a”3xb*xCxd*xf*(5xd*e + 3*c*f) + 3*a~2xb~2xCx (5%
d"2*e”2 + 10*ckdxexf + c”2+%f72) - axb"3*x(d"2*ex(3*%Bxe - 4*A*xf) + c 2*xf*(8*C
xe — Bxf) + 2kckd*(12*%Cxe~2 - Bkexf + 2%A*f72)) - bT4x(A*xd"2xe”2 - 2*c*d*ex
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(2%Bxe - Axf) - c72x(8*%Cxe”2 - 4*Bxexf + 3%Axf~2)))*ArcTanh[(Sqrt[b*e - axf
1xSqrtc + d*x])/(Sqrt[bxc - axd]*Sqrtle + f*xx])])/(4xb~3*(bxc - axd)~(3/2)
*(bxe - axf)~(5/2))

Rule 1613

Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*x(x_)) " (m_.)*x((e_.) + (f_
Dx(x_))"(p_.), x_Symbol] :> With[{Qx = PolynomialQuotient[Px, a + b*x, x],
R = PolynomialRemainder[Px, a + b*x, x]}, Simp[(b*R*(a + b*x) " (m + 1)*(c +
d*x)"(n + D)*(e + £*xx)"(p + 1))/((m + 1) *(b*c - a*d)*(b*e - axf)), x] + Di
st[1/((m + 1)*(bxc - axd)*(bxe - axf)), Int[(a + b*xx)"(m + 1)*x(c + d*xx) n*(
e + fxx) pxExpandToSum[(m + 1)*(b*c - axd)*(bxe - axf)*Qx + axd*f*Rx(m + 1)
- b*Rk(d*ex(m + n + 2) + c*xf*(m + p + 2)) - b*d*xf*R*(m + n + p + 3)*x, x],
x], x]1 /; FreeQl{a, b, ¢, d, e, f, n, p}, x] && PolyQ[Px, x] && ILtQ[m, -
1] && IntegersQ[2+#m, 2*n, 2xp]

Rule 149

Int[((a_.) + (b_)*(x_))"(m_)*x((c_.) + (d_.)*x(x_))"(m_)*((e_.) + (£_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[((b*g - axh)*(a + b*x) " (m +
Dx(c + d*xx)"nx(e + £xx)"(p + 1))/ (b*x(b*e - axf)x(m + 1)), x] - Dist[1/(b*(
bxe - axf)*(m + 1)), Int[(a + b*x)"(m + 1)*(c + d*x)"(n - 1)*(e + f*x) px*Si
mp [b*xcx(fxg - exh)*(m + 1) + (b*xg - axh)*(d*exn + cxf*x(p + 1)) + d*x(b*x(f*g
- exh)*(m + 1) + fx(bxg - a*h)*(n + p + 1))*x, x], x], x] /; FreeQ[{a, b, ¢
, d, e, £, g, h, p}, x] && LtQ[m, -1] && GtQ[n, 0] && IntegerQ[m]

Rule 157

Int[(((c_.) + (@_D*xD)"(m )*((e_.) + (£_.)*(x_))"(p_)*x((g_.) + (h_.)*(x_
D))/ ((a_.) + (b_.)*(x_)), x_Symbol] :> Dist[h/b, Int[(c + d*x)"n*x(e + f*x)~
p, x], x] + Dist[(b*g - ax*h)/b, Int[((c + d*x) n*x(e + f*x)"p)/(a + b*x), x]
, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)x(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x"2]] /; FreeQ[{a, b}, x] & 'GtQ[a, O]
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Rule 206

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtl[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 93

Int[(((a_.) + (b_)*x(x_ D))" (m_)*((c_.) + (d_)*(x_))"(m))/((e_.) + (f_.)*(x
_)), x_Symbol] :> With[{q = Denominator[m]}, Dist[q, Subst[Int[x~(g*(m + 1)
- 1)/(bxe - axf - (dxe - cxf)*x"q), x], x, (a + b*x)~(1/q)/(c + d*x)~(1/q)
1, x]1]1 /; FreeQ[{a, b, ¢, 4, e, f}, x] && EqQ[m + n + 1, 0] && RationalQ[n]
&& LtQ[-1, m, O] && SimplerQ[a + b*x, c + d*x]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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/_C+dx(— azC(Sde+cf)-¢—l;2(43ce—Ade—3zzzf)—gzl;(z}ccf_;_,.?,gd6

f Ve + dx (A + Bx + sz) e (Ab2 —a(bB - aC)) (c +dx)*?+Je + fx ) f @+t et fx
(a + bx)3+fe + fx 2b(bc — ad)(be — af)(a + bx)? 2(bc — ad)(be — a

(4a3Cdf — a?bC(7de + 5¢f) — b3(4Bce — Ade — 3Acf) + ab®(8cCe + 3Bde + Bcf — 4
4b?(be — ad)(be — af)?(a + bx)

(4a3Cdf — a?bC(7de + 5¢f) — b3(4Bce — Ade — 3Acf) + ab®(8cCe + 3Bde + Bcf — 4
4b2(be — ad)(be — af)?(a + bx)

(4113Cdf — a?bC(7de + 5¢f) — b3(4Bce — Ade — 3Acf) + ab®(8cCe + 3Bde + Bcf — 4
4b?(bc — ad)(be — af)?(a + bx)

(4a3Cdf — a?bC(7de + 5¢f) — b3(4Bce — Ade — 3Acf) + ab®(8cCe + 3Bde + Bcf — 4
4b?(bc — ad)(be — af)*(a + bx)

(4113Cdf — a?bC(7de + 5¢f) — b3(4Bce — Ade — 3Acf) + ab®(8cCe + 3Bde + Bcf — 4
4b?(bc — ad)(be — af)?(a + bx)

Mathematica [A] time = 6.30474, size = 535, normalized size = 1.11

Verdverfe @D tan—l(gf
2 ] ] ) - e+fxVi
(Ab a(bB aC»(4mU+3mf+bk)wwmw%ﬁ oietear

(c +dx)¥? \Je + fx (Ab2 —a(bB - aC))
- 2b(a + bx)?(bc — ad)(be — af) " 4b?(bc — ad)(be — af)

Antiderivative was successfully verified.

[In] Integrate[(Sqrtlc + d*x]*(A + B*x + Cxx~2))/((a + b*x)"3*Sqrtle + f*x]),x]

[Out] -(((b*B - 2*xa*C)*Sqrt[c + d*x]*Sqrtle + f*xx])/(b"2*(b*e - axf)*(a + bxx)))
- ((A*b72 - ax(b*B - axC))*(c + dxx)~(3/2)*Sqrtle + fxx])/(2xb*x(b*c - a*xd)*
(bxe - axf)*(a + b*x)"2) + (2xC*Sqrt[d*e - c*f]l*Sqrt[(d*(e + fxx))/(d*e - ¢
*xf)]*ArcSinh [(Sqrt [f]1*Sqrt[c + d*x])/Sqrtl[d*e - cx£f]])/(b~3xSqrt[f]*Sqrt[e
+ £*x]) - (2*C*Sqrt[-(bxc) + axd]*ArcTan[(Sqrt[bxe - a*f]l*Sqrtlc + d*x])/(S
qrt[-(b*c) + axd]*Sqrtle + fxx])]1)/(b~3*Sqrt[b*e - axf]) + ((b*B - 2*a*xC)*(
dxe - cxf)*ArcTan[(Sqrt[b*e - axf]l*Sqrtlc + d*x])/(Sqrt[-(b*c) + axd]*Sqrtl[
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e + £*x])])/(b"2xSqrt [-(b*c) + axd]*(b*xe - a*f)~(3/2)) + ((A*b~2 - ax(b*B -

axC) ) *(bkxdxe + 3*bkcxf - 4xaxd*f)*((Sqrtlc + d*x]*Sqrtle + f*xx])/((b*e - a
xf)x(a + bxx)) - ((d*xe - cxf)*ArcTan[(Sqrt[b*e - axf]*Sqrtlc + d*x])/(Sqrt[
-(bxc) + axd]*Sqrtle + fxx])])/(Sqrt[-(bxc) + axd]l*(bxe - a*xf)~(3/2))))/(4*
b~ 2% (bxc - a*xd)*(bxe - axf))

Maple [B] time = 0.088, size = 9100, normalized size = 18.8

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((Cxx~2+B*xx+A)*x(d*x+c) " (1/2)/(b*x+a) "3/ (fxx+e) " (1/2),x)

[Out] result too large to display

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+B*x+A)*(d*x+c)”(1/2)/(b*x+a) 3/ (f*x+e)”(1/2),x, algorithm=

"maxima")

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)* (d*x+c)~(1/2)/(b*x+a)~3/(f*x+e)~(1/2),x, algorithm=
"fricas")

[Out] Timed out
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Ckx**2+B*x+A)* (d*kx+c)**(1/2)/ (b*x+a)**3/ (f*x+e)**(1/2),x)

[Out] Timed out

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+B*x+A)*(d*x+c)~(1/2)/(b*xx+a)~3/(f*x+e)”(1/2),x, algorithm=

Ilglac Il)

[Out] Timed out
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3.53 X

Vc+dx@4+Bx+Cx2)
f (a+bx)*Je+fx

Optimal. Leaf size=685

Ve + dxyJe+ fx (-a?b? (4df (~2Adf + Bcf + 4Bde) — C (3c2f2 + 44cdef + 33d%e?)) — 2a>bd f (~2Bdf + 7cCf +13Cq

[Out] ((4*a~3*Cxd*xf — b~3*(6%B*cke - 3*kAxdke — bxAxcxf) + axb 2% (12*c*xCxe + 3*Bxd
xe + Bxckf — 8xAxd*xf) - a~2%b*x(9*Cxdxe + Txc*Cxf - 2xBxdxf))*Sqrtl[c + dxx]*
Sqrtle + fxx])/(12%b~2*(b*c - axd)*(bxe - axf) 2*(a + b*x)~2) - ((8%a~4*Cxd
“2+%f72 - 2%a " 3kbkdxf* (13*%Cxdxe + THckCxf - 2*xBxd*f) — b74*x(3xA*xd"2%e”2 - 2%
cxdxex (3¥Bxe — 2%A*xf) - 3*c™2x(8*Cxe”2 - 6*Bxexf + BkA*f~2)) - a*xb~3x(d"2*e
*(3*%B*xe - 10%A*xf) + 3xc™2xf*x(4+%Ckxe - B*f) + 2*xckd*(30*%Cxe~2 - 14*Bxexf + 13
*A*f72)) - a"2+%b”2x (4*xd*xf* (4*Bxdxe + Bxckxf — 2%xAxd*xf) - Cx(33*d"2xe”2 + 44x%
ckdxexf + 3*xc72xf72)))*Sqrt[c + d*xx]*Sqrtle + f*xx])/(24xb~2%(bxc - axd) ~2x*(
bxe - axf)~3*x(a + b*x)) - ((A*b72 - ax(b*B - a*C))*(c + dxx)~(3/2)*Sqrtl[e +
f*x])/(3*bx(b*c — axd)*(bxe - a*xf)*(a + b*x)7"3) - ((d*xe - c*f)*(b"2*x(A*d"2
*e72 - 2%ckdkex(Bke — Axf) + c72%(8*%C*e”2 - 6*Bkxexf + HxAxf~2)) + axb*(d™2x
e*x(Bxe - 4xAxf) — c”2*xf*x(4*Cxe — B*f) - 2*xcxd*(6*Cxe”2 — 7*Bkexf + 6xAxf~2)
) = a"2%(2+d*f* (3*Bkd*e + Bkxcxf — 4xAxd*f) - Cx(5*d"2*e”2 + 2xcxdxexf + ¢72
*x£72)) ) *xArcTanh [(Sqrt [bxe - axf]*Sqrtlc + d*x])/(Sqrt[b*c - a*d]*Sqrtle + f
*x])]1)/ (8% (bxc - a*xd)~(5/2)*(bxe - axf)~(7/2))

Rubi [A] time = 1.77788, antiderivative size = 685, normalized size of antiderivative =

. . . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 36, e -

0.167, Rules used = {1613, 149, 151, 12, 93, 208}

integrand size

Ve + dxyJe+ fx (-a?b? (4df (—2Adf + Bcf + 4Bde) — C (3c2f2 + 44cdef + 33d%e?)) — 2a°bd f (~2Bdf + 7cCf +13Cq

Antiderivative was successfully verified.

[In] Int[(Sqrtlc + d*x]*(A + Bxx + C*x72))/((a + bxx) 4xSqrtle + f*x]),x]

[Out] ((4*a~3*Cxd*xf - b~ 3% (6*Bxckxe — 3*xA*xd*e - BxAxc*xf) + a*xb™2*x(12*c*xCxe + 3%Bx*d
xe + Bxckxf - 8xAxd*xf) - a~2xb*x(9*Cxdxe + Txc*Cxf - 2xBxdxf))=*Sqrt[c + d*x]*
Sqrtle + fxx])/(12%b~2*(b*c - axd)*(bxe - axf)~2*(a + b*x)~2) - ((8*a~4*Cxd
“2+%f72 - 2%a " 3xbkdxf* (13*%Cxdxe + THckCxf - 2xBxd*f) — b7 4*x(3xA*xd"2%e”2 - 2%
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cxdxex (3%Bxe - 2*A*xf) - 3*xc™2x(8*xCxe”2 - 6*Bkexf + BkA*f~2)) - axb~3x(d"2xe
*(3*Bxe - 10%A*f) + 3*xc™2xf*(4*xCxe - Bxf) + 2%c*d*(30*%Cxe”2 - 14xBxexf + 13
*Axf72)) - a"2xb72x (4xdxf* (4xBxd*e + Bxckxf - 2xAxd*xf) — Cx(33*%d"2%e”2 + 44x%
ckdxexf + 3*xc72xf72)))xSqrtlc + dxx]*Sqrtle + f*x])/(24xb~2%(bxc - axd) ~2x*(
bxe - a*xf)~3*(a + b*x)) - ((A*b"2 - ax(bxB - a*xC))*(c + d*x)~(3/2)*Sqrtle +
f*x])/(3*xb*(b*xc - a*xd)*(bxe - axf)*(a + b*xx)"3) - ((dxe - c*f)*x(b~2*(A*d"2
*e72 - 2kckdrex(Bxe — Axf) + c72%(8+C*e”2 - 6*Bkexf + HxAxf~2)) + axb*x(d™2*
ex(Bxe - 4*xA*xf) - c"2xf*x(4xCxe - B*f) - 2*kckxd*(6xCxe”2 — T*Bxexf + 6*xA*xf~2)
) — a” 2% (2+d*f* (3*Bxd*e + Bkxcxf — 4xAxd*f) - Cx(5xd"2*e”2 + 2xcxdxexf + ¢72
*x£72)) ) *ArcTanh [(Sqrt [bxe - axf]*Sqrtlc + dxx])/(Sqrt[bxc - axd]*Sqrtl[e + £
*x])]1)/ (8% (bxc - a*xd)~(5/2)*(bxe - axf)~(7/2))

Rule 1613

Int[(Px_)*((a_.) + (b_.)*x(x_))"(m_)*((c_.) + (d_)*(x_))"(n_.)*x((e_.) + (f_
O*x(x_))"(p_.), x_Symbol] :> With[{Qx = PolynomialQuotient[Px, a + b*x, x],
R = PolynomialRemainder[Px, a + b*x, x]}, Simp[(b*R*(a + b*x)"(m + 1)*(c +
d*x)"(n + 1)*x(e + £*xx)"(p + 1))/((m + 1)*(b*c - a*xd)*(bxe - axf)), x] + Di
st[1/((m + 1)*(bxc - axd)*(bxe — axf)), Int[(a + b*x)"(m + 1)*(c + d*xx) n*(
e + f*x) pxExpandToSum[(m + 1)*(b*c - axd)*(b*xe - a*f)*Qx + a*xd*f*R*(m + 1)
- b*R*(d*ex(m + n + 2) + cxf*(m + p + 2)) - b*d*f*R*(m + n + p + 3)*x, x],
x], x]]1 /; FreeQ[{a, b, c, d, e, f, n, p}, x] & PolyQ[Px, x] && ILtQ[m, -
1] && IntegersQ[2+*m, 2*n, 2xp]

Rule 149

Int[((a_.) + (b_)*(x_)) " (m_)*x((c_.) + (d_)*(x_))"(m_ )*((e_.) + (f_.)*(x_)
) (p)*((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[((bxg - ax*h)*(a + b*x)~(m +
Dx(c + dxx)"nx(e + £xx)"(p + 1))/ (b*x(b*xe - axf)*x(m + 1)), x] - Dist[1/(b*(
bxe — axf)*(m + 1)), Int[(a + b*x)"(m + 1)*(c + d*x) " (n - 1)x(e + f*x) pxSi
mp [b*xcx (fxg - exh)*(m + 1) + (bxg - axh)*(d*exn + cxf*x(p + 1)) + d*x(b*x(f*g
- exh)*(m + 1) + fx(b*g - axh)*(n + p + 1))*x, x], x], x] /; FreeQ[{a, b, c
,d, e, £, g, h, p¥, x] & LtQ[m, -1] && GtQ[n, 0] && IntegerQ[m]

Rule 151

Int[((a_.) + (b_)*(x_))"m_)*((c_.) + (d_)*x(x_))"(m_)*x((e_.) + (£_.)*(x_)
) (p_)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[((b*g - a*h)*(a + b*x)"(m +

Dx(c + d¥x)"(n + D*(e + £xx)7(p + 1))/((m + D*(b*c - a*xd)*(bxe - axf)),
x] + Dist[1/((m + 1)*(b*c - axd)*(b*e - axf)), Int[(a + b*x)"(m + 1)*(c + d
*x) “n* (e + f*x) p*Simp[(a*xd*xf*g - b*x(d*e + c*xf)*g + bxckxexh)*(m + 1) - (b*g
- axh)*(d*ex(n + 1) + cxfx(p + 1)) - dxfx(b*g - a*xh)*(m + n + p + 3)*x, x]
, x]1, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && LtQ[m, -1] && Integ
erQ [m]
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Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 93

Int[(((a_.) + (b_D*(x_)) (@ )*((c_.) + (d_)*&x_))"(@))/((e_.) + (f_.)*(x
_)), x_Symbol] :> With[{q = Denominator[m]}, Dist[q, Subst[Int[x~(q*(m + 1)
- 1)/(bxe - axf - (dxe - cxf)*x"q), x], x, (a + b*x)~(1/q)/(c + d*x)~(1/q)
1, x1] /; FreeQ[{a, b, c, d, e, f}, x] && EqQ[m + n + 1, 0] &% RationalQ[n]
&& LtQ[-1, m, 0] && SimplerQ[a + b*x, c + d*x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
m(_ a2C(3de+c f>+b2(6Bce-3Ade—527cf)—ah(écCe+3Bde+
f Ve +dx (A +Bx + sz) ; (Ab2 —a(bB - aC)) (c +dx)¥2 \Je + fx J (o
X =- -
(a + bx)*Je + fx 3b(bc — ad)(be — af)(a + bx)? 3(bc -

(4113Cdf — b3(6Bce — 3Ade — 5Acf) + ab*(12cCe + 3Bde + Bcf — 8Adf) — a*b(9Cde -
12b2(bc — ad)(be — af)?(a + bx)?

(4a3Cdf — b3(6Bce — 3Ade — 5Acf) + ab*(12cCe + 3Bde + Bcf — 8Adf) — a*b(9Cde A
12b2(bc — ad)(be — af)?(a + bx)?

(4a3Cdf — b3(6Bce — 3Ade — 5Acf) + ab*(12cCe + 3Bde + Bcf — 8Adf) — a*b(9Cde -
12b2(bc — ad)(be — af)?(a + bx)?

(4a3Cdf — b3(6Bce — 3Ade — 5Acf) + ab*(12cCe + 3Bde + Bcf — 8Adf) — a*b(9Cde -
12b%(bc — ad)(be — af)?(a + bx)?

(4a3Cdf — b3(6Bce — 3Ade — 5Acf) + ab*(12cCe + 3Bde + Bcf — 8Adf) — a*b(9Cde -
12b%(bc — ad)(be — af)?(a + bx)?
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Mathematica [A] time = 6.33094, size = 739, normalized size = 1.08

(de=cf) tan_l( Vc+dx\/he—af]
3(8a2d2 f2-aabd f (3c f+de)+12(5c2 f2+2cdef +d2e?)) &iliilﬁfﬁi- v7;7;\ﬂrifffxvzd‘“
ad—-bebe-af (af-be) (c+dx)3/2 /e+fx(%b(—6ua'

20 NE
(” C—abB + Ab ) 8(bc—ad)(be—af)

2(a+bx)%(be—

3b%(bc — ad)(be — af)

Warning: Unable to verify antiderivative.

[In] Integrate[(Sqrtlc + d*x]*(A + B*x + C*x72))/((a + b*x) 4xSqrtle + f*x]),x]

[Out] -((CxSqrtl[c + d*xx]*Sqrtle + f*x])/(b~2x(bxe - axf)*x(a + b*x))) - ((A*b"2 -

ax(b*B - axC))*(c + d*x)~(3/2)*Sqrtle + f*x])/(3*bx(bxc - axd)*(b*xe - a*f)x
(a + bxx)~3) - ((b*B - 2*a*C)*(c + d*x)~(3/2)*Sqrtle + f*x])/(2xbx(b*c - ax*
d)*(bxe - axf)*(a + b*x)~2) + (Cx(dxe - c*f)*ArcTan[(Sqrt[bxe - axf]*Sqrtl[c
+ d*x])/(Sqrt[-(b*xc) + axd]*Sqrtle + f*x])])/(b~2+Sqrt[-(b*c) + axd]*(bxe
- axf)~(3/2)) + ((b*B - 2*axC)*(bxd*e + 3*bxc*f - 4*axd*f)*((Sqrtlc + d*x]*
Sqrtle + fxx])/((b*e - axf)x(a + b*x)) - ((d*xe - cxf)xArcTan[(Sqrt[b*e - ax
f1*Sqrtlc + d*x])/(Sqrt[-(bxc) + axd]*Sqrtle + f*x])])/(Sqrt[-(b*xc) + a*xd]*
(bxe - a*xf)~(3/2))))/(4*b~2x(b*c - axd)*(b*e - axf)) - ((A*b~2 - axbxB + a~
2xC)*x (- ((-(a*xbxd*f) + (bx(3xbkdxe + bxbkcxf - 6xaxdxf))/2)*(c + d*x)~(3/2)*
Sqrtle + fx*x])/(2x(b*xc - a*xd)*(b*e - axf)*x(a + b*x)72) - (3*(8*a~2+d"2xf"2
- 4xaxbxd*f*(dke + 3xcxf) + b~2*x(d"2xe”2 + 2kcxd*xexf + 5xc”2xf72))*((Sqrt[c
+ d*xx]*Sqrtle + fxx])/((-(bxe) + axf)x(a + b*x)) - ((d*xe - cxf)*ArcTan[(Sq
rt[bxe - axf]l*Sqrtlc + d*x])/(Sqrt[-(bxc) + axd]*Sqrtle + £*x])]1)/(Sqrt[-(b
xc) + axd]*Sqrtbxe - axfl*(-(bxe) + a*xf))))/(8+(b*c - a*xd)*(b*e - a*f))))/
(3*xb~2%(b*xc - a*xd)*(bxe - axf))

Maple [B] time = 0.148, size = 15990, normalized size = 23.3

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((Cxx~2+Bxx+A)*(d*x+c)~(1/2)/(b*xx+a) 4/ (fxx+e)~(1/2),x)

[Out] result too large to display
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+B*x+A)*(d*x+c)~(1/2)/(b*xx+a)~4/(f*x+e)”(1/2),x, algorithm=

"maxima")

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)*(d*x+c)~(1/2)/(b*x+a)~4/(f*x+e)~(1/2),x, algorithm=
"fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxx**2+Bxx+A)* (d*x+c)**(1/2)/(bxx+a)*x4/ (f*xx+e)**(1/2),%)

[Out] Timed out

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out



357

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)*(d*x+c)~(1/2)/(b*x+a)~4/(f*x+e)~(1/2),x, algorithm=
“giac n)

[Out] Timed out
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‘f(a+bxF.A+Bx+Cx)

VetdxqJe+fx

Optimal. Leaf size=718

3.54 dx

Ve + dxyfe + fx (-8a2bd? f2(16Bdf — 11C(cf +de)) + 32a°Cd f3 — 16ab®df (6df (4Adf — 3B(cf + de)) + C (152 4

[Out] -((2%a*Cxd*f - b*(8*Bxd*f - 7*Cx(dxe + cx*f)))*(a + b*x) 2xSqrt[c + d*x]*Sqr
tle + f*x])/(24%b*d"2x£72) + (Cx(a + b*x) ~3*Sqrt[c + d*x]*Sqrtle + f*xx])/(4
xbxdxf) - (Sqrtlc + d*xx]*Sqrtle + f*x]*(32%a~3*xC*xd~3*f~3 - 8*a~2%bxd~2*xf 2
(16%B*d*f - 11*Ckx(d*e + c*f)) - 16%a*xb™2*d*f*(Cx(15%d"2*xe~2 + 14*c*d*exf +
15%xc™2%xf72) + 6*d*xf*(4*xAxd*f - 3*Bx(d*e + c*xf))) + b~ 3*(5xCx(21*d"3*e”3 + 1
Oxc*xd™2%e " 2*%f + 19*%c ™ 2xd*exf~2 + 21%c”3*%f73) + 8*xd*xf*(18*xAxd*xfx(d*e + cx*f)
- Bx(15*%d"2*e"2 + 1ld*xckxdxexf + 15%c™2+%f72))) + 2*xb*xd*f*(6xbxd*f* (6x¥b*c*Ce
+ axCxd*xe + axcxCxf - 8xAxbxdxf) + (4xaxdxf - Sxbx(d*e + c*f))*x(2*axCxd*f -
bx (8xBxd*xf - 7+Cx(d*e + c*f))))*x))/(192xb*xd~4*f~4) + ((16*%a~2xd~2xf 2% (C*
(3*%d"2%e"2 + 2kckdkexf + 3xc™2xf72) + 4*xd*xf*(2xAxd*f - Bx(d*e + cxf))) - 16
*axb*xd*f* (Ck(5xd"3*%e™3 + 3xcxd™2%e”2+f + 3*kc™2kd*exf~2 + Bxc~3xf73) + 2xdx*f
* (4xA*xd*xf*x(d*e + c*xf) — Bx(3*%d"2%e”2 + 2kckdkxexf + 3*xc™2xf72))) + b 2% (Cx(3
5xd"4xe”4 + 20%c*kd"3%e " 3xf + 18*xc72*xd"2*%e"2xf72 + 20%c " 3xd*exf~3 + 35xc74xf
“4) + BkA*fk (2kAxd*xf* (3xd"2%e”2 + 2kckdkexf + 3kcT2xf72) - Bx(5%d"3%e”3 + 3
*xckd"2%e"2xf + 3xcT2xd*kexf"2 + 5xc”3%f£73))))*ArcTanh[(Sqrt [f]*Sqrt[c + d*x]
)/ (Sqrt[dl*Sqrt[e + £xx])]1)/(64xd~(9/2)*£~(9/2))

Rubi [A] time = 1.33552, antiderivative size = 715, normalized size of antiderivative

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 36, e e .

0.167, Rules used = {1615, 153, 147, 63, 217, 206}

integrand size

Ve + dxJe+ fx (-8a2bd2 f2(16Bdf — 11C(cf + de)) + 32a°Cd® f> — 16ab%df (6df (4Adf — 3B(cf + de)) + C (15¢2f2 4

Antiderivative was successfully verified.

[In] Int[((a + b*x)"2%x(A + B*xx + Cxx~2))/(Sqrtlc + d*x]*Sqrtle + fx*x]),x]

[Out] ((8*b*Bxdxf - 2*axCxd*f - T*xbxCx(dxe + c*f))*(a + bxx) 2xSqrt[c + d*x]*Sqrt
[e + fxx])/(24%bxd"2+%f72) + (Cx(a + b*x) "3*Sqrt[c + d*xx]x*Sqrtle + fxx])/(4x
bxd*f) - (Sqrtlc + d*x]*Sqrtle + fxx]*(32%a~3*%Cxd~3*f~3 - 8*a ™ 2*b*xd~2*f~2x(
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16%B*d*f - 11*Cx(d*e + c*f)) - 16*axb”2xd*xf*(Cx(15%d"2*xe"2 + 14*ckxd*exf + 1
5%c”2%f72) + 6xdxf*x(4xAxdxf - 3*Bx(d*e + c*f))) + b~ 3*x(5xCx(21%d"3*e"3 + 19
*Cckd"2%e " 2*¢f + 19*%cT2xd*exf72 + 21%c”3*%f73) + 8xdxf*x (18*xAxdxf*(d*e + c*xf) -
Bk (15%d"2*e~2 + 14*ckd*e*xf + 15xc™2%f72))) + 2%b*xd*f* (6*xbkd*f*(6xbxcxCxe +
a*Ckdxe + axcxCxf — 8xAxbxd*f) - (4*axd*xf - bxbx(dxe + c*f))*(8*b*Bkxdxf -
2%axCxd*f — T+b*Cx(d*e + c*f)))*x))/(192*%bxd~4*f~4) + ((16%a~2xd~2*f 2% (C*(
3*d"2*%e”2 + 2xckxdxexf + 3%cT2*xf72) + 4dxdxfx (2xAxdxf - Bx(d*e + c*f))) - 16%
axb*xd*f* (Ck(5xd"3*%e”™3 + 3xcxd™2%e”2+f + 3*kc™2kd*exf~2 + Bxc~3%f73) + 2*d*f*
(AxA*xd*f*(d*e + c*xf) - Bx(3*xd"2xe”2 + 2kckxd*e*xf + 3*xc™2*xf72))) + b~ 2x(C*x(35
*d"4*%e”4 + 20*ckxd"3*%e”3*%f + 18%c”2xd"2*%xe"2*%f"2 + 20%c”3*d*xexf"3 + 3b5*xcT4xf”
4) + 8xdxf* (2xAxd*f*(3%d"2*%e”2 + 2xckd*xexf + 3*xc™2*%f"2) - B*x(5%d"3*e"3 + 3%
ckd"2%e”2xf + 3*c”2xd*exf”2 + b*c”3%f73))))*ArcTanh[(Sqrt[f]l*Sqrtlc + d*x])
/(Sqrt [d]*Sqrt[e + f*x])])/(64*d™(9/2)*£7(9/2))

Rule 1615

Int [(Px_)*((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_)*(x_)) " (n_.)*((e_.) + (£
_D)*(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simp[(k*(a + b*x)"(m + q - D*(c + d*xx)"(n + 1)*(e + £*xx)"(p +

1)/ (dxf*xb™(q - D*x(m + n +p + q+ 1)), x] + Dist[1/(d*f*xb"g*x(m + n + p +

q + 1)), Int[(a + b*x) "m*x(c + d*x) n*(e + f*x) p*ExpandToSum[d*fxb~q*(m + n
+p+q+ 1)*Px - d*fxkx(m + n + p + q + 1)*x(a + b*x)"q + kx(a + b*x)"(q -
2)*%(a"2xd*fx(m + n + p + g + 1) - b*k(b*cxex(m + q - 1) + ax(d*ex(n + 1) +

c*f*(p + 1))) + bx(axd*xf*x(2x(m + q) + n + p) - b*(d*xex(m + q + n) + cxf*x(m

+qg+p)))*x), x], x], x] /; NeQm + n + p + q + 1, 0]] /; FreeQ[{a, Db, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x] && IntegersQ[2*m, 2*n, 2xp]

Rule 153

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[(h*(a + b*x) m*(c + d*x) " (n
+ 1)*x(e + £xx)"(p + 1))/(d*f*(m + n + p + 2)), x] + Dist[1/(d*f*(m + n + p
+ 2)), Int[(a + b*xx)"(m - 1)*(c + d*x) nx(e + f*xx) p*Simp[a*xd*fxg*(m + n +
p + 2) - h*x(b*ckxe*m + a*x(d*ex(n + 1) + cxf*x(p + 1))) + (bxd*f*gx(m + n + p
+ 2) + h¥(axd*f*m - b*x(d*ex(m + n + 1) + cxf*x(m + p + 1))))*x, x], x], x] /
; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && GtQ[m, 0] && NeQ[m + n + p +
2, 0] &% IntegerQ[m]

Rule 147

Int[((a_.) + (b_D*(x_))"(m_.)*((c_.) + (d_)*(x_))"(n_.)*((e ) + (£_.)*(x_
N*((g_.) + (h_.)*(x_)), x_Symbol] :> -Simp[((a*d*xf*h*(n + 2) + bxc*fxhx*(m
+ 2) - bxd*(f*g + exh)*(m + n + 3) - bkxdxf*hx(m + n + 2)*x)*(a + bxx)"(m +
D*x(c + d*xx)"(n + 1))/(b72%d"2%(m + n + 2)*(m + n + 3)), x] + Dist[(a"2%d"2
xfxhx(n + 1)*(n + 2) + axbxd*(n + 1)*(2*ckfxh*x(m + 1) - dx(fxg + exh)*(m +
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n + 3)) + b"2k(c™2xf*xhx(m + 1)*(m + 2) - ckxd*(f*g + exh)*(m + )*(m + n + 3
) + d72%exgx(m + n + 2)x(m + n + 3)))/(b72%d"2%(m + n + 2)*(m + n + 3)), In
t[(a + b*x)"m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m, n},
x] && NeQ[m + n + 2, 0] && NeQ[m + n + 3, 0]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m_)*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + bxx)~(1/p)]1, x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rubi steps
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of 1 1
(a+bx) (— 5b(6bcCe+aCde+acCf-8Abdf)+5b(8bBd f~2aCdf-7bC

f (a + bx)? (A + Bx + sz) dr = C(a + bx)3Vc + dxqJe + fx . VetdxJe+ fx
N 10df iy
_ (8bBdf —2aCdf - 7bC(de + cf))(a + bx)*Vc + dxvJe + fx  C(a +bx)*Vc + dx+/e
B 24D 2 " 2bdf
_ (8bBdf —2aCdf —7bC(de + cf))(a + bx)*Vc + dx+Je + fx  C(a +bx)*Vc + dx+/e
- 24bd2 2 i 1bdf
_ (8bBdf —2aCdf —7bC(de + cf))(a + bx)*Vc +dxyJe + fx  C(a+bx)*Ve + dx+/e
- 24bd2 f2 " abdf
_ (8bBdf —2aCdf —7bC(de + cf))(a + bx)?>Ve +dxyJe+ fx  C(a+ bx)>Ve + dx\/é
B 24b 22 " 4bdf
_ (8bBdf —2aCdf —7bC(de + cf))(a + bx)?>Ve +dxyJe+ fx  C(a+ bx)>Ve + dx\/é
B 24bd2f2 " 1bdf

Mathematica [B] time = 6.51798, size = 2195, normalized size = 3.06

Result too large to show

Antiderivative was successfully verified.

[In] Integrate[((a + bxx)72%(A + Bxx + Cxx72))/(Sqrtl[c + d*x]*Sqrtle + f*xx]),x]

[Out] (2x(bxe - axf)~2*Sqrt[d*e - c*xf]*x(Cxe”2 - f*x(Bxe - Axf))*Sqrt[(dx(e + f*x))
/(d*e - c*f)]*ArcSinh[(Sqrt[f]1*Sqrtlc + d*x])/Sqrtld*e - c*f]])/(d*£~(9/2)*
Sqrtle + fxx]) + (2%b"24Ck(d*e - c*f)~3*Sqrt[c + d*x]xSqrtle + f*xx]*(1 + (d
*xfx(c + d*x))/((d*e - cxf)*((d"2*e)/(d*xe - c*xf) - (c*xd*f)/(d*e - cxf))))~(9
/2)*((35/(16%(1 + (dxf*x(c + d*x))/((d*e - cxf)*x((d"2*e)/(d*e - cxf) - (c*dx
f)/(d*e - c*f))))~4) + 35/(24x(1 + (d*fx(c + d*x))/((d*e - c*f)*((d"2xe)/(d
xe — cxf) - (cxd*f)/(d*e - c*£))))~3) + 7/(6%x(1 + (d*f*x(c + d*x))/((d*e - ¢
xf)x((d"2%e)/(d*e - c*f) - (cxd*f)/(d*e - c*x£))))"2) + (1 + (dxf*(c + dx*x))
/((d*e - cxf)*((d"2xe)/(d*e - c*f) - (cxd*f)/(dxe - cx£))))~(-1))/8 + (35%S
qrt[d*e - cxfl*Sqrt[(d~2*e)/(dxe - c*f) - (c*d*f)/(dxe - c*f)]*ArcSinh[(Sqr
t[d]*Sqrt [f1*Sqrt[c + dxx])/(Sqrtld*e - cxfl*Sqrt[(d~2*e)/(dxe - c*f) - (c*
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d*f)/(d*xe - c*x£)])])/(128%Sqrt [d]*Sqrt [f]*Sqrtc + dxx]*(1 + (d*xf*(c + dxx)
)/ ((d*e - cxf)*x((d"2%e)/(d*e - c*f) - (cxd*f)/(d*¥e - cxf))))~(9/2))))/(d"4*
£74x(d/((d~2*e)/(dxe - cxf) - (c*kdxf)/(dxe - c*x£f)))~(7/2)*Sqrt[(d*(e + f*x)
)/ (d*e - c*xf)]) + (2%bx(d*e - c*f) 2% (-4*bxCxe + b*Bxf + 2xa*xCxf)xSqrt[c +
dxx]*Sqrt e + fxx]*(1 + (dxfx(c + d*x))/((d*e - c*xf)*x((d"2*e)/(d*e - c*xf) -
(c*dxf)/(d*e - c*xf))))~(7/2)*((15/(8%(1 + (d*f*(c + d*x))/((d*¥e - cxf)*((d
“2xe)/(dxe - c*xf) - (c*xd*f)/(d*e - c*£))))73) + 5/(4*x(1 + (d*f*(c + d*x))/(
(dxe - cxf)*((d"2xe)/(d*e - cxf) - (cxdxf)/(dxe - cxf))))~2) + (1 + (d*fx*x(c
+ d*x))/((d*e - cxf)*((d"2%e)/(d*e - c*f) - (cxd*f)/(d*e - cxf))))~(-1))/6
+ (5%Sqrt[dxe - cxf]*Sqrt[(d~2xe)/(d*e - c*f) - (cxd*f)/(d*e - c*f)]*ArcSi
nh[(Sqrt [d]*Sqrt [f]1*Sqrt[c + d*x])/(Sqrtld*e - cxf]*Sqrt[(d~2*e)/(d*e - cx*f
) — (cxdxf)/(d*e - c*f)])])/(16%Sqrt[d]*Sqrt[f]1*Sqrtlc + d*x]*(1 + (d*xfx*(c
+ d*x))/((d¥e - cxf)*((d"2*e)/(d*e - c*f) - (cxd*f)/(d*e - cxf))))~(7/2))))
/(d73*%£74x(d/((d~2*e)/(d*e - c*xf) - (c*dxf)/(dxe - cx£f)))~(5/2)*Sqrt[(d*(e
+ fxx))/(d*xe - c*xf)]) + (2x(d*e - c*xf)*(6*%b"2%xCxe”2 - 3*b~2*Bxexf - 6xaxb*C
xexf + Axb72xf72 + 2kaxbxBxf~2 + a”2+Cxf~2)*Sqrtlc + dxx]*Sqrtle + fxx]*(1
+ (dxfx(c + d*x))/((d*e - c*xf)*x((d"2*e)/(d*e - c*xf) - (ckxd*f)/(d*e - c*f)))
)7(5/2)x((3/(2x(1 + (d¥f*x(c + d*x))/((d*e - cxf)*((d"2xe)/(d*¥e - c*xf) - (c*
dxf)/(d*e - cx£))))"2) + (1 + (d*f*x(c + d*x))/((d*e - cxf)*((d"2xe)/(d*e -
cxf) - (cxd*f)/(dxe - c*x£))))~(-1))/4 + (3xSqrt[d*e - cxf]*Sqrt[(d~2xe)/(d*
e - cxf) - (cxdxf)/(d*e - c*f)]*ArcSinh[(Sqrt[d]*Sqrt[f]*Sqrtlc + d*x])/(Sq
rt[dxe - cxf]*Sqrt[(d~2*e)/(d*e - c*f) - (cxd*f)/(d*e - c*f)])])/(8+Sqrt[d]
*3qrt [f1*Sqrt[c + d*x]*(1 + (d*f*(c + d*x))/((dxe - cxf)*((d"2*e)/(d*e - c*
) - (c*xdxf)/(d*¥e - c*f))))~(5/2))))/(d"2xf~4*(d/((d"2*e)/(d*e - c*f) - (cx*
dxf)/(dxe - c*x£)))~(3/2)*Sqrt[(d*(e + f*x))/(d*e - c*xf)]) + (2x(-(b*xe) + ax
f)* (4xb*C*xe”2 - 3xb*Bkexf - 2xa*xCkexf + 2*xAxbxf~2 + a*Bxf~2)*Sqrt[c + d*x]*
Sqrtle + fxx]*(1 + (dxfx(c + d*x))/((d*e - cxf)*x((d"2xe)/(d*e - c*xf) - (cxd
*f)/(dxe - c*xf))))7(3/2)*(1/(2x(1 + (d*fx(c + d*x))/((d*e - c*xf)*((d"2xe)/(
dxe - cxf) - (cxdxf)/(d*e - c*f))))) + (Sqrtld*e - c*fl*Sqrt[(d~2*e)/(d*e -
cxf) - (cxdxf)/(dxe - cxf)]*ArcSinh[(Sqrt[d]*Sqrt[f]*Sqrt[c + d*x])/(Sqrtl
dxe - c*xf]xSqrt[(d~2xe)/(d*e - cxf) - (cxdxf)/(d*e - cx£f)])])/(2+Sqrt[d]*Sq
rt[f]*Sqrtc + d*xx]*(1 + (d*f*x(c + d*x))/((d*e - cxf)*((d"2xe)/(d*e - cxf)
- (cxd*f)/(d*e - c*£))))~(3/2))))/(d*f~4xSqrt [d/((d"2*e)/(d*e - c*f) - (cxd
*f)/(d*e - c*f))]*Sqrt[(d*(e + f*x))/(d*e - c*f)])

Maple [B] time = 0.04, size = 2528, normalized size = 3.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a) 2% (Ckxx~2+B*x+A)/(d*x+c) ~(1/2)/(f*x+e)~(1/2) ,x%)
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[Out] 1/384*(384*xA*x1n(1/2% (2*xd*xf*x+2*% ((d*x+c)*(f*xx+e)) ~(1/2)*x(d*f)~(1/2)+cxf+d*e)
/(A*xf)~(1/2) ) *a~2xd"4*f~4-320%Cx (d*f) ~(1/2) * ((d*x+c) * (f*x+e)) ~(1/2) *x*axb*c
*d72+f"3-320*%Cx (d*f) " (1/2) * ((d*x+c) * (f*x+e)) " (1/2) *x*a*xbxd~3xexf ~2+136*C* (d
*f) 7 (1/2) * ((d*xx+c) * (fxx+e) )~ (1/2) *x*¥b~2*kckxd™2xexf ~2+448*C* (d*f) ~(1/2) * ((d*x
+c) *x (fxx+e)) " (1/2) *axbxc*xd™2%e*xf~2-192*xBx1n (1/2* (2xd*f*x+2* ((d*x+c) * (f*x+e)
)7 (1/2) % (d*f) "~ (1/2) +cxf+d*xe) / (d*xf) " (1/2) ) *a~2xd " 4*xexf~3+96*xA*x1n (1/2* (2xd*f *
x+2% ((dxx+c) * (f*xx+e)) " (1/2) *(d*f) " (1/2) +cxf+d*xe) / (d*f) ~(1/2) ) *b"2%cxd~3*xex*f
~3-T72*B*1n (1/2*% (2xd*xfxx+2* ((d*x+c) * (f*x+e)) " (1/2) *(d*f) " (1/2) +cxf+d*e) / (d*f
)T (1/2))*¥b72%c™2%dA" 2xexf~3-72xBx1n (1/2% (2+¢d*f*x+2* ((d*x+c) * (fxx+e) ) ~(1/2) *(
d*f) " (1/2) +cxf+dxe) /(d*f) " (1/2)) *b~2*xc*xd"3*e”2xf ~2+96*C*1n (1 /2% (2*xd*f*xx+2%* (
(d*x+c)* (f*xx+e)) " (1/2) % (d*f) ~(1/2)+cxf+dxe) / (d*xf) ~(1/2)) *a~2xc*d” 3*e*xf ~3+60
*xC*x1n (1/2% (2*¢d*xf*x+2% ((d*x+c) * (f*x+e)) ~(1/2) *(d*xf) " (1/2) +cxf+dxe) / (d*f) ~(1/
2) ) *¥b"2%c”3*kd*exf " 3+54*Cx1n (1/2% (2*d*f*x+2* ((d*x+c) * (fxx+e) )~ (1/2)*(d*f) ~ (1
/2)+cxf+d*xe) / (d*F) " (1/2) ) *b™2%c™2%d"2%e 2% F " 2+60*Cx1n (1 /2% (2+d*f *x+2* ((d*xx+
c)x(fxx+e)) " (1/2) *x(d*xf) " (1/2) +cxf+d*e) / (d*f) " (1/2)) *b"2*cxd~3*e~3*f+192*C* (
d*f) " (1/2) *((d*x+c) * (fxx+e) )~ (1/2) *x*a~2xd"3*f~3+240*B* (d*f) ~(1/2) * ((d*x+c)
*(fxx+e)) " (1/2)%b7~2%d " 3*e 2xf+105*C*1n (1/2% (2*xd*f*xx+2% ((d*xx+c) * (f*xx+e)) ~(1/
2)x (d*xf) " (1/2)+cxf+d*e) /(d*f) " (1/2) ) *b~2%c™4xf~4+105+Cx1n (1/2* (2%d*f*xx+2%* ((
dxx+c)*(fxx+e) )~ (1/2)*(d*f) ~(1/2)+cxf+d*xe) / (d*f) ~(1/2) ) *b~2+%d"4*e”4-576*Bx* (
d*f) " (1/2) *((d*x+c) * (fxx+e) )~ (1/2) *axbxcxd™2xf~3-576*B* (d*f) ~(1/2) * ((d*x+c)
* (fxx+e)) " (1/2) *axbxd~3xexf~2+192+B*1n (1/2* (2xd*f*x+2*% ((d*xx+c) * (f*x+e)) ~(1/
2) % (d*f) " (1/2) +cxf+d*xe) / (d*f) ~(1/2) ) *a*bkckd™3xexf~3-144*C*1n (1/2% (2*xd*f*x+
2% ((dxx+c) * (fxx+e)) " (1/2)*x(d*f) " (1/2) +cxf+d*e) / (d*f) " (1/2) ) *axbkxc™2*d ™ 2xex*xf
~3-144*C*1n(1/2*% (2xd*fxx+2* ((d*x+c) * (f*x+e)) ~(1/2) *(d*f) ~(1/2) +c*xf+d*e) / (d*
£)7(1/2)) *axbxcxd~3xe”2+%f"2-112*C*x~2*b~2*xd " 3xexf ~2x ((d*x+c) * (f*x+e)) ~(1/2)
* (dxf)~ (1/2) +256%C*x~2xaxb*xd”~3*f "3 ((d*x+c) * (f*x+e) )~ (1/2) *(d*f) " (1/2) +224%
B (d*f) ~(1/2) * ((d*x+c)* (fxx+e)) ~(1/2) *b~2xc*xd ™ 2%e*xf ~2+480*Cx* (d*xf) ~(1/2)*((d
xx+c)* (fxx+e) )~ (1/2) xaxbxc™2*d*f ~3+480%Cx (d*f) ~(1/2) * ((d*x+c) * (f*x+e) )~ (1/2
)*xaxb*d "~ 3%e " 2xf-190*Cx (d*f) ~(1/2) * ((d*x+c) * (f*x+e)) ~(1/2) *b~2*xc~2xd*e*xf~2-1
90*C* (d*f) ~(1/2) * ((d*x+c) * (fxx+e)) ~(1/2) *¥b~2*xc*xd"2%e"2*xf—112*xC*xx~2%b " 2*c*d”
2%f 3% ((dkx+c) *(fxx+e) ) ~(1/2) % (d*£f) ~(1/2)+384*B* (d*f) ~(1/2) * ((d*x+c) * (f*xx+e
)) " (1/2) *x*axb*xd”~3*xf ~3-160*B* (d*f) ~(1/2) * ((d*x+c) * (fxx+e) )~ (1/2) *x¥b~2*c*d”
2xf~3-160*B* (d*f) ~(1/2) x ((d*xx+c) * (fxx+e)) ~(1/2) *x*xb~2%d "~ 3%e*xf ~2+140*C* (d*f)
“(1/2) % ((A*xx+c) * (fxx+e) ) ~(1/2) *x*b ™ 2% c™2¢d*f ~3+140%Cx (d*f) ~(1/2) * ((d*x+c) *(
fxx+e)) " (1/2) *x*xb~2x%d"3*e " 2*xf-288*C*x (d*f) " (1/2) * ((d*x+c) * (f*x+e)) ~(1/2)*a"2
*ckd"2%f"3-288*Ck (d*f) ~(1/2) * ((d*x+c) * (f*xx+e)) " (1/2) *a~2*xd " 3*e*xf "2+96*C*x"3
*b72xd " 3*f 3% ((dxx+c) * (Fxx+e) ) "~ (1/2) *(d*f) " (1/2)+128%B*x~2xb~2*xd~3*f ~3* ((d*
x+c)* (fxx+e) )~ (1/2)*x (d*f) " (1/2) +192%A* (d*f) ~(1/2) x ((d*x+c) * (f*x+e)) " (1/2) *x
*b72%d"3*%f "3-384%Ax1n (1/2% (2xd*L*x+2* ((d*x+c) * (Fxx+e) )~ (1/2)*x(d*£f)~(1/2) +c*
f+dx*xe) /(d*f) " (1/2) ) xaxb*c*d~3*f~4-384*A*x1n (1/2*% (2xd*f*xx+2* ((d*x+c) * (f*x+e))
~(1/2) % (A*f) " (1/2) +cxf+dxe) / (d*f) ~(1/2) ) *xaxbxd"4d*xexf~3+288*Bx1n (1/2* (2*xd*f*
x+2*% ((dxx+c) * (fxx+e)) ~(1/2) *(d*f) " (1/2) +cxf+d*e) / (d*f) ~(1/2)) *axbxc~2xd~2*f
~4+288*B*1n (1/2*% (2xd*f*x+2% ((d*xx+c)* (fxx+e)) ~(1/2)*x(d*xf) ~(1/2) +cxf+d*e) / (dx*
£)7(1/2)) *axb*d~4xe”2xf~2-240*C*1n (1/2% (2xd*xf*x+2* ((d*x+c) * (fxx+e)) " (1/2) *(
d*xf) " (1/2) +cxf+dxe) / (d*f) "~ (1/2) ) *axbxc™3xd*f~4-240*C*1n (1/2* (2*xd*xf*xx+2* ((d*
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x+c)*(fxx+e)) ~(1/2)x(d*xf) " (1/2) +cxf+d*e) / (d*f) ~(1/2)) *axbxd~4*e 3*f+768%A* (
d*f) " (1/2) x ((dxx+c)* (£xx+e)) ~(1/2) *axbxd~3*f~3-288*Ax (d*f) ~(1/2) * ((d*x+c) *(
f*xx+e)) " (1/2) *b™2xcxd~2+f~3-288*A* (d*f) ~ (1/2) * ((d*x+c) * (f*x+e)) ~(1/2) *b~2x*d
“3*e*xf"24+240*%Bx (d*f) " (1/2) * ((d*x+c) * (f*x+e)) ~(1/2) *b~2*xc~2xd*f ~3-120*B*1n (1
/2% (2%A*fkx+2*% ((d*x+c) * (fxx+e) )~ (1/2) *(d*f) ~(1/2) +cxf+d*e) / (d*f) ~(1/2)) *b"2
*C73xd*f"4-120%Bx1n (1/2*% (2*d*fxx+2* ((d*xx+c) * (f*x+e) ) ~(1/2) % (d*f) ~(1/2) +c*f+
d*xe) /(d*xf)~(1/2))*b"2x%d"4*e~3*xf+144*Cx1n (1/2* (2xd*xfxx+2% ((d*x+c) * (f*xx+e)) ~(
1/2)*x(d*f) =~ (1/2)+cxf+d*e) /(d*f) " (1/2) ) *a~2%c™2+%d"2+f ~4+144*Cx1n (1 /2% (2xd*f*
x+2*% ((dxx+c) * (f*x+e)) ~(1/2) *(d*f) " (1/2) +cxf+d*e) / (d*f) ~(1/2) ) *a~2xd"4*xe~2xf
~2+384*B* (d*f) " (1/2) * ((d*x+c) * (f*x+e)) ~(1/2) *a~2*d"3*xf~3-210*C* (d*£f) ~(1/2) *
((dxx+c) * (fxx+e)) " (1/2)*b~2xc™ 3£ ~3-210*C* (d*f) ~(1/2) * ((d*x+c) * (f*x+e) ) ~(1/
2)*b"2%d"3*e”"3+144xAx1n (1/2% (2*d*f*x+2% ((dxx+c) * (fxx+e) ) ~(1/2) % (d*f) ~(1/2)+
cxf+dxe) /(d*f) " (1/2) ) *b~2xc™2xd"2xf ~4+144%A*x1n (1/2*% (2xd*Fxx+2*% ( (d*x+c) * (f*x
+e)) " (1/2)*x(d*f) " (1/2)+c*xf+d*e) / (A*f) " (1/2) ) *b~2*xd " 4*e~2%f~2-192*B*1n (1/2*(
2%d*f*x+2% ((dkx+c) * (fxx+e) ) ~(1/2) % (d*£f) ~(1/2) +cxf+d*xe) / (d*xf) ~(1/2) ) *a~2*c*d
“3xf74) x (dxx+c) T (1/2) * (fxx+e) ~(1/2) /(d*x£) ~(1/2) /£74/d~4/ ((d*x+c) *x (fxxt+e) ) ~(
1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) ~2x(C*xx~2+B*x+A)/(d*x+c)~(1/2)/(f*x+e)”(1/2),x, algorithm=
"maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 14.8659, size = 3170, normalized size = 4.42
result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a) 2% (Cxx~2+B*x+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2),x, algorithm=
"fricas")

[Out] [1/768*(3*%(35*%Cxb~2*xd"4*e"4 + 20*(Cxb~2*xc*xd”~3 - 2% (2*Cxaxb + B*b~2)*d"4)*e”
3xf + 6% (3*Cxb~2xc”"2%d"2 - 4% (2*Cxaxb + Bxb~2)*c*xd"3 + 8*%(Cxa”2 + 2*Bxaxb +
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Axb~2)*d"4) *e”2*xf "2 + 4x (5xCxb~2%c”~3%d - 6% (2*Ckxaxb + B*b~2)*c™2+%d"2 + 8x*(
C*a~2 + 2*Bxaxb + Axb~2)*c*d”3 - 16*%(B*a~2 + 2xAxaxb)*d~4)*exf~3 + (35xCxb~
2%c”4 + 128*%A*a”2xd"4 - 40*(2*xCxaxb + B*b~2)*c”™3*d + 48*(Cxa~2 + 2*Bxaxb +
Axb~2)*c72%d"2 - 64*%(B*a~2 + 2%Akxaxb)*c*d~3)*f"4)*sqrt (d*f)*log(8*d~2*f"2x*x
T2 + d72%e”2 + 6xckdkexf + cT2xf72 + 4x(2xdxf*x + dxe + c*xf)*sqrt(d*f)*sqrt
(d*x + c)*sqrt(fxx + e) + 8x(d™2xe*xf + ckd*f~2)*x) + 4% (48*Cxb~2%d~4*f "4*x"
3 - 105*%Cxb~2xd"4*xe~3%f - 5% (19*Cxb~2xc*d~3 — 24x(2*xCkaxb + B*b~2)*d"4)*e”2
*f72 - (95*%C*xb~2*%c™2%d"2 — 112%(2*C*axb + B*b~2)*c*d~3 + 144x(Cxa~2 + 2%B*a
*b + A*b72)*d"4) *exf"3 — 3% (35%C*b"2%c”3*kd - 40*(2*xCxaxb + B¥b~2)*c”2*xd"2 +

48*%(C*xa~2 + 2xBxaxb + A*xb"2)*c*d™3 - 64*x(B*a~2 + 2*Axaxb)*d"4)*f"4 - 8*x(7x*
Cxb~2*xd"4*xexf~3 + (7+Cxb~2%c*d”3 - 8% (2xCkxaxb + Bxb~2)*d"4)*f~4)*x"2 + 2*(3
5%C*b~2*%d"4*e " 2%f "2 + 2x (17*C*b~2%c*d”3 - 20%(2*xCxaxb + Bxb~2)*d"4)*e*xf~3 +

(35%C*b72%c™2%d"2 - 40*(2xCxaxb + Bxb~2)*c*d”3 + 48*%(C*xa”~2 + 2xBxaxb + Axb
"2)xd"4) *f£74) xx) *sqrt (d*x + c)*sqrt(f*xx + e))/(d"5*£75), -1/384%(3*(35%C*b~
2%d"4*e"4 + 20%(Cxb~2xc*xd~3 - 2% (2*Cxaxb + Bxb~2)*d"4)*e"3*f + 6+ (3*C*b~2%*c
~2%d72 - 4% (2*Ckxaxb + Bxb~2)*c*d~3 + 8% (C*a”2 + 2*B*axb + A*b~2)*d~4)*e”2xf
"2 + 4% (B*Cxb~2*xc”3*d - 6% (2xCxaxb + B*b~2)*c”"2*d”2 + 8*(Cxa~2 + 2%Bxaxb +
A*¥b~2)*xcxd"3 - 16*(B*a”2 + 2*xAxaxb)*d~4)xexf~3 + (35%C*b~2*c”4 + 128xAxa~2%
d"4 - 40x(2xCxaxb + B*b~2)*c”3*d + 48*%(C*xa”~2 + 2xBxaxb + A*b~2)*c”™2*d"2 - 6
4% (B*a~2 + 2xAxaxb)*cxd~3)*f~4)xsqrt (-d*xf)*arctan(1/2* (2*xd*xf*x + d*e + c*f)
xsqrt (—d*f)*sqrt(d*x + c)*sqrt(f*x + e)/(d"2*f72%x"2 + cxd*exf + (d"2xexf +

cxd*f72)*x)) - 2% (48*xCxb~2xd"4*xf~4xx~3 - 105*%C*b~2*d"4*e”3*f — 5x(19*Cx*b~2
*c*d”3 - 24*(2xCkxaxb + Bxb~2)*d"4)*e"2+xf"2 - (95*Cxb~2xc™2*xd"2 - 112%(2*C*a
*b + B*b72)*c*kd"3 + 144*%(Cxa~2 + 2*Bxaxb + A*xb~2)*d"4)*exf~3 - 3% (35%C*b~ 2%
c"3*%d - 40*(2*C*axb + B*b"2)*c"2*xd"2 + 48+ (C*a”2 + 2*B*a*b + A*b~2)*c*d~3 -

64* (B*a~2 + 2xA*axb)*d~4)*f~4 - 8+ (7*C*xb~2*d"4*e*xf~3 + (7*Cxb~2%c*d~3 - 8%
(2*%C*xaxb + B*b~2)*d"4)*f~4)*x"2 + 2% (35*xCxb~2*xd"4*e"2+%f~2 + 2% (17*C*b~2*xc*d
~3 - 20*%(2*C*axb + B*b~2)*d"4)*e*xf~3 + (35*Cxb~2*c~2*xd"2 - 40% (2*Cxaxb + B*
b~2) *c*d"3 + 48%(Cxa~2 + 2*Bxaxb + A*b~2)*d"4)*f~4)*x)*sqrt(d*x + c)*sqrt(f
*x + e))/(d"5*%f75)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)**2* (Ckx*x*2+B*xx+A)/(d*x+c)**(1/2)/(f*xx+e)**x(1/2),x)

[Out] Timed out
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Giac [A] time = 4.7297, size = 1284, normalized size = 1.79

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a) 2% (Cxx~2+Bxx+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2),x, algorithm=
"giac u)

[Out] 1/192x(sqrt((d*x + c)*d*f - c*xdxf + d72%e)*(2x(d*x + c)*(4*x(dxx + c)*(6x%(d*
X + c)*Cxb~2/(d"6*f) - (25%Cxb~2%c*xd~19*f~6 - 16*%Cxaxbxd~20*f~6 - 8xB*b~2xd
“20*%f76 + TxCxb~2xd"20*f"5xe) /(d724*£77)) + (163*C*b~2*c~2*xd~19*f~6 - 208*C
*axbxcxd"20*%£76 — 104*Bxb~2%xc*d"20%f76 + 48*Cxa”2xd"21*f76 + 96*Bkxaxbxd~21x*
£f76 + 48%xA*b72%d"21%f76 + 90*Cxb " 2xc*xd"20%f " 5xe — 80*Ckaxb*xd~21xf bxe - 40x%
Bxb~2xd"21*f"5%e + 35xC*xb72xd"21*f 4*e”2)/(d"24*£77)) - 3*x(93*C*b~2xc~3*d"1
9%f76 - 176%Ckxaxbxc™2*d"20*%f76 — 88*Bxb~2*c™2xd"20%f~6 + 80xCka”~2xc*d~21xf~
6 + 160*Bxaxb*cxd"21*f"6 + 80*Axb " 2*cxd " 21*f"6 - 64*B*xa”2xd"22*f"6 - 128xAx
axbxd"22%xf76 + 73x%Cxb~2%xc™2xd"20*f"5*e - 128*Cxaxb*cxd"21*xf"5*e - 64*Bxb™2x%
c*d"21%xf"bxe + 48%C*a~2*xd"22*xf " bxe + 96*Bkxaxb*xd"22%f " bxe + 48xAxb"2xd"22xf”
5ke + bb*Cxb™2%ckxd"21xf"4%e”2 - 80*Ckxaxb*d 22xf"4xe”2 - 40*Bxb~2xd~22%f " 4x*e
"2 + 35xCxb”2%d"22*%f"3xe”3) /(d"24*£77) ) *sqrt (d*x + c) - 3*(35xC*xb~2*xc~4xf~4
- 80xCkaxbxc™3*d*xf~4 - 40%Bxb~2xc”3xd*xf~4 + 48*Cxa~2%c”2xd"2*f"4 + 96xBxax
bxc™2x%d"2*%f74 + 48%xA*bT2*xcT2xd"2xf74 - 64*Bxa”2xckd"3*f"4 - 128*Axaxbxc*xd”3
*£74 + 128xAxa”2xd"4xf74 + 20*Cxb"2xc”3*%d*f"3%e - 48*Ckxaxb*c™2xd"2*xf " 3*xe -
24%B*xb~2%c"2xd"2*f"3%e + 32xCxa”2%ckd"3xf"3%e + 64*Bkaxbxc*d"3*f"3xe + 32%A
*b"2%c*kd"3*f"3%e - 64*B*a”~2xd"4xf"3*%e - 128*A*xaxbxd"4*f "3*%e + 18*Ckb~2%c” 2%
d"2xf72%e72 - 48*Ckaxb*xc*d~3*f72%e”2 - 24*B*b"2xc*xd"3*f"2xe”2 + 48+C*xa”2*xd”
4xf72%e”2 + O6*Bxaxb*d"4*f"2%e”2 + 48xAxb"2xd"4*xf"2%xe”2 + 20%Cxb"2xcxd " 3xf*
e”~3 - 80*Cxaxb*xd~4*xfxe~3 - 40*Bxb~2*xd"4xfxe”3 + 35%Cxb~2xd~4*e”4)*log(abs (-
sqrt (dxf) *sqrt(d*x + c) + sqrt((d*x + c)*dxf - ckxd*f + d~2%e)))/(sqrt(dx*f)*
d~4x*f~4))*d/abs(d)
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3.55 dx

tf(a+hw_A+Bx+Cx)

Vetdxfe+fx

Optimal. Leaf size=371

Ve + dxyfe + fx (8a2Cd? f2 + 2bd fx(2aCdf — b(6Bdf — 5C(cf + de))) — 6abdf (4Bdf — 3C(cf + de)) + b2 (- (6df (4.
24bd3 3

[Out] (Cx(a + b*x) " 2xSqrtl[c + d*x]*Sqrtle + f*x])/(3*bxd*f) - (Sqrtlc + dxx]*Sqrt
[e + f*xx]*(8*a~2*xCxd~2*xf~2 - G*axb*d*f*(4*xBxd*f — 3*xCx(d*xe + c*xf)) - b~ 2*(C
*(15%d"2*%e”2 + 14d*xckxd*exf + 15%xc™2*f72) + 6xd*f*(4dxA*xd*f — 3*Bx(d*e + cxf))

)+ 2%bxd*f* (2%a*Ckd*f — bx(6xBxdxf - 5+Cx(d*e + c*f)))*x))/(24xb*xd~3*f~3)

+ ((2*%axd*xf* (Cx(3*xd"2%e”2 + 2kckd*e*xf + 3*xc™2xf72) + 4*d*f*(2¢A*xd*f - Bx(dx*

e + c*xf))) - bx(Cx(5*xd"3*e”3 + 3*xc*d"2*e " 2*f + 3xc"2xdxexf~2 + 5*xc”3*%f"3) +
2%d*f*k (4xkAxd*xf*x(d*xe + c*xf) - B*x(3*d"2*%e”2 + 2*kckxdxexf + 3*xc™2+%f£72))))*ArcT

anh [(Sqrt [f]1*Sqrt[c + d*x])/(Sqrt[dl*Sqrtle + £xx]1)1)/(8*d~(7/2)*£~(7/2))

Rubi [A] time = 0.5094, antiderivative size = 369, normalized size of antiderivative =

0.99, number of steps used = 5, number of rules used = 5, integrand size = 34, number of rules

= 0.147, Rules used = {1615, 147, 63, 217, 206}

integrand size

Ve + dxyfe + fx (8a2Cd? f2 - 2bdfx(~2aCdf + 6bBdf — 5bC(cf + de)) — 6abdf (4Bdf — 3C(cf + de)) + b2 (- (6df (4
- 24bd3 f3

Antiderivative was successfully verified.

[In] Int[((a + bxx)*(A + Bxx + Cxx72))/(Sqrtl[c + d*x]*Sqrtle + f*xx]),x]

[Out] (Cx(a + b*x) 2xSqrtl[c + d*xx]*Sqrtle + f*xx])/(3*bxd*f) - (Sqrtlc + dxx]*Sqrt
[e + f*xx]*(8*%a~2xCxd~2*xf~2 - G*axb*d*f* (4*xBxd*f — 3*Cx(dxe + c*f)) - b™2*(C
*(15%d"2%e”2 + 1d*xckxdxexf + 15%c™2+%f72) + 6xd*xf*(4dxAxd*xf - 3*%Bx(d*e + cx*f))

) — 2*xbxd*f* (6%b*Bxd*xf - 2*xa*xCkxdxf - 5xbxCk(d*e + c*f))*x))/(24*bxd~3*f~3)

+ ((2%axd*xf* (Cx(3*xd"2%e”2 + 2kckd*exf + 3*xc™2xf72) + 4*d*f*(2xA*xd*f - Bx(dx*

e + c*xf))) - bx(Cx(5*xd~3xe”3 + 3*c*d"2*e”2*f + 3xc™2xdxexf~2 + 5*c~3*f"3) +
2xd*xf*k (4dxkAxd*xfx (d*xe + cxf) - B*x(3*d"2*%e”2 + 2xckxdxexf + 3*xc™2+%f72))))*ArcT

anh [(Sqrt [f]*Sqrt[c + d*x])/(Sqrt[d]l*Sqrtle + f*xx])]1)/(8*xd~(7/2)*£~(7/2))

Rule 1615
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Int [(Px_)*((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_)*x(x_))"(n_.)*((e_.) + (£
_)*(x_))"(p_.), x_Symbol]l :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simp[(k*(a + b*x)"(m + q - D*(c + d*xx)"(n + 1)*(e + f*x) " (p +

1)/ (dxf*xb™(q - D*x(m + n + p + q+ 1)), x] + Dist[1/(d*f*xb"g*x(m + n + p +

q + 1)), Int[(a + b*x) "m*x(c + d*x) n*(e + f*x) p*ExpandToSum[d*fxb~q*(m + n
+p+q+ 1)*Px - dxfxkx(m + n + p + q + 1)*x(a + b*x)"q + kx(a + b*x)"(q -
2)*(a"2xd*fx(m + n + p + q + 1) - b*x(b*cxex(m + q - 1) + ax(d*ex(n + 1) +

c*f*(p + 1))) + bx(axd*xf*x(2x(m + q) + n + p) - b*(d*xex(m + q + n) + cxf*x(m

+q+ p)))*x), x], x], x] /; NeQ[m + n + p + q + 1, 0]] /; FreeQ[{a, b, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x] && IntegersQ[2*m, 2*n, 2xp]

Rule 147

Int[(Ca_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.)*x((e_) + (f_.)*(x_
N*((g_.) + (h_.)*(x_)), x_Symbol] :> -Simp[((a*d*f*h*x(n + 2) + bxc*fxhx*(m

+ 2) - bxdx(f*g + exh)*(m + n + 3) - bxdxfxh*x(m + n + 2)*x)*(a + b*x) " (m +

D*x(c + d*xx)"(n + 1))/ (b"2*d"2*x(m + n + 2)*(m + n + 3)), x] + Dist[(a"2xd"2
xfxhx(n + 1)*(n + 2) + axbxd*(n + 1)*(2%cxfxh*x(m + 1) - dx(fxg + exh)*(m +

n + 3)) + b"2x(c™2xf*xhx(m + 1)*(m + 2) - cxd*(f*g + exh)*(m + *x(m + n + 3
) + d72%exgx(m + n + 2)*x(m + n + 3)))/(b72%xd"2*(m + n + 2)*(m + n + 3)), In
t[(a + bxx)"m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m, n},

x] && NeQ[m + n + 2, 0] && NeQ[m + n + 3, 0]

Rule 63

Int[((a_.) + (b_D)*(x)) " (m )*x((c_.) + (d_.)*(x))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x"(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQl{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x"2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtl[a, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rubi steps
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1 1
(a+bx)(— 5 b(4bcCe+aCde+acCf—6Abdf)+ 5 b(6bBd f-2aCd f-5bC(de

f(a+bX) (A+BX+CX2) e C(a + bx)®Ve + dxyJe + fx .\ J Vetdxrfet fx
Ve + dxJe+ fx B 3bdf 3b2df
 Cla+bxVetdxye+ fx  Ve+dxyfe+ fx (8a2Cd?f2 - 6abdf (4Bdf — 3C(de +
- 3bdf -

_ Cla+bx)*Ve+dxJe+ fx  Ve+dxye+ fx (8a2Cd2f2 — 6abd f(4Bdf — 3C(de +
- 3bdf -

_ Cla+ bV +dxvfe + fx Ve + dxyfe + fx (8a2Cd? f2 - 6abd f (4Bdf — 3C(de +
N 3bdf -

_ Cla+ bV +dxvfe + fx Ve + dxyfe + fx (8a2Cd? f2 - 6abd f (4Bdf — 3C(de +
N 3bdf -

Mathematica [A] time = 2.01816, size = 379, normalized size = 1.02

e+ fx|3+/de—cf sinh™" (%) (b (de (4Adf(cf +de)-B (302f2 + 2cdef + BdZez)) +C (302def2 +5c3f3+3

Antiderivative was successfully verified.

[In] Integrate[((a + bxx)*(A + Bxx + C*x72))/(Sqrtlc + d*x]*Sqrtle + f*x]),x]

[Out] (Sqrtle + fxx]*(-((d*Sqrt[fl*Sqrtlc + d*x]*(e + f*x)*(6kaxd*f*(4*xB*xdxf + Cx
(-3*d*e - 3*c*f + 2xd*f*x)) + bx(6%d*f*(4*xA*d*f + Bk (-3*d*e — 3xcxf + 2xdx*f

*x)) + Ck(156%c™2*f72 + 2xcxd*xf*(T+xe - 5*xf*x) + d72%x(15*xe”2 — 10xexf*x + 8x*f
"2%x72)))))/Sqrt [(d*(e + fxx))/(d*xe - c*f)]) + 3*Sqrtldre - cxf]*(-2kaxd*fx
(Cx(3%d"2%e"2 + 2kckxdkxexf + 3xc™2xf72) + 4*xd*f*(2xAxd*f — Bx(dxe + c*xf))) +

b*x (Cx (5xd~3%e”3 + 3*c*kd™2*%e ™ 2*%f + 3*xc™2xd*e*xf~2 + B*xc”™3*f73) + 2xdxf*x(4xAx
dxfx(d*e + c*f) - B*(3*d"2%e”2 + 2xckdkxexf + 3*xc™2xf72))))*ArcSinh[(Sqrt[f]
xSqrt[c + d*x])/Sqrtld*e - c*£f]1]))/(24*xd"3*£~(7/2)*(-(d*e) + c*f)=*Sqrt[(d*(

e + f*xx))/(d*e - c*xf)])
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Maple [B] time = 0.03, size = 1199, normalized size = 3.2

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)*(Cxx~2+B*xx+A)/(d*x+c)”~(1/2)/(f*x+e)~(1/2),x)

[Out] 1/48*(18*Bx1n(1/2* (2*xd*f*x+2* ((d*x+c)*(f*xx+e) )~ (1/2)*x(d*f)~(1/2)+c*xf+d*e) /(
d*f) " (1/2) ) *bxd"3*e"2*%f+18+C*1n (1/2* (2xd*f*xx+2* ((d*x+c) * (f*xx+e)) ~(1/2) * (d*f
) (1/2)+c*xf+dxe) / (d*xf) " (1/2) ) xaxc™2xd*f ~3+18*Cx1n (1/2% (2xd*f*x+2* ((d*x+c) * (
f*xx+e)) " (1/2)*x(dxf) =~ (1/2)+cxf+d*e) / (d*f) " (1/2) ) xaxd~3*xe 2*xf+48*A*x (d*f)~(1/2
Yx((d*x+c) % (f*xx+e)) " (1/2) *bxd™2xf ~2+48+B* (d*f) ~(1/2) * ((d*x+c) * (f*x+e) )~ (1/2
Yxaxd "2+ 72-24%Ax1n (1/2*% (2xd*xfxx+2% ((d*x+c) * (£*xx+e) ) ~(1/2) *(d*f) ~(1/2) +c*f+
d*xe) /(d*xf) " (1/2) ) *bxc*xd™2+f ~3-24*%A*x1n (1/2*% (2xd*xf*x+2* ((d*x+c) * (f*xx+e) )~ (1/2
Yx(d*f) " (1/2)+ckf+d*xe) / (d*f) " (1/2) ) *b*d~3*e*xf~2-24*B*x1n (1/2* (2xd*f*x+2* ((d*
x+c)* (fxx+e) )~ (1/2)*x(d*£f) ~(1/2) +cxf+dx*e) /(d*f) ~(1/2)) *axc*d~2*xf~3-24*B*1n (1
/2% (2xd*f*x+2x ((d*x+c) * (fxx+e) ) ~(1/2)x(d*f) ~(1/2) +cxf+d*e) / (dxf) ~(1/2) ) *axd
“3*e*xfT2+18*Bx1n (1/2*% (2xd*xf*xx+2* ((d*x+c) * (f*xx+e) )~ (1/2)*(d*£f) "~ (1/2) +c*xf+d*e
)/ (d*£) " (1/2)) *b*xc™2xd*f~3+30*Cx (d*f) ~ (1/2) * ((d*xx+c) * (f*xx+e) ) ~(1/2) ¥b*c™2*f
~2+430*C* (A*xf) " (1/2) * ((d*x+c) * (f¥x+e)) " (1/2) *b*xd"2*e~2+28*Cx (d*f) ~ (1/2) * ((d*
x+c)* (fxx+e)) ~(1/2) *bxcxd*xexf-20%xCx (d*f) ~(1/2) * ((d*x+c) * (f*xx+e) ) ~(1/2) *x*b*
cxd*xf72-20%C* (d*f) " (1/2) * ((d*x+c) * (fxx+e) )~ (1/2) *x*b*d™~2*xexf+48*xAx1n (1/2* (2
*Q*f*x+2% ((dxx+c) * (Fxx+e) ) ~(1/2) % (d*f) ~(1/2) +cxf+d*xe) / (d*f) ~(1/2) ) *a*xd~3*f~
3-36*xB*x (d*f) " (1/2) * ((d*x+c) * (f*x+e)) " (1/2) *brcxd*xf~2-36*B* (d*f) ~(1/2) * ((d*x
+c) * (fxx+e)) " (1/2) *b*xd"2%e*xf-36*C* (d*f) ~(1/2) * ((d*x+c) * (f*xx+e)) " (1/2) *a*xc*d
*f72-36*C*x (d*xf) " (1/2) * ((d*x+c) * (f*x+e) ) ~(1/2) *a*d™ 2xe*xf+12*xB*x1n (1/2* (2xd*f*
x+2% ((dxx+c) * (f*x+e)) " (1/2) *(d*f) " (1/2) +cxf+d*xe) / (d*f) ~(1/2) ) *b*xcxd~2*xe*xf "2
+12%Cx1n (1/2*% (2xd*xfxx+2% ((d*x+c) * (£*xx+e) )~ (1/2) *(d*f) ~(1/2) +c*xf+d*e) / (d*f)~
(1/2) ) *a*xc*d™2%e*xf~2-9*Cx1n (1/2* (2*xd*f*+x+2* ((d*x+c) * (f*xx+e) ) ~(1/2)*(d*£f) ~ (1
/2)+cxf+d*xe) / (d*f) " (1/2) ) *b*xc™2*d*e*f~2-9*Cx1n (1/2*% (2xd*f*x+2* ((d*x+c) * (f*x
+e) )~ (1/2)*x(d*f) " (1/2) +cxf+d*xe) / (d*f) ~(1/2) ) ¥b*xcxd~2%xe” 2xf+24*Bx (d*f) ~(1/2)
* ((d*x+c) * (fxx+e)) ™ (1/2) *xxbxd~2%f ~2+24*Cx (d*xf) ~(1/2) * ((d*x+c) * (f*x+e)) ~(1/
2) *x*xa*xd”"2*xf " 2-15%Cx1n (1/2% (2*d*f*+x+2* ((d*x+c) * (f*xx+e) ) ~(1/2)*(d*f) ~(1/2)+c
*f+d*e) /(A*f) " (1/2) ) ¥bxc~3*xf~3-15%C*1n (1/2*% (2xd*f*x+2* ((d*x+c) * (f*x+e)) ~(1/
2) % (d*f) " (1/2) +cxf+d*xe) / (d*f) "~ (1/2) ) ¥b*d"3*e " 3+16*Cxx~2xbxd~2*f "2+ ((d*x+c) *
(fxx+e))~(1/2)*(d*£)~(1/2) ) *x(d*x+c) ™ (1/2) *(fxx+e)~(1/2)/£73/d73/(d*£)~(1/2)
/ ((dxx+c) * (f*x+e)) " (1/2)
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)* (Ckxx~2+B*x+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2),x, algorithm="m
axima"

[Out] Exception raised: ValueError

Fricas [A] time = 4.98089, size = 1631, normalized size = 4.4

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)* (Cxx~2+B*xx+A)/(d*x+c)”~(1/2)/(f*x+e)~(1/2),x, algorithm="f
ricas"

[Out] [-1/96*(3*(5*xCxbxd~3%e~3 + 3*(Cxb*ckd™2 - 2*x(Cxa + B*b)*d"3)*e”2*xf + (3*Cxb
*c72%d - 4*(Ckxa + Bxb)*cxd™2 + 8+ (B*a + Axb)*d~3)*exf~2 + (5+%Cxb*c”3 - 16*A
xa*d”3 - 6%x(Cxa + Bxb)*c™2xd + 8*(B*a + Axb)*cxd~2)*f~3)*sqrt(d*f)*log(8*d”
2xf72%x72 + d72%e”2 + 6xckdkexf + cT2xf72 + 4x(2*xdxfxx + dke + c*xf)*sqrt(dx
f)*sqrt(d*x + c)*sqrt(fxx + e) + 8*x(d"2%e*xf + cxd*f~2)*x) - 4*(8xCxb*d~3*f~
3*x72 + 15%Cxbxd~3xe”2%f + 2% (7*Cxbxc*xd™2 — 9*(Cxa + Bxb)*d"3)*e*xf~2 + 3*(5
*Cxb*c”2*%d - 6%(C*xa + Bxb)*xcxd™2 + 8+ (B*a + Axb)*d~3)*f~3 - 2% (5+Cxb*xd~3*e*
£72 + (5%Cxb*cxd”™2 - 6%(Cka + Bxb)*d~3)*f~3)*x)*sqrt(d*x + c)*sqrt(f*x + e)
)/ (@"4xf~4), 1/48*%(3x(5xCxb*xd"3*e~3 + 3% (Cxbxcxd™2 — 2% (Cxa + Bxb)*d~3)*e”2
*f + (3*Cxbxc™2*d — 4*x(Cxa + B*b)*c*d™2 + 8*(B*a + Axb)*d~3)*exf~2 + (5xCxb
*c”™3 - 16%A*axd”™3 - 6%(Cka + Bxb)*xc~™2xd + 8x(Bxa + Axb)*c*xd~2)*f~3)*sqrt(-d
xf)*arctan(1/2* (2xd*f*x + d*xe + c*f)*sqrt(-d*f)*sqrt(d*x + c)*sqrt(f*x + e)
/(A72+%f72%x72 + ckxdxexf + (d™2%xexf + c*d*f72)*x)) + 2% (8*Cxbxd~3*f~3*x~2 +
15%Cxbxd~3xe~2%f + 2% (7*Cxb*c*d™2 — 9*(Cxa + Bxb)*d~3)*e*f~2 + 3*(5xCxb*xc~2
*d - 6%(C*a + B*b)*cxd™2 + 8% (B*a + A*b)*d"3)*f~3 — 2x(5*xCxb*d~3*xexf"2 + (5
*Cxb*c*d™2 - 6%(Cxa + B*b)*d~3)*f~3)*x)*sqrt(d*x + c)*sqrt(f*x + e))/(d"4xf
~4)]
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Sympy [F] time = 0., size = 0, normalized size = 0.

dx

f(a+bx) A+Bx+Cx)

Ve +dxqJe+ fx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)* (Ckxx*2+B*x+A)/(d*x+c)**(1/2)/(f*xx+e)**(1/2),%)

[Out] Integral((a + b*xx)*x(A + B*xx + Cxx*x2)/(sqrt(c + d*x)*sqrt(e + f*x)), x)

Giac [A] time = 3.43927, size = 603, normalized size = 1.63

4 (dx+c)Ch mcmﬂvhﬁww%&ﬁwﬂﬁh5aﬂ%%)+SON%@ﬂVLwCMﬂ%4

(\/(dx +co)df —cdf + d2edx + 0(2 (dx + c)( 7 4575

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)* (Ckxx~2+B*x+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2),x, algorithm="g
iac")

[Out] 1/24x*(sqrt((d*x + c)*d*f - ckd*f + d~2*e)*sqrt(d*x + c)*(2x(d*xx + c)*(4x(dx*
X + c)*Cxb/(d74*f) - (13*Cxbxcxd~11*f~4 - 6xCkxa*xd~12*%f~4 - 6*B*xbxd~12xf"4 +
5xCxb*xd~12+f"3%e) /(d"15%£75)) + 3% (11*Cxbxc~2*%d"11*f~4 - 10*Cxaxc*d~12*xf~4
- 10%Bxbxcxd"12*%xf"4 + 8xBxaxd 13*f"4 + 8xAxbxd"13*f"4 + 8*xCxb*xc*d~12*f " 3%e
- 6*%Cxaxd”~13*xf"3xe - 6*B*bxd~13*f"3*e + 5xCxb*d~13*f~2%e~2)/(d"15*f75)) +
3x (5xCxb*c~3*f73 - 6xCkaxc ™ 2xd*xf~3 - 6*Bxb*c™2+d*f~3 + 8xBkaxc*xd™2xf~3 + 8%
Axb*xcxd"2*xf73 - 16%xA*axd”3*f73 + 3xCkxbxc~2kd*xf"2%e — 4xCkxaxckxd™2xf"2%e - 4x
Bxbxc*xd"2*%f"2%e + 8xBxaxd 3*f"2%e + 8xAxb*xd"3*f"2%e + 3*%Cxb*xcxd 2xf*e”2 - 6
*xC*xaxd~3*xfxe”2 - 6*Bxb*xd~3xf*e”2 + 5xC*bxd~3*e~3)*log(abs(-sqrt(d*f)*sqrt(d
*x + c) + sqrt((d*x + c)*d*f - cxd*f + d"2%e)))/(sqrt(d*f)*d~3*f73))*d/abs(
d)
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A+Bx+Cx?
3.56 fmmdx

Optimal. Leaf size=164

tanh ™" (gg) (4dfQAdf - B(cf + de)) + C (3c2f2 + 2cdef + 3d2%?)) T deE T FR(-ABAf + 5cCF +3Cde)

452 52 4d2f2

[Out] -((3xCxd*e + Bxc*xCxf - 4xBxd*f)x*Sqrt[c + d*x]*Sqrtle + f*xx])/(4xd~2*f"2) +
(Cx(c + d*x)~(3/2)*Sqrtle + fxx])/(2xd"2xf) + ((C*x(3*d"2*e”2 + 2*cxd*exf +
3xcT2xf72) + 4xd*xfx (2xAxd*xf - Bx(dxe + cxf)))*ArcTanh[(Sqrt[f]*Sqrt[c + d*x

1)/ (Sqrt[dl*Sqrtle + f*xx])])/(4*d~(5/2)*£~(5/2))

Rubi [A] time = 0.149335, antiderivative size = 164, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 29, e e .

0.172, Rules used = {951, 80, 63, 217, 206}

tanh™" (gg) (4dfAdf - B(cf + de)) + C (3c2f2 + 2cdef + 3d2?)) T Ao TR(_ABAf + 5cCf + 3Cde)

4d5/2 f5/2 442 fz

integrand size

Antiderivative was successfully verified.

[In] Int[(A + B*x + C*x72)/(Sqrt[c + d*x]*Sqrtle + f*xx]),x]

[Out] -((3%Ckxdxe + Bxc*Cxf - 4xBkxdxf)*Sqrtl[c + d*x]*Sqrtle + f*x])/(4*xd"2xf"2) +
(Cx(c + d*x)~(3/2)*Sqrtle + fxx])/(2xd"2*xf) + ((Cx(3*xd"2*e~2 + 2*ckdxe*xf +
3kcT2xf72) + 4xdxfx(2%Axdxf - Bk (d*e + cxf)))*ArcTanh[(Sqrt[f]*Sqrtlc + d*x

1)/ (Sqrt[dl*Sqrtle + f*xx])1)/(4*d~(5/2)*£~(5/2))

Rule 951

Int[((d_.) + (e_.)*(x_))"(m )*((f_.) + (g_.)*x(x_))"(n_)*((a_.) + (b_.)*(x_)

+ (c_)*(x_)"2)"(p_.), x_Symbol] :> Simp[(cTp*(d + e*x)~(m + 2*p)*(f + g*x
) (m + 1))/ (gxe” (2*%p)*(m + n + 2*%p + 1)), x] + Dist[1/(gxe~(2*p)*(m + n + 2
xp + 1)), Int[(d + exx) m*x(f + g+*x) n*ExpandToSum[g*(m + n + 2xp + 1)*(e”(2
*p)*(a + b*x + c*XAQ)Ap - cAp*(d + e*x)A(Q*p)) - cAp*(e*f - d*g)*(m + 2*p)*
(d + exx)"(2%p - 1), x], x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[e
xf - dxg, 0] &% NeQ[b~2 - 4*axc, 0] && NeQ[c*d™2 - bxd*e + a*e”2, 0] && IGt
Qlp, 0] && NeQ[m + n + 2*%p + 1, 0] && (IntegerQ[n] || !IntegerQ[m])
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Rule 80

Int[((a_.) + (b_.)*(x_))*x((c_.) + (d_)*(x_))"(n_.)*x((e_.) + (£_.)*x(x_))"(p
_.), x_Symbol] :> Simp[(b*(c + d*x)"(n + Dx(e + £xx)"(p + 1))/(d*f*x(n + p
+2)), x] + Dist[(axd*fx(n + p + 2) - b*(dxe*x(n + 1) + cxf*x(p + 1)))/(d*fx*(
n+p+2)), Int[(c + d*x)"n*x(e + f*x)7p, x], x] /; FreeQ[{a, b, c, d, e, f
, n, pr, x] && NeQ[n + p + 2, 0]

Rule 63

Int[((a_.) + (b_)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x~p)/b)°n, x], x, (a + b*xx)~(1/p)]1, x]1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x"2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps
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(-8cCde~c2Cf+4Ad? f)——d(BCde+5cC f-4Bdf)x

2
f A+ Bx +Cx? = Clc + dx)¥2 e + fx J VerdmJei fx
Ve +dxrfe + fx 242 f 242 f

2,2 2
(3Cde + 5cCf — 4BAf)Ve + dxyfe+ fx  Cle+dxf2\fe+ fx (C (3% + 20def +3¢%,

- 4d2 f2 2d2f +
(C (3d2€2 + 2cdef + 3¢?,

_ (3Cde +5cCf —4Bdf)Vc + dxyJe + fx Clc + dx)¥? \Je + fx

B 4d2f2 282f "
C (3d%¢? + 2cdef + 3c?
_(3Cde +5cCf ~4Bdf)Ve + duye+ fx  Clc+dn e+ fx (e f 3

B ad2f2 282 "
2,2 2.
_(3Cde +5cCf —4Bdf)Ve +dxyfe+ fx  Cle+dx)? e+ fx (C (3% + 2cdef +3¢”

B ad2f2 282 "

Mathematica [A] time = 0.765654, size = 173, normalized size = 1.05

JETT d<e+fx> = (I;ZJC_? ) (4df(Adf - B(cf +de)) + C (322 + 2cdef +3d%¢2)) + d/fVc + dx(e + fx)(4]
4d3f5/2m

Antiderivative was successfully verified.

[In] Integrate[(A + B*x + C*x72)/(Sqrtl[c + d*x]*Sqrtle + f*xx]),x]

[Out] (d*Sqrt[f]l*Sqrtlc + dxx]*(e + fxx)*(4*Bkd*xf + Cx(-3xd*e - 3*kcxf + 2xd*xf*x))
+ Sqrtldxe - cxf]*(C*x(3*%d"2xe"2 + 2kcxd*exf + 3xc™2xf72) + 4xd*f* (2xAxd*f

- Bx(d*e + cxf)))*Sqrt[(dx(e + f*x))/(d*e - c*f)]*ArcSinh[(Sqrt[f]*Sqrt[c +
dxx])/Sqrtld*e - cxf]])/(4*d~3*£~(5/2)*Sqrtle + f*x])

Maple [B] time = 0.02, size = 425, normalized size = 2.6

2dfx+2\/(dx+c) (fx + ) yaF +
\af

2dfx+2[(dx +0) (Fx + )T +cf +de
NT;

A2f2 - 4BIn|1/2

8Aln|1/2

8d2f2
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((Cxx~2+B*xx+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2),x)

[Out] 1/8*%(8*A*1n(1/2* (2*xd*f*x+2* ((d*x+c)*(fxx+e))~(1/2)*(d*f)~(1/2)+cxf+d*xe)/(d*
£)7(1/2) ) *d"2*xf~2-4xBx1n (1/2% (2%d*f*x+2* ((d*x+c) * (fxx+e) ) ~(1/2) % (d*£f) ~(1/2)
+cxf+d*e) / (d*f) " (1/2) ) *c*xd*xf~2-4*B*x1n (1/2*% (2*xd*Fxx+2* ((d*x+c) *(f*x+e) )~ (1/2
Yx(d*f) " (1/2)+cxf+d*e) / (d*f) " (1/2) ) *d"2%e*xf+3%C*x1n (1/2* (2xd*fxx+2* ((d*xx+c) *
(fxx+e)) "~ (1/2) % (d*f) " (1/2) +cxf+dxe) / (d*f) " (1/2) ) *c™2*xF~2+2*xCx1n (1/2* (2*¢d*f*
x+2*% ((dxx+c) * (fxx+e)) ~(1/2) *(d*f) " (1/2) +cxf+d*e) / (d*f) " (1/2) ) *ckxd*xexf+3*xCx1
n(1/2*% (2xd*f*xx+2% ((dxx+c) * (fxx+e) ) ~(1/2) *(d*f) ~(1/2) +cxf+d*xe) /(d*f) ~(1/2) ) *
d"2*%e”2+4*xCx (d*f) ~(1/2) * ((d*x+c) * (£*x+e) )~ (1/2) *xxd*xf+8*B* (d*f) ~(1/2) * ((d*x
+c) * (fxx+e) )~ (1/2) *d*xf-6+C* (d*f) ~(1/2) * ((d*x+c) * (f*xx+e) )~ (1/2) *c*f-6*xC* (d*f
)T (1/2)* ((d*x+c) * (£xx+e) ) ~(1/2) *d*e) x (d*xx+c) = (1/2) * (fxx+e) ~(1/2)/(d*f)~(1/2
)/£72/d72/ ((d*x+c) * (f*x+e) )~ (1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+B*x+A)/(d*x+c)”(1/2)/(f*x+e)”(1/2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 2.51424, size = 879, normalized size = 5.36

(3Cd2e? +2(Ced — 2 Bd)ef + (3 Cc? — 4 Bed + 8 Ad?) f2)\Jdf log (8 d2f2x2 + d2¢2 + 6 cdef + 2 f% + 4 (2dfx + de +
1643

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*xx~2+B*x+A)/(d*x+c)~(1/2)/(f*x+e)”~(1/2),x, algorithm="fricas")

[Out] [1/16%((3*%Cxd~2*xe~2 + 2% (Ckcxd - 2xB*d"2)*exf + (3*%Ckc™2 - 4xBkcxd + 8xA*xd~
2) *£72) *xsqrt (d*f) *1og (8xd~2*xf"2*%x"2 + d"2%e”2 + 6xckdxexf + c™2xf72 + 4% (2%
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dxf*x + d*xe + c*f)*sqrt(d*f)*sqrt(d*x + c)*sqrt(f*x + e) + 8x(d"2*exf + cxd
*£72)*x) + 4% (2%Cxd"2*xf72%x - 3*%Cxd~2xexf - (3xCkcxd - 4xBxd~2)*f"2)*sqrt(d
*xx + c)xsqrt(f*xx + e))/(d"3*£73), -1/8*%((3*%Cxd"2*e”2 + 2x(Cxc*d - 2*Bxd~2)*
exf + (3*%Cxc™2 - 4*Bxc*xd + 8*%Axd~2)*f~2)*sqrt(-d*f)*arctan(l/2*(2*xdxf*xx + d
xe + cxf)*sqrt(-d*f)*sqrt(d*x + c)*sqrt(f*x + e)/(d"2*xf72*%x"2 + cxd*xexf + (
d™2%exf + cxd*f"2)*x)) - 2% (2%Ckxd"2*f72%x - 3*%Ckxd"2%exf - (3*Ckxckd - 4*Bxd”
2)*f72) *sqrt (d*x + c)*sqrt(fxx + e))/(d"3*£°3)]

Sympy [F] time = 0., size = 0, normalized size = 0.

f A + Bx + Cx?

dx
Ve +dxqJe+ fx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Ckx**2+B*x+A)/(dxx+c)**(1/2)/(f*x+e)**(1/2),x)

[Out] Integral((A + B*x + Cxx**x2)/(sqrt(c + d*x)*sqrt(e + f*x)), x)

Giac [A] time = 3.6856, size = 262, normalized size = 1.6

2(dx+c)C 5 Cod® f2-4 B f2+3 CdS fe (3 Cc?f?~4 Bed f2+8 Ad? f>+2 Cedfe-4 Bd? fe+3 Cdzez) log(|—
(\/(dx + C)df - Cdf + dze\/dx + C( ;3; - 8 f3 ) - \/d_fdzfz

4|d|
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+B*x+A)/(d*x+c)~(1/2)/(f*x+e)”~(1/2),x, algorithm="giac")

[Out] 1/4*(sqrt((d*x + c)*d*xf - cxd*f + d™2xe)*sqrt(d*x + c)*(2x(d*x + c)*C/(d"3%
f) - (B*%Ckckxd™b*f~2 - 4*B*xd"6+f"2 + 3+Ckd~6xfxe)/(d"8%f73)) - (3*Ckxc™2*f"2

— 4xBkxcxd*f72 + 8xAxd"2xf72 + 2*Ckxckxdxfxe - 4xBxd"2*fxe + 3xCxd"2xe”2)*Llog(
abs(-sqrt (d*f)*sqrt(d*x + c) + sqrt((d*x + c)*d*xf - cxd*f + d~2x*e)))/(sqrt(
d*f)*d~2%£72) ) *d/abs (d)
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A+Bx+Cx?
357 | RN

Optimal. Leaf size=188

2 _ _ -1 ( Verdxybe-af 1 [ FVerdx ~
Z(Ab a(bB ‘ZC)) tanh (mm) tanh (ﬁm)(Zquf+b( 2Bdf + cCf + Cde)) ) Cverdx -

v*Vbc — ad+Jbe - af D2d32 f372 bif

[Out] (CxSqrtlc + d*x]x*Sqrtle + f*x])/(bxd*f) - ((2*a*xCxd*f + b*(Ckd*e + c*C*xf -
2xBxd*f) ) *ArcTanh [(Sqrt [f]*Sqrt[c + d*x])/(Sqrt[d]*Sqrtle + f*x])])/(b~2%d"”
(3/2)*%£7(3/2)) - (2%x(A*b~2 - ax(b*B - axC))*ArcTanh[(Sqrt[bxe - axf]x*Sqrtlc

+ d*x])/(Sqrt[bxc - axd]*Sqrtle + f*x])])/(b~2*Sqrt[b*c - a*d]*Sqrt[b*e -
axf])

Rubi [A] time = 0.340917, antiderivative size = 188, normalized size of antiderivative =
1., number of steps used = 7, number of rules used = 7, integrand size = 36, number of rules

0.194, Rules used = {1615, 157, 63, 217, 206, 93, 208}

2 _ _ 1 ( VetdxyJbe-af 1 [ VFVerdx ~
Z(Ab a(bB aC)) tanh (m _bc_ud) tanh (ﬁm)(Zquf+b( 2Bdf + cCf + Cde)) ) Cm\/e_-h

b*Vbc — ad+Jbe - af D2d32f372 bt

integrand size

Antiderivative was successfully verified.

[In] Int[(A + B*xx + Cxx~2)/((a + b*x)*Sqrt[c + d*x]*Sqrtle + fx*x]),x]

[Out] (CxSqrtl[c + d*x]*Sqrtle + fxx])/(bxd*f) - ((2*a*xCxdxf + b*(Ckxd*e + c*xCxf -
2*¥Bxd*f) ) *ArcTanh [(Sqrt [f]*Sqrt[c + d*x])/(Sqrt[d]l*Sqrtle + fxx])]1)/(b~2*d"~
(3/2)*%£7(3/2)) - (2*x(A*b~2 - a*x(b*B - axC))*ArcTanh[(Sqrt[bxe - axf]x*Sqrtl[c

+ d*x])/(Sqrt[bxc - axd]*Sqrtle + f*x])])/(b~2*Sqrt[b*c - a*d]*Sqrt[b*e -
axf])

Rule 1615

Int [(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_)*(x_))"(n_.)*x((e_.) + (f
_I)*(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]11}, Simp[(k*(a + b*x) " (m + q - D*(c + d*xx)"(n + 1)*x(e + £*x)"(p +
1))/ (@*f*xb"(q - D*x(m + n+p +q + 1)), x] + Dist[1/(d*f*b"gq*(m + n + p +
q + 1)), Int[(a + b*x) m*x(c + d*x) n*(e + f*x) p*ExpandToSum[d*f*b~g*x(m + n
+p+q+ 1)*Px - dxfxkx(m + n + ptq+ Dx(a + b*x)“q + kx(a + b*x)‘(q -



379

2)x(a"2xd*fx(m + n + p + g + 1) - b*(bxcxex(m + q - 1) + ax(d*ex(n + 1) +
ckfx(p + 1))) + bx(axd*f*(2%x(m + q) + n + p) - b*x(d*ex(m + q + n) + cxf*x(m
+q+ p)))x*x), x], x], x] /; NeQIm + n + p + q + 1, 0]] /; FreeQ[{a, b, c,
d, e, f, m, n, p}, x] && PolyQ[Px, x] && IntegersQ[2+*m, 2*n, 2xp]

Rule 157

Int[(((c_.) + (@_D*xD)"(m )*((e_.) + (£_.)*(x_))"(p_)*x((g_.) + (h_.)*(x_
M)/ ((a_.) + (b_.)*(x_)), x_Symbol] :> Dist[h/b, Int[(c + d*x)"n*x(e + f*x)~
p, x], x] + Dist[(b*g - a*h)/b, Int[((c + d*x) n*x(e + f*x)"p)/(a + b*x), x]
, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)x(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x"2]] /; FreeQ[{a, b}, x] & 'GtQ[a, O]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 93

Int[((Ca_.) + (b_)*x(x_))"(m_)*((c_.) + (d_.)*(x_))"(m_))/((e_.) + (f_.)*(x
_)), x_Symbol] :> With[{q = Denominator[m]}, Dist[q, Subst[Int[x~(gq*(m + 1)
- 1)/(bxe - axf - (dxe - c*xf)*x"q), x], x, (a + b*x)~(1/q)/(c + d*x)~(1/q)
1, x1]1 /; FreeQ[{a, b, c, 4, e, £}, x] && EqQ[m + n + 1, 0] && RationalQ[n]
&& LtQ[-1, m, 0] && SimplerQ[a + b*x, c + d*x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]
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Rubi steps
Sb(Abdf~aC(de+cf))~3 b(2aCdf +b(Cde+cCf~2Bdf))x q
.f A+ Bx + Cx? i CVc+dmk+fx J‘ (a+bx)Ve+dxJe+ fx *
(a+Dbx)Vc + dxm bdf bdf
CVc+dx«/e+fx ( a(bB—aC))f 1 s (—2aCdf -t
bdf b2 (a +bx)Vc +dxrJe + fx
(}v +dxqJe + -
kid fx —a(bB ac) Subst L dx, x,
bdf b? —bc + ad — (=be + af)x?

_ a(bB —C) -1 Ybeaferdy) - (_2aCdf - b(Cde + cC;
_ CVe+dxyfe+ fx Z(A )t nh (Vbc —ad \/@+fX) ! J

bdf ) \/bc—ad\/be—af

_1 [ \fVerdx a(bE
VT yer (A +Cde + cCf - 25af) tany (\/EW) 2(
B bdf - 24372 f372 - 1

Mathematica [A] time = 0.999701, size = 304, normalized size = 1.62

QKaC—bB}+Ab2)tan’l(igég?%%%g) e+ fx(aCf-bBf +bCe) sinh™ (VFV?j;) bc~617}(J7~G13} f£3$)+\ﬁEZEfsnﬂf4(VT;%Z?))
2 - +
Vad—bc+/be-af f3/2\/w /d;e;{;) deS/Z [d;e:jc‘;)
2

Antiderivative was successfully verified.

[In] Integrate[(A + B*x + C*x72)/((a + b*x)*Sqrtl[c + d*x]*Sqrtl[e + f*x]),x]

[Out] (2x(-(((b*Cxe - b*Bxf + a*Cxf)*Sqrtle + fxx]*ArcSinh[(Sqrt[f]*Sqrtlc + dx*x]
)/Sqrtld*e - cxf1]1)/(£7(3/2)*Sqrt[d*e - cxf]*Sqrt[(d*(e + f*x))/(d*e - c*f)

1)) + (bxCxSqrtle + fxx]*(Sqrt[f]l*Sqrtlc + d*xx]*Sqrt[(d*(e + f*x))/(d¥e - c

xf)] + Sqrtld*e - c*f]xArcSinh[(Sqrt[f]*Sqrtlc + d*x])/Sqrt[d*e - c*xf]]))/(
2xd*£~(3/2)*Sqrt [(d*x(e + fx*x))/(d*xe - c*xf)]) + ((A*xb~2 + a*x(-(b*B) + axC))*
ArcTan[(Sqrt[b*xe - a*f]*Sqrtlc + d*x])/(Sqrt[-(bxc) + axd]*Sqrtle + f*x])])
/(Sqrt [-(bxc) + axd]*Sqrt[bxe - a*f])))/b~2
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Maple [B] time = 0.031, size = 746, normalized size = 4.

1 1 a2df — abcf — abde + ceb?
5 2Aln[bx+a(—2adfx+bcfx+bdex+2\/ = \/(dx+c)(fx+e)b—ucf—ade+2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((Cxx~2+B*xx+A)/(b*x+a)/(d*x+c)~(1/2)/(f*x+e)~(1/2),x)

[Out] -1/2*%(2*%A*1n((—2*a*xd*f*x+b*c*f*x+brdrexx+2* ((a~2xd*xf-a*xb*ckxf-a*brdre+b™2*c*
e)/b"2) " (1/2)x((d*xx+c) * (fxx+e)) " (1/2) *b—axc*f-a*xdxe+2*xb*cx*e) / (b*xx+a) ) *b~2*d
*fx(dxf) " (1/2) -2*Bx1n ((-2*a*dxf*x+bkcxf*x+brxdxe*xx+2* ((a~2xd*f-axbxcxf-axb*d
*e+b”2%c*e) /b72) " (1/2) * ((d*x+c) * (f*x+e)) " (1/2) *b—axcxf-a*xd*xe+2xb*c*e) / (b*xx+
a) ) xaxbxdxf*x (dxf) " (1/2)-2xB*x1n (1/2* (2*kd*xf*xx+2* ((d*x+c) * (f*xx+e) )~ (1/2) * (d*f)
~(1/2)+ckf+dxe) / (d*xf) " (1/2) ) *b~2+d*f* ((a~2xd*xf-a*bxcxf-axbxd*xe+b™2*c*e) /b~ 2
)T (1/2)+24C*1n ( (-2*a*xd*fxx+bxcxfxx+bxd*xe*xx+2* ((a~2*d*f-a*bkcxf-axbxdxe+b~ 2%
cxe)/b~2) " (1/2)*x ((d*x+c) * (f*xx+e)) ~(1/2) ¥b-a*xcxf-a*xd*e+2xbxc*e) / (b*x+a) ) *a~2
*dq*f* (A*F) 7 (1/2) +2*xCx1n (1/2% (2+d*f*x+2* ((d*xx+c) * (fxx+e) ) ~(1/2) *(d*f) ~(1/2)+
cxf+dxe)/(d*f) " (1/2)) *xaxbxd*xf* ((a~2*xd*f-axb*c*f-a*bxd*xe+b™2xc*xe) /b~2)~(1/2)
+Cx1n (1/2*% (2xd*xfxx+2% ((d*x+c) * (£xx+e) ) " (1/2) *(d*f) ~(1/2) +c*xf+d*e) / (d*f)~(1/
2) ) *b"2*cxf*x ((a~2xd*f-axbxc*f-axb*d*e+b™2*xc*xe) /b~2) ~(1/2)+C*1n(1/2* (2xd*f*x
+2% ((dxx+c) * (fxx+e) ) " (1/2) % (d*f) " (1/2) +cxf+d*xe) / (d*f) ~(1/2) ) ¥b~2xd*ex ((a~2%
d*xf-axbxcxf-axbxdxe+b~2*c*e) /b~2) " (1/2) -2xCxb~2x ((d*x+c) * (f*x+e)) ~(1/2) * (dx*
)7 (1/2) *((a~2xd*xf-axb*xcxf-a*xb*d*e+b”™2*xc*xe) /b~2) ~(1/2) ) * (f*x+e) " (1/2) * (d*xx+
c)~(1/2) / ((d*x+c) * (fxx+e))~(1/2)/d/ (d*xf)~(1/2)/£/b"3/ ((a~2%d*f-a*xbkcxf-axb*
d*e+b~2*c*e) /b~2) ~(1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(b*x+a)/(d*x+c)”(1/2)/(f*x+e)~(1/2),x, algorithm="m
axima"

[Out] Exception raised: ValueError
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Fricas [F(-1)] time = 0., size = 0, normalized size = 0.
Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(b*x+a)/(d*x+c)”~(1/2)/(f*x+e)~(1/2),x, algorithm="f

ricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f A + Bx + Cx?

d
(a+bx) Ve +dxJe+ fx *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx*x2+B*x+A)/(bxx+a)/(dxx+c)**(1/2)/(fxx+e)**(1/2),x)

[Out] Integral((A + B*x + Cxx*x2)/((a + b*x)*sqrt(c + d*x)*sqrt(e + f*x)), x)

Giac [B] time = 1.6315, size = 467, normalized size = 2.48

bed f—2 ad? f+bd%e—(+JAf Vidx-+c—(d

2 (\JdfCa?d? — \JdfBabd? + \/d f Ab%d?) arctan | —
V(dx + o)df — cdf + d2eVdx + cCld| (\/_f Vs vt ) 2abed f2-a2d% f2-b2cd f
be® f \abedf2 — a?d2 2 — b2cd fe + abd? feb?d|d)|

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+B*x+A)/(b*x+a)/(d*x+c)~(1/2)/(f*x+e)~(1/2),x, algorithm="g

iac")

[Out] sqrt((d*x + c)*d*f - ckxd*xf + d"2%e)*sqrt(d*x + c)*Cxabs(d)/(bxd~3*xf) - 2x*(s
qrt (dxf)*Cxa~2xd~2 - sqrt(d*f)*B*axb*d~2 + sqrt(d*f)*A*xb~2*d"2)*arctan(-1/2
*x (bxckd*xf - 2xa*xd”2+f + b*d"2xe - (sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c¢)
*xdxf - cxdxf + d72%e)) "2*b)/(sqrt(axbxcxd*f~2 - a”2xd"2*f72 - b~ 2xckxdxf*e +
axb*xd"2xfx*e)*d)) /(sqrt(a*xb*cxd*f~2 - a~2xd"2*f72 - b~ 2*kcxd*f*e + axb*xd”~2xf
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xe) *b~2*xd*abs(d)) + 1/2*(sqrt(d*f)*Cxbkxcxf + 2xsqrt(d*f)*Ckxaxd*xf - 2*sqrt(d
*xf) *Bxbxd*f + sqrt(d*f)*Cxbxd*e)*log((sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x +
c)*xdxf - cxd*f + d”2%e))”2)/(b"2xd*f " 2*abs(d))
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3.58

f A+Bx+Cx? dx
(a+bx)2Vc+dxrJe+fx

Optimal. Leaf size=254

ve+fxVbc—ad

tanh™! (—”d be) (~3a26C(cf +de) +20°CAf + abP(~2Adf + Bef + Bde + 4cCe) — b(~Acf — Ade +2Bce)) -

b2(bc — ad)32(be — af )32

[Out] -(((A*b~2 - a*x(b*B - a*C))#*Sqrt[c + d*x]*Sqrtle + fxx])/(b*x(bxc - a*d)*(bxe
- axf)*(a + b*x))) + (2%CxArcTanh[(Sqrt[f]*Sqrtlc + d*xx])/(Sqrt[d]*Sqrt[e

+ £xx])])/(b™2xSqrt [d] *Sqrt [f]) + ((2%xa~3*Cxd*f - 3*a~2*bxCx(d*e + c*f) - b
“3%(2*%Bxckxe - Axdxe - Axcxf) + axb”2x(4xc*Cxe + Bxdke + Bkcxf - 2%xAxdxf))*A
rcTanh[(Sqrt[bxe - axf]*Sqrt[c + d*x])/(Sqrt[bxc - axd]*Sqrtle + f*xx])])/(b
~2%(b*xc - axd)”~(3/2)*(bxe - a*xf)~(3/2))

Rubi [A] time = 0.638489, antiderivative size = 254, normalized size of antiderivative
1., number of steps used = 7, number of rules used = 7, integrand size = 36, number of rules

0.194, Rules used = {1613, 157, 63, 217, 206, 93, 208}

integrand size

tanh™ (\/_—V:fv_ VZ:{;) (~3a26C(cf +de) +2°CAf + ab®(~2Adf + Bef + Bde + 4cCe) — b(~Acf — Ade +2Bce)) /-

b?(bc — ad)3?(be — af)3?

Antiderivative was successfully verified.

[In] Int[(A + Bxx + C*x"2)/((a + b*x)~2*Sqrtlc + d*x]*Sqrtle + f*x]),x]

[Out] -(((A*b~2 - a*(b*B - a*C))#*Sqrtlc + d*x]*Sqrtle + fxx])/(b*x(bxc - a*d)*(bxe
- axf)*(a + b*x))) + (2%CxArcTanh[(Sqrt[f]*Sqrtlc + d*xx])/(Sqrt[d]*Sqrt[e

+ £xx])])/(b™2xSqrt [d] *Sqrt [£f]) + ((2%xa~3*Cxd*f - 3*a~2*bxCx(d*e + c*f) - b
“3%(2*%Bxckxe - Axdxe - Axc*xf) + axb”2x(4xc*Cxe + Bxdke + Bkcxf - 2xAxdxf))*A
rcTanh[(Sqrt[bxe - axf]*Sqrt[c + d*x])/(Sqrt[bxc - axd]*Sqrtle + f*xx])])/(b
~2x(bxc - axd)~(3/2)*(bxe - axf)~(3/2))

Rule 1613

Int[(Px_)*((a_.) + (b_.)*x(x_))"(m_)*((c_.) + (d_)*(x_))"(n_.)*((e_.) + (f_
Dx(x_))"(p_.), x_Symbol] :> With[{Qx = PolynomialQuotient[Px, a + b*x, x],
R = PolynomialRemainder[Px, a + b*x, x]}, Simp[(b*R*(a + b*x)"(m + 1)*(c +
d*x)"(n + 1)*x(e + £*xx)"(p + 1))/((m + 1) *(b*c - a*xd)*(bxe - axf)), x] + Di
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st[1/((m + 1)*(b*c - axd)*(bxe - a*xf)), Int[(a + b*x)"(m + 1)*x(c + d*x) n*(
e + f*x) pxExpandToSum[(m + 1)*(b*xc - axd)*(b*e - a*f)*Qx + a*d*f*Rx(m + 1)
- b*Rk(d*ex(m + n + 2) + cxf*(m + p + 2)) - b*d*xf*R*(m + n + p + 3)*x, x],
x], x11 /; FreeQ[{a, b, ¢, d, e, f, n, p}, x] && PolyQ[Px, x] && ILtQ[m, -
1] && IntegersQ[2*m, 2#%n, 2*p]

Rule 157

Int[(((c_.) + (@_D*xxD)"(m )*((e_.) + (£_)*(x_))"(p)*x((g_.) + (h_.)*(x_
)/ ((a_.) + (b_.)*(x_)), x_Symbol] :> Dist[h/b, Int[(c + d*x)"n*x(e + f*x)~
p, xJ, x] + Dist[(b*g - axh)/b, Int[((c + d*x)"nx(e + fxx)7p)/(a + b*x), x]
, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x]

Rule 63

Int[((a_.) + (b_D)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x"(p*(m + 1) - D*(c - (axd)/b +
(d*x~p)/b)°n, x], x, (a + b*xx)~(1/p)]1, x]]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 217

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x"2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 93

Int[(((a_.) + (b_D*(x_)) " (m_)*((c_.) + (d_)*&x_))"(@))/((e_.) + (f_.)*(x
_)), x_Symbol] :> With[{q = Denominator[m]}, Dist[q, Subst[Int[x~(g*(m + 1)
- 1)/(b*e - a*xf - (d*xe - cxf)*x"q), x], x, (a + b*x)"(1/q)/(c + d*x)~(1/q)
1, x11 /; FreeQl[{a, b, c, d, e, f}, x] && EqQ[m + n + 1, 0] && RationalQ[n]
&& LtQ[-1, m, O] && SimplerQ[a + b*x, c + d*x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]])/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]
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Rubi steps
_ a?C(de+cf)+b?(@Bce-Ade- Acf)-ab(2cCe+Bde+Bcf-2Adf)  C
2b
f A + Bx + Cx? - (Ab2 —a(bB - aC)) Ve +dxqJe+ fx f (a+bx)Vordxfet fx
(a + bx)2Vc + dxJe + fx b(be — ad)(be — af)(a + bx) (bc — ad)(be — af)
1
(417 - a@B - ) e+ et . CJ imm dx (20°Cdf - 3a%bC(de +
T be—ad)be—afn@+br) B2 B
(2C) Subst f ;2 dx,x, Ve + dx
(Ab2 —a(bB - aC)) Ve + dxyJe + fx e~ 4B
T b(bc — ad)(be — af)(a + bx) * b2d

(Abz — a(bB - aC)) Vet dife T 7 (2a3Cdf —3a®bC(de + cf) — b3(2Bce — Ade
- +

b(bc — ad)(be — af)(a + bx) b2
1 [ Vferdx
) _(Abz —a(bB —aC)) Vet dxyJet fx . 2Ctanh™’ (‘/EW) ) (2a3Cdf—3a2bC(a
b(bc — ad)(be — af)(a + bx) bzx/a\/f

Mathematica [A] time = 2.01084, size = 324, normalized size = 1.28

_1 Ve+dxfbe=af _1[ Ve+dxJbe=af Lo -1 \/f\ﬂ
K VCH eyt (a(aC-bB)+ AR) . (a(aC—bB)+Ab?)(~2ad f+bcf+bde) tan 1(m) . 2(bB-24C) tan 1( Nor W) . 2C+Je+fxsinh (ﬁ
+bx) (be—ad) (be— d-bc)32(be-af)3/2 Vad—berfbe— et fr
(a+bx)(bc-ad)(be-af) (ad—bc)>=(be-af) ad—beJbe-af NN dt(i;{f

B2

Antiderivative was successfully verified.

[In] Integrate[(A + B*x + Cxx72)/((a + bxx) 2xSqrt[c + d*x]*Sqrtle + f*x]),x]

[Out] (-((bx(A*xb~2 + a*x(-(b*B) + axC))*Sqrtlc + d*x]*Sqrtle + fxx])/((b*c - axd)x*
(bxe - axf)*(a + b*x))) + (2*%C*xSqrtle + f*x]*ArcSinh[(Sqrt[f]*Sqrt[c + dxx]
)/Sqrtld*e - cxf]]1)/(Sqrt[f]l*Sqrtld*e - cxf]*Sqrt[(d*(e + f*x))/(d*e - c*f)

1) + (2% (bxB - 2xaxC)*ArcTan[(Sqrt[b*e - a*f]l*Sqrtl[c + d*x])/(Sqrt[-(b*c) +
axd]*Sqrt e + f*x])]1)/(Sqrt[-(b*xc) + a*d]*Sqrt[b*e - axf]) + ((A*b~2 + ax*(
—(bxB) + axC))*(bxd*e + b*cxf - 2xa*xd*xf)*ArcTan[(Sqrt[b*e - axf]*Sqrtlc + d
*xx])/(Sqrt [-(b*xc) + a*xd]l*Sqrtle + f£*x])])/((-(b*c) + a*d)~(3/2)*(bxe - axf)
~(3/2)))/b"2
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Maple [B] time = 0.052, size = 2973, normalized size = 11.7

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((Cxx~2+B*xx+A)/(b*x+a) "2/ (d*x+c)~(1/2)/(f*x+e)~(1/2),x)

[Out] -1/2*%(d*x+c)”~(1/2)*(f*x+e) " (1/2) * (-2*B*axb~3* (d*f) "~ (1/2) * ((a~2*d*f-axbxcxf-
a*bxdxe+b”2xc*e) /b72) ~(1/2) * ((d*x+c) * (f¥x+e) ) ~(1/2) -B*1n ((-2*a*xd*f*x+bxcxf*
x+bxdxexx+2x ((a~2*xd*f-a*b*ckf-axbxdxe+b™2xcxe) /b72) ~(1/2) * ((d*x+c) * (f*x+e))
~(1/2) #*b-a*xcxf-axd*xe+2xbxcxe) / (b*x+a) ) *x*xa*b~3xcxf* (d*xf) ~(1/2)-B*1n((-2*ax*d
*fxx+b*rckfxx+brdrexx+2x ((a~2*xd*f-a*xb*ckf-axbxdxe+b™2xcxe) /b72) ~(1/2) * ((d*xx+
c)*x(fxx+e))~(1/2) *b-axckxf-axdxe+2xbxcxe) / (b*x+a) ) *x*kaxb~3xd*xex (d*xf)~(1/2)-2
*C*1n (1/2* (2xd*f*xx+2*% ((d*xx+c) * (f*xx+e)) " (1/2) *(d*f) " (1/2) +cxf+d*e) /(d*f) ~(1/
2) ) *x*a”2*xb” 2kd*xf* ((a~2xd*xf-axb*cxf-a*b*d*e+b™2*xc*xe) /b~2) ~(1/2)+2+C*1n(1/2%*
(2%d*f*xx+2% ((d*x+c) * (fxx+e)) ~(1/2) % (d*xf) ~(1/2) +cxf+dxe) / (d*f) ~(1/2)) *x*a*xb™
3kckf* ((a~2xdxf-axbxcxf-a*xb*d*e+b™2*c*e) /b™2) ~(1/2) +2*xC*1n (1/2% (2*xd*f*x+2% (
(d*x+c) * (f*xx+e)) " (1/2) *(d*f) ~(1/2)+cxf+d*e) / (A*f) " (1/2) ) *x*xaxb~3*xd*e* ((a™2*
d*xf-axbxckxf-axbxd*xe+b~2%c*e) /b"2) " (1/2) -2*C*x1n ((—2*a*xd*f*x+b*c*f*x+brd*re*xx+
2% ((a~2*dxf-axbxcxf-a*bxdxe+b”™2xc*e) /b~2) ~(1/2) * ((d*x+c) * (f*¥x+e) ) ~(1/2) *b-a
xcxf-axdre+2xb*ckxe) / (bxx+a) ) *x*xa~3xbxdxf* (d*xf) ™ (1/2)+3*Cx1n ((-2*axd*f*x+b*c
*Txx+b*xd*rexx+2* ((a~2xd*xf-axb*cxf-a*b*d*e+b™2*xc*xe) /b~2) ~(1/2) * ((d*x+c) * (f*xx+
e)) " (1/2) *b-a*xcxf-axdxe+2xbxcxe) / (b*x+a) ) *x*a”~ 2xb~2xcxf* (d*xf) ~(1/2)+3*C*1n(
(—2*a*xd*f*x+b*rckfrx+brdrexx+2* ((a~2*xd*f-axb*c*kf-axbxd*xe+b™2xc*xe) /b~2) "~ (1/2)
*((dxx+c) * (fxx+e) )~ (1/2) *b-a*xcxf-a*xd*xe+2*xbxcxe) / (bxx+a) ) *x*a”~ 2xb~2*xd*xex (d*f
)T (1/2) -4*C*1n ( (-2*a*xd*fxx+bxcxf*xx+bxd*xe*xx+2* ((a~2*d*f-a*bxcxf-axbxdxe+b~ 2%
cxe) /b72) " (1/2) * ((d*x+c) * (fxx+e) )~ (1/2) *b-axcxf-axd*xe+2*xbxcxe) / (bxx+a) ) *x*a
*b " 3kcke* (A*f) 7 (1/2) +2xAx1n ((—2*a*d*f*x+b*rcxf*xx+brd*xexx+2* ((a~2xd*f-a*xb*c*f
—axb*d*e+b”2*xc*e) /b72) ~(1/2) % ((d*x+c) * (f*xx+e)) " (1/2) *b—axckf-a*d*e+2*b*c*e)
/ (bxx+a) ) *x*xa*xb”3xd*f* (d*xf) ~(1/2) +2xAxb~4*x (d*f) ~(1/2) * ((a~2*d*f-a*xb*cxf-a*b
*d*e+b”2*c*e) /b72) T (1/2) x ((d*x+c) * (f*x+e) )~ (1/2) —Ax1n ((-2*a*d*f*x+b*cxf*x+b
*d*xe*xx+2* ((a~2xd*xf-axbxcxf-axbxd*e+b~2*c*e) /b~2) " (1/2) * ((d*x+c) * (f*x+e)) ~ (1
/2) ¥b-a*xckf-axdxe+2xbxcxe) / (b*x+a) ) *x*b " 4dxcxf*x (d*xf) ~(1/2) -A*1ln ((-2*a*xd*xf*x+
bxcxfxx+bxd*xexx+2* ((a~2*¢d*f-a*bxcxf-axbxd*xe+b~2*c*e) /b™2) " (1/2) * ((d*x+c) * (f
*x+e)) " (1/2) *b-a*cxf-axd*xe+2xbxcke) / (b*x+a) ) *x*xb 4d*xd*e*x (d*xf) ~(1/2)+2*B*1n ((
-2ka*xd*f*x+brckfrx+brdrexx+2x ((a~2*%d*f-a*bkckxf-axbxdxe+b ™ 2xcxe) /b72) ~(1/2) *
((d*x+c) *(f*x+e)) ~(1/2) *b—axcxf-axdxe+2*b*c*e) / (b*x+a) ) *x*xb~4dxcxex (dxf) ~(1/
2)=2+C*1n (1/2*% (2xd*xfxx+2x ((d*x+c) * (f*x+e)) " (1/2) *(d*f) ~(1/2) +c*xf+d*e) / (d*f)
~(1/2)) *x*b"4*xcke*x ((a~2xdxf-axb*cxf-a*b*d*re+b™2*xc*xe) /b~2) ~(1/2)+2+A*x1n ( (-2
a*xd*f*x+bkckfrx+brdrexx+2* ((a~2*%d*f-a*xb*ckf-axbxd*xe+b™2xc*xe) /b~2) " (1/2)*((d
*x+c) * (f*x+e) ) " (1/2) *b—axcxf-a*xd*e+2xb*c*e) / (bkxx+a) ) *a~2xb~2xd*f* (d*f) ~(1/2
)=Ax1n ((-2*xaxd*f*x+b*cxfrx+brd*e*xx+2* ((a~2*d*f-axbxc*f-axbxd*e+b”™2%c*e)/b~2
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)7 (1/2) % ((d*x+c) * (f*xx+e) ) " (1/2) ¥b-axcxf-a*d*xe+2xbxckxe) / (b*x+a) ) *xa*b 3k cxf*(
d*f) " (1/2) -Ax1n ((-2*a*d*f*x+b*rcxf*rx+brdrexx+2x ((a~2*%d*f-a*b*c*f-axbxd*e+b”2
*c*xe) /b72) " (1/2) *((d*x+c) * (fxx+e) )~ (1/2) *b-a*cxf-axd*e+2xbxcxe) / (b*x+a) ) *ax*
b~ 3*xd*ex (d*xf) " (1/2) -B*1ln((-2*axd*f*x+bxcxf*x+b*d*e*x+2* ((a~2xd*xf-axbxcxf-a*
bxd*e+b~2xc*xe) /b72) " (1/2) * ((d*xx+c) * (fxx+e) ) ~(1/2) ¥b-a*c*f-axdxe+2*xbxcxe) /(b
*x+a) ) ¥a”~2xb 2k cxfx (d*f) ~(1/2) -B*1ln ((-2*axd*f*x+bxckxf*x+bxd*exx+2* ((a~2*d*f
—axbxcxf-axbxd*xe+b”™2*c*e) /b~2) " (1/2) * ((d*x+c) * (fxx+e)) " (1/2) *b-a*xc*f-axd*e+
2xbxcxe) / (b*xx+a) ) *a~2xb"2xdxe* (d*f) = (1/2) +2*B*x1n ((-2*a*xd*f*x+b*c*xf*x+b*xd*e*
x+2* ((a~2xd*xf-axb*cxf-a*b*d*xe+b™2*xc*xe) /b~2) ~(1/2) * ((d*x+c) * (f*xx+e) )~ (1/2) *b
—axckf-a*xdkre+2xbxckxe) / (bxx+a) ) *a*xb~3*xcke* (dA*xf) ~(1/2) —2xCx1n (1/2% (2+d*f *x+2*
((d*xx+c)*(f*xx+e)) " (1/2)*x(d*xf) " (1/2)+cxf+d*e) / (d*f) " (1/2)) *a~3*bxd*xf* ((a~2*d
xf-axb*c*xf-arbxdxe+b™2xcxe) /D72) ~(1/2) +2*xCx1n (1/2*% (2xd*f*x+2* ((d*x+c) * (f*xx+
e)) " (1/2)*(d*f) " (1/2) +cxf+dxe)/(d*f) ~(1/2) ) *a~2*xb~ 2xcxf* ((a~2xd*f-a*xb*cxf-a
*b*d*e+b " 2*c*xe) /b72) " (1/2) +2xCx1n (1/2% (2*xd*f*xx+2* ((d*x+c) * (fxx+e) )~ (1/2)*(d
*f) 7 (1/2)+cxf+d*xe) / (d*xf) ~(1/2) ) *a~2%b"2*xd*e* ((a~2xd*xf-axbxckxf-a*xb*d*e+b™2*c
*e) /b72) " (1/2) -2*Cx1n (1/2* (2*xd*f+x+2* ((d*xx+c) * (fxx+e) ) ~(1/2)*(d*£f) ~(1/2) +c*
f+dxe)/(d*xf) " (1/2))*a*b~3*cxex ((a~2*xd*f-axbxcxf-axbxd*e+b™2%c*e) /b~2) " (1/2)
+3*Cx1n ((-2*axd*f*xx+b*cxf*x+b*d*e*x+2* ((a~2xd*xf-axb*xc*xf-a*xb*d*e+b”™2*c*e) /b~
2) 7 (1/2) % ((d*xx+c) * (f*xx+e) ) ~(1/2) ¥*b-a*xc*f-axd*xe+2*xbxckxe) / (bxx+a) ) ¥a~3¥b*c*f*
(d*£) " (1/2) +3*%Cx1n((-2*a*xd*fxx+bxckxf*xx+b*d*e*x+2* ((a~2xd*xf-axbxcxf-a*xb*d*e+
b~ 2*xc*xe) /b~2) " (1/2) * ((d*x+c) *(f*xx+e) )~ (1/2) *b-a*xckf-a*d*e+2*bxc*xe) / (b*x+a))
*a " 3*xbxd*xex (d*xf) ~(1/2)-4*Cx1n ((—2*%axd*f*x+b*cxf*x+b*d*xe*xx+2* ((a~2*d*xf-axb*c
*f-a*xb*d*e+b”™2*xc*e) /b72) ~(1/2) * ((d*x+c) * (£*x+e)) " (1/2) *b—axcxf-a*d*xe+2*b*c*
e)/ (b*xx+a))*a~2xb~2xcxex (d*xf) ~(1/2)+2*%C*xa”2xb~ 2% (d*f) ~(1/2) * ((a~2*d*f-a*b*c
*f-a*xb*d*e+b™2*xc*e) /b72) ~(1/2) * ((d*x+c) * (f*xx+e) )~ (1/2) -2*C*1n ((-2*a*d*f*x+b
*ckfxx+brdrexx+2* ((a~2xd*xf-axb*ckf-axb*d*re+b™2*xc*e) /b~2) ~(1/2) * ((d*x+c) * (£f*
x+e)) " (1/2) *b-axc*f-axd*e+2xbxc*e) / (b*x+a) ) *a~4dxd*xf* (d*xf) ~(1/2)) / ((dxx+c) *(
fxx+e)) ~(1/2) /(a*xd-bxc) /(d*f) "~ (1/2)/(axf-b*e)/((a~2*d*f-axb*cxf-a*bxd*e+b~2
xcxe) /b72) " (1/2) / (b*xx+a) /b~3

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(b*x+a) 2/ (d*x+c)~(1/2)/(f*x+e)”~(1/2),x, algorithm=
"maxima")

[Out] Exception raised: ValueError
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Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(b*x+a) 2/ (d*x+c)~(1/2)/(f*x+e)~(1/2),x, algorithm=
"fricas")

[Out] Timed out

Sympy [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx**2+B*xx+A)/(bxx+a)**2/(d*x+c)**(1/2)/(f*x+e)**(1/2),x)

[Out] Exception raised: ValueError

Giac [B] time = 11.1543, size = 1831, normalized size = 7.21

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(b*x+a) 2/ (d*x+c)~(1/2)/(f*x+e)”(1/2),x, algorithm=
"giac n)

[Out] (3*sqrt(d*f)*Cxa~2*bkxcxd™2+f - sqrt(d*f)*Bkaxb~2xc*d~2*xf - sqrt(d*f)*Axb~3x
cxd”"2*xf - 2xsqrt(d*f)*C*xa~3*d"3xf + 2*sqrt(d*f)*A*axb~2+d~3*f - 4xsqrt(d*f)
*Ckxaxb~2*%cxd"2%e + 2xsqrt (d*f)*Bxb~3xc*d"2*xe + 3*sqrt(d*f)*C*xa~2*b*xd~3*e -

sqrt (d*f) #*Bxaxb~2xd"3%e - sqrt(d*f)*Axb~3*d"3*e)*arctan(-1/2*x(bxc*xd*xf - 2xa
xd"2xf + bxd"2*xe - (sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - c*dxf +
d~2x%e)) "2*b) / (sqrt (axb*cxd*f~2 - a~2+%d"2xf"2 - b~ 2xc*xd*xfxe + axbxd~2*f*e)*d

))/ ((axb~3*cxfxabs(d) - a~2xb~2xd*f*abs(d) - b~4xc*abs(d)*e + axb~3*d*abs(d
)*e)*sqrt (a*xbxckxd*f~2 - a”2xd"2*f72 - b7 2*ckd*xf*xe + axbxd"2xfxe)*d) + 2%(sq

rt (d*f) *Cka~2xbxc™2*xd"3*%f72 - sqrt(d*f)*Bkxaxb™2xc”2xd"3*f72 + sqrt(d*f)*xA*b
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T3%c72%d"3*f72 - 2*sqrt (d*f)*Cxa~2kxbxckd 4*fke + 2xsqrt (dkxf)*Bxaxb 2*ckd 4
fxe - 2xsqrt(d*f)*A*b~3*ckd 4*xfxe - sqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sq
rt((dxx + c)*d*xf - cxd*f + d™2xe)) " 24Cka~2*bxc*xd~2xf + sqrt(d*f)*(sqrt(d*f)
xsqrt(d*xx + c) - sqrt((d*x + c)*dxf - cxd*xf + d™2xe)) "2*Bkaxb”™2xc*d"2xf - s
grt (dxf)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - c*xd*f + d"2x%e)) 2%
Axb~3xc*xd"2xf + 2%sqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*dxf -
cxd*f + d72%e)) "2xC*a~3*d"3*xf - 2*sqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - sqr
t((d*x + c)*d*f - ckxdxf + d"2%e)) 2xBxa~2xb*d"3xf + 2*sqrt(d*f)*(sqrt(d*f)x*
sqrt(d*x + c) - sqrt((d*x + c)*d*f - c*xd*xf + d"2%e)) "2xAxa*xb~2xd"3*f + sqrt
(d*f)*Cxa~2*b*d"6xe”2 - sqrt(d*f)*B*xaxb~2+xd"5*xe”~2 + sqrt(d*f)*A*xb~3*%d"5xe~2
- sqrt(d*xf)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - cxd*xf + d~2xe)
) T2%C*xa”2xb*d"3%e + sqrt(d*xf)*(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)xdx*f
- ckxd*xf + d72xe)) "2#Bxaxb"2xd"3*%e - sqrt(d*f)*(sqrt(d*f)*sqrt(d*x + c) - s
qrt ((d*x + c)*d*f - cxd*f + d~2%e)) "2xA*xb~3xd"3*e) / ((b*c™2*d"2%f~2 - 2xbx*cx
d"3*f*xe - 2x(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*f - cxdxf + d"2%e))
“2xbkckd*f + 4x(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)xd*f - cxdxf + 4~2%
e)) "2xaxd"2xf + bxd"4*xe”2 - 2x(sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)xdx*f
- ckxd*xf + d72%e)) " 2%b*xd"2%e + (sqrt(d*f)*sqrt(d*x + c) - sqrt((d*x + c)*d*
f - cxd*f + d72xe)) "4*Db)*(axb~3*kckfxabs(d) - a~2*b"2xdxf*xabs(d) - b~4xc*abs
(d)*e + axb~3xd*abs(d)*e)) - sqrt(d*f)*Cxlog((sqrt(d*f)*sqrt(d*x + c) - sqr
t((d*x + c)*d*xf - cxdxf + d~2%e))~2)/(b~2*xf*abs(d))
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A+Bx+Cx?
359 [ —=—= =

Optimal. Leaf size=424

tanh™! (@—F VZ":”Z) (a2 (44 QAAS — B(cf +de)) + C (322 + 2cdef + 3d%)) + ab (~2cd (4Af2 - 7Bef + 4Ce2)

4(bc — ad)52(be — af

[Out] -((A*b~2 - a*x(b*B - axC))*Sqrtlc + d*x]*Sqrtle + f*x])/(2xb*(b*c - axd)*(b*
e - axf)*(a + b*x)"2) + ((2*xa~3*%C*d*f + a*b”™2*x(8*c*Cxe + Bxdxe + Bxcxf - 6%
Axd*f) — b~ 3% (4*Bxckxe - 3*kA*x(d*e + c*f)) + a~2%b* (2+B*d*f - 5xCx(d*e + cx*f)
))*Sqrtc + d*x]*Sqrtle + f*x])/(4xb*x(b*xc - axd) "2x(b*e - axf) 2x(a + b*x))
- ((b"2%(3*A*d~"2*e"2 — 2xcxd*e*x (2%Bxe - A*xf) + c™2x(8*Cxe”2 - 4*Bxexf + 3%
A*xf~2)) + axbx(d"2%e*x(B*xe - 8*A*xf) - c™2xf*(8xCxe - Bxf) - 2*ckd*(4*xCxe”2 -
T*Bkxexf + 4xAxf~2)) + a~2%(C*x(3*d"2*e”2 + 2kckxdxexf + 3*%c™2+¢f72) + 4kdxfx*(
2%Axd*f - Bx(d¥e + c*f))))*ArcTanh[(Sqrt[b*e - axf]xSqrtlc + d*x])/(Sqrt[bx
c - axd]*Sqrtle + fxx]1)]1)/(4*x(bxc - a*d)~(5/2)*(b*e - a*xf)~(5/2))

Rubi [A] time = 0.967372, antiderivative size = 424, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 36, e e =

integrand size
0.139, Rules used = {1613, 151, 12, 93, 208}

tanh™! (\/@—v_ VZE:Z) (a2 (44f QAAS — B(cf +de)) + C (322 + 2cdef + 3d%)) + ab (~2cd (4Af2 - 7Bef + 4Ce2)

4(bc — ad)®?(be - af

Antiderivative was successfully verified.

[In] Int[(A + Bxx + C*x72)/((a + b*x) 3*Sqrt[c + d*x]*Sqrtle + f*x]),x]

[Out] -((A*b~2 - a*x(b*B - axC))*Sqrtlc + d*x]*Sqrtle + fx*x])/(2xb*(b*c - axd)*(b*
e - axf)*(a + b*x)72) + ((2*xa~3*C*d*f + a*b”™2*x(8*c*Cxe + Bxdxe + Bxcxf - 6%
Axd*f) — b~ 3*%(4*Bxckxe - 3*kAx(d*e + c*f)) + a~2%b* (2+B*d*f - 5xCx(d*e + cx*f)
))*Sqrt[c + dxx]*Sqrtle + f*xx])/(4*bx(bxc - axd) "2*x(bxe - axf) 2*(a + b*x))
- ((b72%(3*kA*d~"2*e”2 — 2xcxd*e*x(2%Bxe - A*xf) + c™2x(8*Cxe~2 - 4*Bxexf + 3%
A*xf~2)) + axbx(d"2%e*x(B*xe - 8*A*xf) - c 2xf*(8xCxe - Bxf) - 2*ckd*(4*xCxe”2 -
T*Bxexf + 4xA*xf~2)) + a~2%(C*x(3*d"2*e”2 + 2kckxdxexf + 3*xc™2+xf72) + 4kdxfx*(
2%Axd*f - Bx(d¥e + c*f))))*ArcTanh[(Sqrt[b*e - axf]xSqrtlc + d*x])/(Sqrt[bx
c - axd]*Sqrtle + £*x])])/(4x(bxc - a*d)~(5/2)*(bxe - a*f)~(5/2))



392

Rule 1613

Int [(Px_)*((a_.) + (b_.)*(x_)) " (m_)*x((c_.) + (d_.)*(x_)) " (n_.)*((e_.) + (f_
Dx(x_))"(p_.), x_Symbol] :> With[{Qx = PolynomialQuotient[Px, a + b*x, x],
R = PolynomialRemainder[Px, a + b*x, x]}, Simp[(b*R*(a + b*x)"(m + 1)*(c +
d*x)"(n + D)*(e + £*xx)"(p + 1))/((m + 1) *(b*c - a*d)*(b*e - axf)), x] + Di
st[1/((m + 1) x(bxc - a*d)*(bxe - axf)), Int[(a + b*x)"(m + 1)*x(c + d*x) nx*(
e + f*x) pxExpandToSum[(m + 1)*(b*c - axd)*(b*e - a*f)*Qx + a*d*xf*Rx(m + 1)
- b*Rk(d*ex(m + n + 2) + cxf*(m + p + 2)) - b*d*xf*R*(m + n + p + 3)*x, x],
x], x]1 /; FreeQ[{a, b, ¢, d, e, f, n, p}, x] && PolyQ[Px, x] && ILtQ[m, -
1] && IntegersQ[2*m, 2+%n, 2*p]

Rule 151

Int[((a_.) + (b_.)*(x_)) " (@m_)*((c_.) + (d_.)*(x_)) " (m_)*x((e_.) + (f_.)*(x_)
)T (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[((b*g - a*h)*(a + b*x) (m +

Dx(c + d*xx)"(n + D*x(e + £*x)7(p + 1))/ ((m + D)x(bxc - axd)*(b*xe - axf)),
x] + Dist[1/((m + 1)*(b*c - axd)*(b*e - axf)), Int[(a + b*x)"(m + 1)*(c + d
*xx) "n* (e + f*x) pxSimp[(a*xdxf*g - b*(d*e + c*xf)*g + bxckxexh)*x(m + 1) - (bxg
- axh)*(d*ex(n + 1) + cxf*(p + 1)) - d*fx(bxg - a*xh)*(m + n + p + 3)*x, x]
, x1, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] & LtQ[m, -1] && Integ
erQ [m]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 93

Int[(((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_)*&x_))"(@))/((e_.) + (f_.)*(x
_)), x_Symbol] :> With[{q = Denominator[m]}, Dist[q, Subst[Int[x~(gq*(m + 1)
- 1)/(bxe - axf - (dxe - c*xf)*x7q), x], x, (a + b*x)"(1/q)/(c + d*x)~(1/q)
1, x11 /; FreeQ[{a, b, c, d, e, £}, x] && EqQ[m + n + 1, 0] && RationalQ[n]
&& LtQ[-1, m, 0] && SimplerQ[a + b*x, c + d*x]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQla/Db]

Rubi steps
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2C(de-+c f)-ab(4cCe+Bde+Bc f~4Ad f)+b (4Bce-3 A(de+cf))
2b

f A+ Bx + Cx? e (Ab2 —a(bB - aC)) Ve +dxyJe+ fx B f (a+bx)2Vere
(a+ bx)3Vc + dxqJe + fx 2b(bc — ad)(be — af)(a + bx)? 2(bc — ad)(

(Ab2 —a(bB - aC)) Ve +dxyJe + fx (2a3Cdf + ab?(8cCe + Bde + Bcf — 6Adf
2b(bc — ad)(be — af)(a + bx)? |

(Ab2 —a(bB - aC)) Ve + dxyJe + fx (2a3Cdf + ab?(8cCe + Bde + Bcf — 6Adf
2b(bc — ad)(be — af)(a + bx)? A

(Ab2 — a(bB - aC)) Ve + dx+Je + fx (2a3Cd f + ab®(8cCe + Bde + Bcf — 6Adf
2b(bc - ad)(be — af)(a + bx)? |

(Ab2 — a(bB - aC)) Ve + dx+Je + fx (2a3Cd f + ab®(8cCe + Bde + Bcf — 6Adf
2b(bc — ad)(be — af)(a + bx)? A

Mathematica [A] time = 2.73413, size = 513, normalized size = 1.21

(8022 2-8abdf(cf +de)+b (32 f2+2cdef +3d2¢2) ) ta *1[ ':j’; \/7%]

3bVc+dxJe+fx(—2ad f+bcf +bde)

2
(a(aC~bB)+AI?) (@rbr)beadybe-af) (@b (be—af P2

2bVe+dxfe+fx(a(aC-bB)+Ab?) 4
(be—ad)(be—af) B (a+bx)2(bc—ad)(be—af) T

4b?

Antiderivative was successfully verified.

[In] Integrate[(A + B*x + Cxx"2)/((a + bxx) 3xSqrt[c + d*x]*Sqrtle + f*x]),x]

[Out] ((-2%b*(Axb~2 + ax(-(b*B) + axC))*Sqrtlc + d*x]*Sqrtle + f*x])/((bxc - a*d)
x(b*e - axf)*(a + b*x)72) - (4xbx(bxB - 2xa*C)*Sqrt[c + d*x]*Sqrtle + f*xx])
/((bxc - axd)*(bxe - axf)*(a + b*x)) + (8*CxArcTan[(Sqrt[b*e - axf]*Sqrtl(c
+ d*x])/(Sqrt[-(bxc) + axd]*Sqrtle + f*x])])/(Sqrt[-(b*xc) + axd]*Sqrt[b*xe -
axf]) + (4x(bxB - 2%a*xC)*(bxd*e + bkcxf - 2xa*xd*f)xArcTan[(Sqrt[b*e - axf]
*Sqrt [c + d*x])/(Sqrt[-(b*c) + a*d]*Sqrtle + £*x])])/((-(b*c) + axd)~(3/2)*
(bxe - a*xf)~(3/2)) + ((A*xb~2 + ax(-(b*B) + a*C))*((3*bx(b*d*e + bkcxf - 2xa
*d*f)*Sqrt[c + dxx]*Sqrtle + fxx])/((bxc - axd)*(b*xe - a*xf)*(a + b*x)) - ((
8%a~2xd"2*xf"2 - 8xaxbkxdxfx(dke + c*f) + b™2%(3*%d"2%e”2 + 2kckdxexf + 3kcT2x
£72) )*ArcTan[(Sqrt [bxe - a*xf]*Sqrtlc + d*x])/(Sqrt[-(b*c) + axd]*Sqrtle + f
*x])]1)/ ((=(b*c) + a*d)~(3/2)*(b*xe - a*f)~(3/2))))/((bxc - a*d)*(bke - axf))
)/ (4%b~2)
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Maple [B] time = 0.107, size = 7119, normalized size = 16.8

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((Cxx~2+B*x+A)/(b*x+a) 3/ (d*x+c)~(1/2)/(fxx+e)~(1/2) ,x)

[Out] result too large to display

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+B*x+A)/(b*x+a) 3/ (d*x+c)~(1/2)/(f*x+e)”(1/2),x, algorithm=
"maxima")

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+Bxx+A)/(b*x+a) 3/ (d*xx+c)~(1/2)/(f*x+e)~(1/2),x, algorithm=
"fricas")

[Out] Timed out

Sympy [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxx**2+Bxx+A)/(b*x+a)**3/(d*x+c)**(1/2)/(f*xx+e)**x(1/2),%)

[Out] Exception raised: ValueError

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(b*x+a) 3/ (d*x+c)~(1/2)/(f*x+e)”~(1/2),x, algorithm=

“giac")

[Out] Timed out
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A+Bx+Cx?
360 | e

Optimal. Leaf size=826

VT dae ¥ (AL - a(bB - aC)) (-24f (C (3d%€% + 2cdfe + 3c2f2) + 4df(2Adf - B(de + cf))) a® + b (C (d%¢>
~ 3b(be — ad)(be - af)(a + bx)3

[Out] -((A*b~2 - ax(b*B - a*C))*Sqrt[c + d*x]*Sqrtle + f*x])/(3*b*(b*c - a*xd)*(b*
e - axf)*(a + b*x)73) + ((2*xa~3*C*d*f + a*b”2*(12*xc*Cxe + Bxdxe + Bkcxf - 1
O*A*xd*f) - b~ 3*(6*xBxcxe - 5*xAx(d*e + c*f)) + a~2xbx(4*B+d*xf - T7*Cx(d*e + cx*
£)))*Sqrtlc + d*xx]*Sqrtle + fx*x])/(12xb*x(b*c - a*d) "2x(bxe - axf) 2x(a + bx
x)72) + ((4*a~4*C*xd"2+f"2 + 8*a 3xbxdxf*(Bxd*xf - 2*%Cx(d*e + c*f)) - b~4*x(15
*A*xd"2%e”2 - 2kckdkex (9xBxe - THA*xf) + 3kc"2x(8*Cxe”2 — 6xBxexf + B5xA*f"2))
- a*b”3*(d"2*xex (3*xBxe - 44%xAxf) - 3*xc”2*xf*(4*Cxe — Bxf) - 2%c*d*(6*%C*xe”2 -
29*%Bxexf + 22%A*xf72)) - a”2xb" 2% (Cx(3*%d"2*e”2 - 3dxckdxexf + 3*xc 2*xf~2) +
2xdxf* (22%Axd*xf - B5xBkx(d*e + c*xf))))*Sqrt[c + d*xx]*Sqrtle + fx*xx])/(24*b* (bx*
c — a*d) " 3*(b*e - axf)7"3*(a + b*x)) + ((b"3*(5xA*d"3*e”3 - 3*xcxd " 2xe~ 2% (2B
xe — A*xf) + c”2*xd*ex(8*xCxe”2 — 4*Bxexf + 3*kA*f72) + c~3*xf*(8*xCxe™2 - 6*Bkex
f + 5xA*f72)) + axb”2x(d"3*e”2x(Bxe — 18*%Axf) - c~3*%f~2x(4*Cxe - B*f) - c*d
“2%ex (4*%Cxe”2 - 23*Bxexf + 12%xA*xf72) - c”2xd*xf*(40*Cxe”2 — 23*Bkxexf + 18%A*
£72)) - 2*a”"3xdxfx(Cx (3%d"2%e”2 + 2kckdxexf + 3xc™2%f72) + 4*xd*xf*x(2xAxd*xf -
Bx(d*e + c*xf))) + a"2%b*(Cx(d"3*e”3 + 23*cxd"2xe"2%xf + 23*c™2*d*exf"2 + ¢~
3%f73) + 4xdxfx(6xAxd*xf*(d*e + c*f) - Bx(d"2*e”2 + 10xckxd*exf + c™2*%f72))))
*ArcTanh [ (Sqrt [bxe - axf]*Sqrtl[c + d*x])/(Sqrt[b*c - a*xd]*Sqrtle + f*x])])/
(8% (b*xc - a*xd)~(7/2)x(bxe - axf)~(7/2))

Rubi [A] time = 2.43334, antiderivative size = 826, normalized size of antiderivative =

. . b f rul
1., number of steps used = 6, number of rules used = 5, integrand size = 36, e

integrand size
0.139, Rules used = {1613, 151, 12, 93, 208}

Ve drye+ fx (AP - a(bB - aC)) (-2df (C (3d2€? + 2cdfe + 3c2f2) + 4df (2Adf — B(de + cf))) a® + b (C (4%
- +
3b(bc — ad)(be — af)(a + bx)3

Antiderivative was successfully verified.

[In] Int[(A + Bxx + C*x"2)/((a + b*x)~4*Sqrtlc + d*x]*Sqrtle + f*x]),x]

[Out] -((A*b~2 - ax(b*B - a*xC))*Sqrt[c + d*x]*Sqrtle + f*x])/(3*b*(b*c - axd)x* (b*
e — axf)*x(a + b*x)"3) + ((2xa"3*xCkxd*xf + axb™2x(12*xc*Cxe + Bxd*e + Bxcxf - 1
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O*xAxd*f) - b~ 3x(6xBxcxe - H*xA*x(d*e + c*f)) + a~2xbx(4*Bxd*f - 7*Cx(d*e + cx*
£)))*Sqrtlc + d*xx]*Sqrtle + fx*x])/(12xb*x(b*c - a*xd) "2x(bxe - axf) 2*x(a + bx
x)72) + ((4*a~4*C+d"2+f"2 + 8*a 3xbxdxf*(Bxd*xf - 2*%Cx(d*e + c*f)) - b~4*x(15
*Axd"2%e72 - 2kckdxex(9xBxe - THAxf) + 3kcT2x(8*Cxe”2 — 6xBxexf + BkA*f72))
- a*b”3x(d"2*e*x (3*xBxe — 44%Axf) - 3*kc " 2kf*(4*Cke — Bxf) — 2%c*d*(6*%C*e”2 -
29*%Bxexf + 22%A*f72)) - a"2*xb" 2% (Cx(3*%d"2*e”2 - 3dxckd*xexf + 3*xc 2*xf~2) +

2xd*xfx (22%Axd*f - 5*Bx(d*e + cxf))))*Sqrtlc + d*x]*Sqrtle + fxx])/(24*b* (b*
c - a*d) " 3*(b*e - axf)”3*x(a + b*xx)) + ((b"3*%(5xA*d"3*e”3 - 3*xcxd " 2xe” 2% (2B
xe — A*xf) + c72*xd*ex(8*Cxe”2 — 4*Bxexf + 3*kA*f72) + ¢~ 3*f*(8xCxe”2 - 6*Bkex
f + BxA*f72)) + axb”2%(d"3*e" 2% (Bke - 18*%A*xf) — c~3*xf"2%(4+Cxe - Bxf) - cx*d
“2%ex (4%Cxe”2 - 23%Bxexf + 12%xA*xf72) - c”2*xd*xf*(40*Cxe”2 — 23*Bxexf + 18%A*
£72)) - 2*a”3xdxfx(C* (3%d"2%e”2 + 2kckdxexf + 3xc™2%f72) + 4A*xd*f* (2xAxd*xf -
Bx(d*e + c*xf))) + a~2%b*x(Cx(d"3*e”3 + 23*xcxd™2xe”2%f + 23*c”2*d*e*xf”~2 + ¢~
3*f73) + 4xdxfx(6xAxd*xf*(d*e + c*f) - Bx(d"2*e”2 + 10xcxd*exf + c”2*%f72))))
*ArcTanh [ (Sqrt [bxe - axf]*Sqrtl[c + d*x])/(Sqrt[b*c - axd]*Sqrtle + f*x])])/
(8% (b*xc - a*xd) "~ (7/2)*(bxe - axf)~(7/2))

Rule 1613

Int[(Px_)*((a_.) + (b_.)*x(x_))"(m_)*((c_.) + (d_)*(x_))"(n_.)*x((e_.) + (f_
O*x(x_))"(p_.), x_Symbol] :> With[{Qx = PolynomialQuotient[Px, a + b*x, x],
R = PolynomialRemainder[Px, a + b*x, x]}, Simp[(b*R*(a + b*x)"(m + 1)*(c +
d*x)~(n + Dx(e + fxx)"(p + 1))/((m + 1)*x(b*xc - a*d)*(bxe - a*f)), x] + Di
st[1/((m + 1)*(bxc - axd)*(bxe — axf)), Int[(a + b*x)"(m + 1)*(c + d*xx) n*(
e + f*x) pxExpandToSum[(m + 1)*(b*xc - axd)*(b*xe - a*f)*Qx + a*xd*f*R*(m + 1)
- b*R*(d*ex(m + n + 2) + cxf*(m + p + 2)) - b*d*f*R*(m + n + p + 3)*x, x],
x], x11 /; FreeQ[{a, b, ¢, d, e, f, n, p}, x] && PolyQ[Px, x] && ILtQ[m, -
1] && IntegersQ[2+*m, 2*n, 2xp]

Rule 151

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_)) " (n_)*((e_.) + (£_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[((b*g - axh)*(a + b*x) " (m +

Dx(c + d¥x)"(n + D*(e + £xx)7(p + 1))/((m + D*(b*c - a*xd)*(bxe - axf)),
x] + Dist[1/((m + 1)*(b*c - a*d)*(bxe - axf)), Int[(a + b*x)"(m + 1)*(c + d
*xx) “n* (e + f*x) p*Simp[(a*xd*xf*g - b*x(d*e + c*xf)*g + bxckxexh)*(m + 1) - (bxg
- axh)*(d*ex(n + 1) + cxfx(p + 1)) - dxfx(b*g - a*xh)*(m + n + p + 3)*x, x]
, x]1, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && LtQ[m, -1] && Integ
er(Q [m]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]



Rule 93
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Int[(((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_)*&x_))"(@))/((e_.) + (f_.)*(x
_)), x_Symbol] :> With[{q = Denominator[m]}, Dist[q, Subst[Int[x~(gq*(m + 1)
- 1)/(b*e - a*xf - (dxe - cxf)*x"q), x], x, (a + b*x)"(1/q)/(c + d*x)~(1/q)

1, x11 /; FreeQ[{a, b,

c, d, e, f}, x] && EqQ[m + n + 1, 0] && RationalQ[n]

&% LtQ[-1, m, 0] && SimplerQ[a + b*x, c + d*x]

Rule 208

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

f A + Bx + Cx?

(a + bx)*Vc + dxqJe + fx

C(de+cf)—ab(6cCe+Bde+Bcf-6Adf) )+b2(6Bce— 5A(de+cf)
2b

(Ab2 —a(bB - aC)) Vetdxye+ fx f (@b Verd
3b(bc — ad)(be — af)(a + bx)3 3(bc — ad)(!

(Ab2 — a(bB - aC)) Ve + dx+Je + fx (2a3Cd f + ab?(12cCe + Bde + Bcf — 10Ad]

3b(bc — ad)(be — af)(a + bx)3 12
(Ab? - a(bB - aC)) Ve +dxyfe + fx  (2a3Cdf + ab?(12cCe + Bde + Bcf — 10Ad]
3b(be — ad)be — af)(a+ bxyp 1.
(Ab2 — a(bB — aC)) Ve + dx+Je + fx (2a3Cd f + ab?(12cCe + Bde + Bcf — 10Adf
3b(bc — ad)(be — af)(a + bx)3 12

(Ab2 —a(bB - aC)) Ve + dxyJe + fx (2a3Cdf + ab?(12cCe + Bde + Bcf —10Adf

3b(bc — ad)(be — af)(a + bx)3 12

(Ab2 —a(bB - aC)) Ve + dxyJe + fx (2a3Cdf + ab?(12cCe + Bde + Bcf —10Adf

3b(bc — ad)(be — af)(a + bx)3 12

Mathematica [A] time = 6.08097, size = 800, normalized size = 0.97

~24C(bc — ad)?(be — af)?(bde + bef — 2adf) tan™ (

\be-afVc+dx

MW) (a + bx)® — 6(bB — 2aC)(be — af) (Bb(ad - bc)3/2\/g

Warning: Unable to verify antiderivative.
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[In] Integrate[(A + B*x + C*x72)/((a + b*x) 4*Sqrtl[c + d*x]*Sqrtle + f*x]),x]

[Out] -(-8*b*x(A*b~2 + a*x(-(b*B) + a*C))*(-(bxc) + axd)~(5/2)*(bxe - axf)~(5/2)*Sq
rt[c + dxx]*Sqrtle + f*x] - 12xb*(b*B - 2*%axC)*(-(b*c) + a*xd)~(5/2)*(bxe -
axf) " (56/2)*(a + bxx)*Sqrtlc + d*x]*Sqrtle + f*xx] - 24*b*Ckx(-(b*c) + axd)~ (5
/2)*(bxe - axf)~(5/2)x(a + b*x)~2*xSqrt[c + d*x]*Sqrt[e + f*xx] - 24*Cx(b*xc -
axd) "2*(b*xe - axf) 2x(bxd*e + bkcxf - 2%axdxf)*(a + bxx) 3*ArcTan[(Sqrt [b*
e - axf]*Sqrtlc + d*x])/(Sqrt[-(bxc) + axd]*Sqrtle + f*x])] - 6%x(b*xB - 2xax
C)*(bxe — axf)*x(a + b*xx) 2% (3*b*x(-(b*xc) + axd)~(3/2)*Sqrt[b*xe - a*xf]*(b*xdxe
+ bxcxf - 2*xaxdxf)*Sqrtlc + d*x]*Sqrtle + fxx] - (b*c - axd)*(8%a~2xd~2*f"
2 - 8kaxbkxdxfx(d*e + c*xf) + b72x(3%d"2*e”2 + 2xckdxexf + 3*xc”2xf"2))*(a + b
*xx)*ArcTan[(Sqrt [b*e - axf]*Sqrtlc + d*x])/(Sqrt[-(bxc) + axd]*Sqrtle + f*x
1)1) - (A*b72 + ax(-(b*B) + a*C))*(a + bxx)*(10*b*(-(b*c) + a*xd) (3/2)*(bxe
- axf)~(3/2) *(b*dxe + bxc*f - 2%axd*f)*Sqrt[c + d*x]*Sqrtle + fxx] - (a +
bxx)* (= (b*Sqrt [-(bxc) + axd]*Sqrt[bxe - axf]l*(44*a~2xd"2*f~2 - 44xaxb*xd*fx*(
dxe + cxf) + b72x(16*%d"2%e"2 + 14xckdxexf + 16xc™2xf72))*Sqrtlc + d*x]*Sqrt
[e + f*xx]) - 3x(bxd*e + bkcxf - 2xa*xd*f)*(8xa~2xd~2*xf~2 - 8xaxbxd*f*(dxe +
cxf) + b72x(5xd"2%e”2 - 2xckdxexf + Bkc”2xf72))*(a + b*x)*ArcTan[(Sqrt[b*e
- axf]*Sqrtc + d*x])/(Sqrt[-(b*c) + axd]*Sqrtle + fxx])]1)))/(24*b~2x (- (b*c
) + axd) "~ (7/2)*(bxe - axf)~(7/2)*(a + b*x)~3)

Maple [B] time = 0.246, size = 18802, normalized size = 22.8

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((Cxx~2+B*x+A)/(b*x+a) 4/ (dxx+c) ~(1/2)/(fxx+e)~(1/2),x%)

[Out] result too large to display

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.
Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+B*x+A)/(b*x+a) 4/ (d*x+c)~(1/2)/(f*x+e)”(1/2),x, algorithm=
"maxima")
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[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(b*xx+a) 4/ (d*xx+c)~(1/2)/(f*x+e)~(1/2),x, algorithm=

"fricas")

[Out] Timed out

Sympy [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxx**2+Bxx+A)/(b*x+a)**4/(d*x+c)**(1/2)/(f*xx+e)**x(1/2),%)

[Out] Exception raised: ValueError

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(b*x+a) 4/ (d*x+c)~(1/2)/(f*x+e)”~(1/2),x, algorithm=

“giac")

[Out] Timed out
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3.61 f\/a + bxVe + dx+Je + fx (A + Bx + sz) dx
Optimal. Leaf size=1182

result too large to display

[Out] (2*%(8*a~3*Cxd~3*xf~3 + 3*a 2*b*d"2*xf 2% (Ckd*e — c*xCxf - 4*B*xd*f) - 3*axb~2*d
*f72% ((c7™2%C - 7T*A*xd"2)*f + Bxd*(d*e - 2*c*f)) - b~ 3*x(Cx(16%d"3*e”3 - 3*c™2
*d*xe*xf”2 - 8*c73*f73) + 3xdxf* (T*Axd*f*(2*xd*e — c*xf) - Bx(8xd"2%e”2 - c*d*e
xf - 4xc”2xf72))))*Sqrt[a + b*x]*Sqrtlc + dxx]*Sqrtle + f*xx])/(315xb~3%d~3x
£73) - (2% (7*xbxd*xf*(b*xc*Cxe + a*Ckd*e + axcxCxf — 3xAxbxd*f) + (axd*f - 4x*b
x(dxe + cx*f))x(2xa*xCxd*f - b*(3*Bxd*f - 2*Cx(dxe + cxf))))*Sqrt[a + b*x]*Sq
rtlc + dxx]*(e + fxx)~(3/2))/(105%b"2xd"2*f~3) — (2*x(2*a*xC*xd*f - bk (3*kBxdx*f
- 2%Cx(d*e + c*f)))*Sqrtla + b*x]*(c + d*x)~(3/2)*(e + £xx)~(3/2))/(21%bxd
“2%f72) + (2xCx(a + b*xx)~(3/2)*(c + d*x)~(3/2)*(e + f*x)~(3/2))/(9%b*d*f) -
(2%Sqrt [-(b*c) + axd]*(16%a~4*C*xd~4*f~4 - 8*a~3*bxd~3*f 3% (C*xd*e + cxCxf +
3*%B*xd*xf) + 3*a~2xb"2xd"2xf 2% (d*f* (5*%Bkxd*e + 5*xBkxcxf + 14xAxd*xf) - 2+«Cx(d”
2%e”2 - ckdkexf + c72*xf72)) - axb " 3*xd*f*(Ckx(8*d"3*e”3 — 6xcxd"2%e”2*xf - 6%*cC
“2*xdxexf”"2 + 8*c”3%f73) + 3*xdxf*x(14*Axd*xf*(d*xe + c*xf) - Bx(5xd"2*e"2 - 6xc*
dxexf + B5xc™2xf72))) + b 4% (2*%C*(8*d"4*e”4 — 4dxcxd"3xe”3*f - 3*xc”™2*xd"2*%e”2x%
£72 - 4*xc”3xd*xexf"3 + 8*cT4*xf74) + Bkdxfx (14*xAxd*xf*(d"2%e”2 - ckxd*xexf + ¢~2
xf72) - B*(8%d"3%e”3 - bkcxd"2xe”2*xf - BxcT2kdxe*xf"2 + 8xc”3x£73))))*Sqrt [(
bx(c + d*x))/(b*c - axd)]*Sqrtle + f*xx]*EllipticE[ArcSin[(Sqrt([d]*Sqrt[a +
b*x])/Sqrt [-(bxc) + a*d]], ((b*xc - a*xd)*f)/(d*(b*xe - a*f))])/(315xb~4x*xd~(7/
2)*f74*xSqrt [c + d*x]*Sqrt[(b*x(e + f*x))/(b*e - axf)]) - (2+Sqrt[-(b*c) + ax
d]l*(bxe — axf)*(dxe - c*f)*(8*a~3*Cxd"3*f~3 + 3*a~2xb*d~2+f 2% (Ckd*e - c*Cx
f - 4*xBxd*xf) - 3xaxb”2*%d*f"2+%((c™2*C - 7TxA*xd"2)*f + B*d*(d*e - 2*c*f)) - b~
3k (Ckx(16%d"3*e”3 — 3*xc™2%d*e*xf™2 - 8*xc ™ 3*f"3) + 3Ixdxf* (7T*Axd*f*(2*d*e - cx*f
) - Bx(8*%d"2*xe”2 - ckxdkxexf - 4*xc”2x£72))))*Sqrt[(b*(c + d*x))/(b*c - axd)]*
Sqrt[(b*x(e + f*x))/(b*e - a*xf)]*EllipticF[ArcSin[(Sqrt[d]*Sqrt[a + b*x])/Sq
rt[-(bxc) + axd]], ((b*c - a*d)*f)/(dx(bxe - axf))])/(315%b~4*d~(7/2)*f~4x%S
grtlc + d*x]*Sqrtle + fx*x])

Rubi [A] time = 4.1659, antiderivative size = 1154, normalized size of antiderivative =

. . f rul
0.98, number of steps used = 10, number of rules used = 7, integrand size = 38, number of rules

= 0.184, Rules used = {1615, 154, 158, 114, 113, 121, 120}

integrand size

2C(a + bx)32(c + dx)*?(e + fx)*?  2(3bBdf — 2aCdf — 2bC(de + cf))Va + bx(c + dx)¥?(e + fx)¥?  2(7bd f (bcCe -
Sbdf " 20bd2f2 )
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Antiderivative was successfully verified.

[In] Int[Sqrtla + b*x]*Sqrtlc + d*x]*Sqrtle + fxx]*x(A + Bxx + Cxx"2),x]

[Out] (2x((8*a~3*Cxd*f)/b - 3*axb*(Bkd*e - 2*Bkxcxf + (c™2%Cxf)/d - T*A*xdxf)
“2%(Cxd*e — c*Cxf - 4*Bxdxf) + b~ 2% ((3*%c”2*Cxe)/d - 42*%Axd¥e - (16*Cxd*xe”3)
/72 + 21kAxckf + (8*c™3xCxf)/d"2 - B*(3*ckxe - (24xdxe”2)/f + (12%c~2x*f)/d)
))*Sqgrt[a + bxx]*Sqrtlc + d*x]*Sqrtle + f*x])/(315*%b"2*d*f) - (2% (7*bkxd*fx*(
bxcxCxe + axCxdxe + a*xc*C*xf - 3kAxbxdxf) — (axd*f - 4xb*x(d*e + c*f))*(3*b*B
xd*xf - 2kaxCxd*f - 2xbxCx(dxe + c*f)))*Sqrt[a + bxx]*Sqrtlc + d*x]*(e + fx*x
)7(3/2))/(105%b~2xd"2%f~3) + (2% (3*b*Bxd*xf - 2xa*Cxd*xf - 2xb*xCk(d*e + cx*f))
xSqrt[a + bxx]*(c + dxx)~(3/2)*(e + £*xx)~(3/2))/(21%b*d"2xf"2) + (2xCx(a +
b*x) ~(3/2)*(c + d*x)~(3/2)*(e + £*x)~(3/2))/(9%bxd*f) - (2xSqrt[-(bxc) + ax
dl*(16*a~4*xCxd~4*xf~4 - 8+a~3*b*d"3*f " 3*(Ckxd*e + cxCxf + 3*Bxd*f) + 3*a~2xb~
24472+ f "2 (Axf* (5kBkd*e + 5xBxckxf + 14*A*xd*xf) - 2xCx(d"2*xe”2 - c*xd*exf + ¢~
2+%£72)) - axb " 3kd*f*(Cx(8*xd"3*%e”3 - 6*c*xd"2%e " 2xf - 6kxc 2xd*exf"2 + 8*xc”3*f
~3) + 3*kd*f*k(14xAxdxfx(dxe + c*xf) - B*(5xd"2*%e”2 — 6xcxdxexf + 5*xc™2*%f72)))
+ bT4%x (2xCx (8*%d"4*xe"4 - 4xcxd™3%e”3*xf - 3kc"2*%d"2%xe"2*%f"2 - 4*xc”3*dxexf"3

+ 8%CcT4*f74) + 3xdxf* (14*xAxd*f*(d"2*%e”2 — cxdxexf + c”2+%f72) - B*(8*d"3*e”3
- bxcxd"2%e”"2xf - b*xcT2xd*exf"2 + 8%c”3%£73))))*Sqrt[(b*x(c + d*x))/(bxc -

a*d)]*Sqrt[e + f*x]*EllipticE[ArcSin[(Sqrt[d]l*Sqrtl[a + b*x])/Sqrt[-(b*c) +

axd]], ((bxc - axd)*f)/(d*(b*e - a*xf))])/(3156xb~4xd~(7/2)*f 4*Sqrt[c + d*x]
*xSqrt [(b*x(e + f*x))/(b*xe - a*f)]) - (2*Sqrt[-(b*xc) + a*xd]*(bxe - axf)x(dxe

- c*xf)*(8*%a " 3*Cxd"3*f "3 + 3*a~2%b*xd"2*f 2% (Ckd*e — c*xCxf - 4*Bxd*f) - 3*axb
“2%d*xf 2% ((c72%C — 7TxA*xd"2)*f + Bxd*(d*e - 2*c*f)) — b~ 3*x(Cx(16*%d"3*e"3 - 3
*CT2kd*ke*xf72 - 8kcT3*f73) + 3kd*kf* (TkA*dxf*(2%d*e — cxf) - B*x(8+%d"2%e”2 - ¢
xdxexf - 4xc72x£72))))*Sqrt[(b*x(c + d*x))/(b*c - axd)]*Sqrt[(bx(e + f*x))/(
bxe - a*f)]*EllipticF[ArcSin[(Sqrt[d]*Sqrtla + b*x])/Sqrt[-(b*c) + axd]], (
(b*xc - a*xd)*f)/(dx(bxe - axf))])/(315xb~4*d~(7/2)*f~4*xSqrt[c + d*x]*Sqrt[e

+ fxx])

Rule 1615

Int[(Px_)*((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_)*(x_))"(a_.)*((e_.) + (£
_D)*(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]11}, Simp[(k*x(a + b*x)"(m + q - D*(c + d*x)"(n + 1)*(e + £*x)"(p +

1)/ (dxf*xb"(q - D*x(m +n +p + q+ 1)), x] + Dist[1/(d*f*xb"g*x(m + n + p +
q + 1)), Int[(a + b*x) m*x(c + d*x) n*(e + f*x) p*ExpandToSum[d*f*b~q*(m + n
+p+q+ 1)*Px - d*fxkx(m + n + p + q + 1)*x(a + bxx)"q + kx(a + b*xx)"(q -
2)*%(a"2xd*fx(m + n + p + g + 1) - b*k(b*cxex(m + q - 1) + a*x(d*ex(n + 1) +

ckfx(p + 1))) + bx(axd*f*(2%(m + q) + n + p) - bx(d*ex(m + q + n) + cxf*x(m

+q+p)))*x), x]1, xI, x] /; NeQ[m + n + p + q + 1, 0]] /; FreeQ[{a, b, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x] && IntegersQ[2+*m, 2*n, 2xp]

+ 3*a
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Rule 154

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(m_)*((e_.) + (£_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[(h*(a + bxx) mx(c + d*x)~(n
+ 1)*x(e + fxx)"(p + 1))/(d*f*x(m + n + p + 2)), x] + Dist[1/(d*f*(m + n + p
+ 2)), Int[(a + b*x)"(m - 1)*(c + d*x) " nx(e + f*x) p*Simp[axd*f*g*(m + n +
p + 2) - h*x(b*ckxe*m + a*x(d*ex(n + 1) + cxf*x(p + 1))) + (bxd*fxgx(m + n + p
+ 2) + hx(axd*f*m - bx(d*xex(m + n + 1) + c*xfx(m + p + 1))))*x, xJ, x], x] /
; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && GtQ[m, 0] && NeQ[m + n + p +
2, 0] &% IntegersQ[2*m, 2%n, 2*p]

Rule 158

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*x(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrt[(e_ ) + (f_.)*(x_)]1), x_Symbol] :> Dist[h/f, Int[Sqrt[e + f*x]/(Sqrtl[a
+ bxx]*Sqrtlc + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtl[a + b*x]*Sq
rt[c + dxx]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}, x] &
SimplerQ[a + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*xx]*Sqrt[(b*x(c + d*x))/(b*c - axd)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*e - axf)]), Int[Sqrt[(bxe)/(b*xe - a*xf) + (
bxf*x)/(bxe - axf)]/(Sqrtla + bxx]*Sqrt[(b*xc)/(b*c - axd) + (b*d*x)/(bxc -

a*d)1), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && ! (GtQ[b/(b*c - axd), 0]

&& GtQ[b/(b*e - axf), 01) && !LtQ[-((b*xc - a*d)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - a*f)/d), 2]*EllipticE[ArcSin[Sqrt[a +
b*xx] /Rt [-((bxc - a*d)/d), 2]], (f*(b*c - axd))/(d*(bxe - axf))])/b, x] /;

FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - axd), 0] && GtQ[b/(b*xe - axf),
0] && 'LtQ[-((b*c - a*d)/d), 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-
(a/(bxc - axd)), 0] && GtQ[d/(dxe - c*f), 0] && !'LtQ[(bxc - axd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)Ix*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - a*d)]/Sqrtlc + d*x], Int[
1/(Sqrtla + b*x]*Sqrt[(b*c)/(b*c - a*d) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] && !'GtQ[(b*c - a*xd)/b, 0] && Si
mplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + fx*x]
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Rule 120

Int[1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]1*Sqrt[(bxc - a*d)/bl)], (f*(b*xc - axd))/(d*(bxe - axf))])/(b*Sqr
t[(b*xe - axf)/bl), x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - ax*xd),
0] && GtQ[b/(b*e - axf), 0] && SimplerQ[a + b*x, ¢ + dxx] && SimplerQ[a +
b*x, e + f*x] && (PosQ[-((b*c - a*d)/d)] || NegQ[-((b*xe - axf)/f)])

Rubi steps

2C(a + br)2(c + dxyl2(e + fry¥2 2] Va+bxvetdxye+ fx (‘
= +
9bdf

f\/a + bxVe + dxrJe + fx (A+ Bx + sz) dx

_ 2(3bBdf —2aCdf — 2bC(de + cf))Va + bx(c + dx)¥?(e + fx)¥? .\ 2C
- 21bd2f2 —

_ 2(7bdf(bcCe + aCde + acCf — 3Abdf) — (adf — 4b(de + cf))(3bBd
T 1056242 3

2 (8a3CdP f® + 3a?bd2 f2(Cde — cC f — 4Bdf) - 3ab?df? ((cC - 7Ad"

2 (8a3CdPf3 + 3a2bd2 f2(Cde — cC f — 4Bdf) — 3ab?df? ((cC - 7Ad>

2 (8a°CdP f® + 3a2bd2 f2(Cde — cCf — 4Bdf) - 3ab?df? ((cC - 7Ad>

2 (8a3CdP f3 + 3a?bd2 f2(Cde — cC f — 4Bdf) — 3ab?df? ((cC - 7Ad"

2 (8a°Cd®f2 + 3a2bd? f2(Cde - cCf — 4Bdf) — 3ab?df? ((c*C - 7Ad?




Mathematica [C] time = 17.7168, size = 11933, normalized size = 10.1

Result too large to show

Antiderivative was successfully verified.
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[In] Integrate[Sqrt[a + b*x]*Sqrtlc + d*x]*Sqrtle + f*x]*(A + Bxx + C*x72),x]

[Out] Result too large to show

Maple [B] time = 0.088, size = 14778, normalized size = 12.5

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)~(1/2)*(C*xx~2+B*x+A)* (d*x+c) ~(1/2) * (f*xx+e) ~(1/2),x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

f(sz + Bx + A)\/bx + aVdx + c\/fx + edx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)~(1/2)*(Ckx~2+B*x+A)*(d*x+c) ™ (1/2)*(f*x+e)~(1/2),x, algori

thm="maxima")

[Out] integrate((C*x~2 + B*x + A)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral ((Cx2 + Bx + A)\/bx +aVdx +c\[fx +e, x)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((bxx+a)” (1/2)*(C*x~2+Bxx+A)* (dxx+c)”~(1/2)*(f*x+e)~(1/2),x, algori

thm="fricas")

[Out] integral((C*x~2 + B*x + A)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a + bxVe + dxrJe + fx (A + Bx + sz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)**(1/2)* (Ckx**2+B*xx+A)* (d*xx+c)**(1/2) * (f*x+e)**(1/2) ,x)

[Out] Integral(sqrt(a + b*x)*sqrt(c + d*x)*sqrt(e + f*x)*(A + Bxx + Ckx**2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f(sz + Bx + A)\/bx +aVdx + c\/fx + edx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)” (1/2)*(Cxx~2+Bxx+A)* (d*x+c)~(1/2)*(f*x+e)”~(1/2),x, algori
thm="giac")

[Out] integrate((C*x~2 + Bxx + A)*sqrt(bxx + a)*sqrt(d*x + c)*sqrt(f*x + e), x)
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3.62

\/c+dx\/e+fx(A+Bx+Cx2) q
11 Va+bx *

Optimal. Leaf size=774

2Vad — be(be - af)(de — cf)+ /% ‘ /’%ff’ (24a2Cd2 2 + abd f (-28Bdf - 5cCf +13Cde) + b? (- (7df (-5Adf -
B 105b4d22 f3+/c + dx+Je + fx

[Out] (-2*%(5*xbxd*f*(3*xa*xCx(d*e + c*f) + bx(cxCxe — 7TxAxd*f)) - (2xb*d*e - bxcxf +
4xaxd*f)*x (6xa*xCxd*xf - b*(7*Bxd*f - 4*Cx(dxe + cxf))))*Sqrtla + bxx]*Sqrt[c
+ dxx]*Sqrtle + f£*x])/(105%b~3*xd"2*f72) - (2% (6xa*xCkd*f - bx(7*Bxd*f - 4*C
*x(d*xe + cxf)))*Sqrtla + b*x]*Sqrtlc + dxx]*(e + f£xx)7(3/2))/(35xb~2xd*f"2)
+ (2xCxSqrt[a + bxx]*(c + dxx)~(3/2)*(e + £*x)~(3/2))/(7T*b*xdxf) - (2*Sqrt[-
(bxc) + ax*xd]*(3*xbxd*xf*(5xbxcxf*(3xa*xCk(d*e + c*f) + bx(cxCxe — TxAxd*f)) -
(bxcxe + axdxe + 3kaxckf)*x(6xa*xCxd*f — bk (7*Bxdxf — 4*Cx(d¥e + c*f)))) + 2%
((b*d*e) /2 - (bkxc + ax*xd)x*f)*(5xbxd*f*(3*a*Cx(d*e + c*f) + bx(c*xCxe - T*A*xd*
f)) - (2*%bxd*e - b¥c*xf + 4*xaxdxf)*(6xa*xCkdxf - bk (7*Bxdxf - 4*xCx(d*e + c*f)
))))*Sqrt [(bx(c + dxx))/(b*xc - a*d)]*Sqrtle + f*x]*EllipticE[ArcSin[(Sqrt[d
1xSqrta + b*x])/Sqrt[-(b*xc) + a*xd]], ((bxc - axd)*f)/(d*(bxe - axf))])/(10
5xb~4*d~ (5/2)*£~3*Sqrt [c + d*x]*Sqrt[(bx(e + f*xx))/(bxe - axf)]) - (2xSqrt[
-(b*c) + axd]*(bxe - axf)*x(d¥e - c*f)*(24*a”2xCxd"2*xf~2 + axb*d*f*(13*Ckd*e
- BxcxCxf - 28*Bxd*xf) - b7 2x(7*xd*xf*(2%Bxd*xe - Bkckxf — SkAxd*f) - Cx(8*xd™2%
e”2 - cxd¥exf - 4xc”2xf72)))*Sqrt[(bx(c + d*x))/(bxc - axd)]*Sqrt[(b*x(e + £
xx))/(bxe - axf)]*EllipticF[ArcSin[(Sqrt[d]*Sqrt[a + b*x])/Sqrt[-(b*xc) + ax
dl], ((bxc - axd)*f)/(d*(b*xe - a*f))])/(106%xb~4*xd~(5/2)*f~3*Sqrt[c + d*x]*S
grtle + fx*x])

Rubi [A] time = 2.23008, antiderivative size = 769, normalized size of antiderivative =

: : ber of rul
0.99, number of steps used = 9, number of rules used = 7, integrand size = 38, T > %

= 0.184, Rules used = {1615, 154, 158, 114, 113, 121, 120}

2ad = be(be - af)(de — cf)y /"%;’ (24a2Cd? 2 + abd f (~28Bdf — 5¢Cf +13Cde) + b? (- (7df (-5 Adf ~
B 1056452 f3e + dxrfe + fx

integrand size

Antiderivative was successfully verified.

[In] Int[(Sqrtlc + d*x]*Sqrtle + f*x]*(A + B*x + Cxx"2))/Sqrtl[a + b*x],x]
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[Out] (-2x(((2*bxd*e - bxc*xf + 4xa*xd*f)*(7*bxBkxd*xf - 6xaxCxd*f - 4*b*Cx*(d*e
)))/(bxd*f) + b*(3*a*xCx(d*e + c*f) + b*x(c*Ckxe - TxAxdxf)))*Sqrt[a + b*xx]*Sq
rt[c + dxx]*Sqrtle + f*x])/(105%b~2*d*f) + (2% (7*b*Bkxd*f - 6xa*xCkdxf - 4xbx
Cx(dxe + cxf))*Sqrtla + b*xx]*Sqrtlc + d*x]*(e + f£*x)~(3/2))/(35%xb~2xd*f~2)
+ (2%C*xSqrtla + b*x]x(c + d*x)~(3/2)*(e + £*x)~(3/2))/(7T*b*xd*f) - (2*Sqrt[-
(b*c) + a*d]*(3*bxd*xf*((bxckxe + axd*e + 3kxaxckxf)*(7xbxBxdxf - 6*xaxCxdxf - 4
*bxCk (d*e + c*f)) + Bxbkcxf*x(3%a*xCkx(dxe + c*xf) + bx(cxCkxe - T*xAxd*xf))) + 2%
((bxd*e) /2 - (b*c + axd)*f)*x((2xbxdxe - bkckxf + 4kaxd*f)*(7xbxBxd*xf - 6*ax*C
*d*f - 4*b*Ck(d*e + c*f)) + Bxbxd*f*(3*a*Ckx(d*e + c*f) + bx(cxCxe - T*Axdx*f
))))*Sqrt [(b*x(c + d*x))/(bxc - axd)]*Sqrtle + f*x]*EllipticE[ArcSin[(Sqrt[d
1*xSqgrt[a + bxx])/Sqrt[-(b*c) + axd]]l, ((bxc - a*xd)*f)/(d*(bxe - axf))])/(10
5%b~4*xd~(5/2) *£"3xSqrt [c + d*x]*Sqrt[(bx(e + f*x))/(b*xe - axf)]) - (2*Sqrt[
-(bxc) + axd]*(bxe - axf)x(d*e - c*f)*(24*a”2xCxd"2*xf~2 + axb*d*f*(13*C*d*e
— BkckCxf — 28*Bxd*xf) — b7 2% (7T+d*f*(2+B*xd*e — Bkxcxf — BxAxdxf) - C*(8+xd™2%
e"2 - cxdxexf - 4xc”2x£72)))*Sqrt[(b*x(c + d*x))/(b*c - a*xd)]*Sqrt[(b*x(e + f
*x))/(b*xe - axf)]*EllipticF[ArcSin[(Sqrt[d]*Sqrt[a + b*x])/Sqrt[-(bxc) + ax
dl], ((bxc - axd)*f)/(d*(b*xe - a*f))])/(106xb~4*xd~(5/2)*f73*Sqrt[c + d*x]*S
grtle + fx*x])

Rule 1615

Int [(Px_)*((a_.) + (b_)*x(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (f
_)*(x_))"(p_.), x_Symbol]l :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simp[(k*(a + b*x)"(m + q - D*(c + d*xx)"(n + 1)*(e + £*x)"(p +

1)/ (dxf*xb"(q - D*x(m + n +p + q+ 1)), x] + Dist[1/(d*f*xb"g*x(m + n + p +

q + 1)), Int[(a + b*x) "m*x(c + d*x) n*(e + f*x) p*ExpandToSum[d*fxb~q*(m + n
+p+q+ 1)*Px - dxfxkx(m + n + p + q + 1)*x(a + b*x)"q + kx(a + b*x)"(q -
2)*(a"2xd*fx(m + n + p + g + 1) - b*x(b*cxex(m + q - 1) + ax(d*ex(n + 1) +

c*f*(p + 1))) + bx(axd*xf*x(2x(m + q) + n + p) - b*(d*xex(m + q + n) + c*xf*x(m

+ g+ p)))*x), x], x], x] /; NeQm + n + p + q + 1, 0]] /; FreeQl{a, Db, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x] && IntegersQ[2*m, 2*n, 2xp]

Rule 154

Int[((a_.) + (b_.)*(x_)) " (m_)*x((c_.) + (d_.)*(x_)) " (m_)*x((e_.) + (f_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[(h*(a + b*x) m*x(c + d*x)~(n
+ 1)*x(e + f*xx)"(p + 1))/(d*f*x(m + n + p + 2)), x] + Dist[1/(d*f*(m + n + p
+2)), Intl[(a + b*¥x)"(m - 1)*(c + d*x) nx(e + f*x) p*Simp[axd*f*g*(m + n +
p + 2) - h*x(b*ckxe*m + a*x(d*ex(n + 1) + cxf*x(p + 1))) + (bxd*fxgx(m + n + p
+ 2) + hx(a*d*f*m - b*(d*xex(m + n + 1) + cxfx(m + p + 1))))*x, x], x], x] /
; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && GtQ[m, 0] && NeQ[m + n + p +
2, 0] && IntegersQ[2*m, 2*n, 2*p]

Rule 158

+ cxf
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Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e_) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtl[e + fxx]/(Sqrtla
+ b*x]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + bx*x]*Sq
rt[c + dxx]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fx*x]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*x]*Sqrt[(bx(c + d*x))/(bxc - a*d)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*xe - axf)]), Int[Sqrt[(b*e)/(bxe - a*xf) + (
bxf*x)/(bxe - axf)]/(Sqrtla + b*x]*Sqrt[(bxc)/(bxc - axd) + (b*xd*x)/(b*c -

axd)]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] & '(GtQ[b/(bxc - axd), 0]

&& GtQ[b/(b*e - a*f), 0]) && !LtQ[-((b*c - axd)/d), O]

Rule 113

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bkxx] /Rt [-((bxc - a*xd)/d), 211, (f*x(b*xc - axd))/(dx(bxe - axf))]1)/b, x] /;

FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - a*d), 0] && GtQ[b/(bxe - axf),
0] && 'LtQ[-((bxc - a*d)/d), 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-
(d/(b*c - ax*d)), 0] && GtQ[d/(dxe - c*f), 0] && 'LtQ[(bxc - axd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - a*xd)]/Sqrtlc + d*x], Int[
1/(Sqrtla + b*xx]*Sqrt[(b*c)/(b*c - a*xd) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, £}, x] && 'GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + bxx, e + f*x]

Rule 120

Int[1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Simp[(2*#Rt[-(b/d), 2]*EllipticF[ArcSin[Sqrt[a + bx*x]/(Rt
[-(b/d), 2]1*Sqrtl[(b*c - a*d)/bl)], (fx(bxc - axd))/(d*(bxe - a*xf))])/(b*Sqr
t[(b*xe - axf)/bl), x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*xc - axd),
0] && GtQ[b/(bxe - axf), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a +
bxx, e + f*x] && (PosQ[-((b*xc - a*d)/d)] || NegQ[-((b*xe - axf)/f)])

Rubi steps
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Vc+dx\/e+fx(— % b(3aC(de+cf)+b(cCe-7Adf))+ %A

LfVC+de€+fx@4+Bx+Cfgdx_2CVa+bﬂc+d@y%e+f@y2+ZJ‘ Vatbx
Va+ bx ) 7bdf 7v*df

_ 2(7bBdf — 6aCdf — 4bC(de + cf))Va + bxVc + dx(e + fx)¥? . 2CVa + bx(c
B 35b2d f2

_ 2((2bde — bcf + 4adf)(7bBdf — 6aCdf — 4bC(de + cf)) + 5bdf (3aC(de + cf
T 1056342 2

_ 2((2bde — bcf + 4adf)(7bBdf — 6aCdf — 4bC(de + cf)) + 5bd f (3aC(de + cf
T 1056342 2

2((2bde — bef + 4adf)(7bBdf — 6aCdf — 4bC(de + cf)) + 5bd f (3aC(de + cf
T 1056342 2

_ 2((2bde — bcf + 4adf)(7bBdf — 6aCdf — 4bC(de + cf)) + 5bd f (3aC(de + cf
T 1056342 2

_ 2((2bde - bef + 4adf)(7bBdf — 6aCdf — AbC(de + cf)) + Sbdf (3aC(de + cf
T 1056342 2

Mathematica [C] time = 13.3288, size = 917, normalized size = 1.18

2( = —a((C(~8a%% + 5ed? fe + 5% f2e — 83 £3) — 7df (SAdf (de + cf) — 2B (d2* — cdfe +*f2))) b° + adf (7d

Antiderivative was successfully verified.

[In] Integrate[(Sqrtlc + d*x]*Sqrt[e + fxx]*(A + Bxx + C*x72))/Sqrtl[a + bx*x],x]

[Out] (-2*%(b~2*Sqrt[-a + (bxc)/d]*(48%xa~3*%Cxd~3*xf~3 - 8*a~2xb*xd~2*f 2% (7*Bxd*f +
2xCx (dxe + c*xf)) + axb”™2xdxf* (7xdxf* (3*xBxdxe + 3*Bkxcxf + 10%xAxd*xf) + Cx(-9%
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d"2*%e”2 + 8xckxdxexf - 9%c”2+%f72)) + b3k (Cx(-8*xd"3xe”3 + 5kckd"2*e”2*xf + bx*
cT2xd*xe*xf72 - 8*c73*f73) - Txdxfx(5xAxd*xf*(d*e + c*f) - 2xBx(d"2*e”2 - cxd*
exf + c72xf72))))*(c + d*x)*x(e + f*x) + b™2xSqrt[-a + (bxc)/d]*d*xfx(a + b*x
Yx(c + d*x)*x(e + F£*xx)*(-24*a"2*xCxd~2*xf~2 + axb*d*f*(28*Bkd*f + Cx(5xd*xe + 5
xckf + 18*%d*xf*x)) + b~ 2% (-7xd*xf* (Bxckxf + BkAxd*xf + Bxdx(e + 3*xf*x)) + Cx(4x
CT2*%f72 - ckxdxf*(2*%e + 3*xfxx) + d72*%(4*xe”2 - 3xexf*kx - 15xf72%x72)))) + Ix(
bxc — axd)*xfx(48%a~3%Cxd~3*f~3 - 8*a~2xbxd~2xf 2% (7T*B*xd*f + 2*Cx(d*e + cx*f)
)+ axbT2xd*f* (Txd*f* (3*xBxd*xe + 3*xBkxckxf + 10*%A*xd*f) + Cx(-9*d"2xe”2 + 8xcx*d
xexf — O*%c72*f72)) + b7 3*x(Cx(-8+%d"3*e”3 + bkckxd"2xe"2xf + bxc 2*d*exf”"2 - 8
*c"3*%f73) - Txdxf*x(5xAxdxfx(d¥e + c*f) - 2xBx(d"2*e”2 — cxd*exf + c 2*xf"2))
))x(a + bxx)~(3/2)*Sqrt[(bx(c + d*x))/(d*(a + b*x))]*Sqrt[(b*x(e + f*x))/(fx*
(a + b*x))]*EllipticE[I*ArcSinh[Sqrt[-a + (bxc)/d]/Sqrtla + bxx]], (bxdxe -
axd*f)/(bxcxf — axd*xf)] - Ixb*x(b*c - axd)*f*x(dxe — cxf)*(24*a~2*C*xd"2*f"2

+ axbxdxf* (-5*xCkxd*xe + 13*%c*Ckxf - 28*Bkxd*f) + b~ 2x(7xd*f*(Bxd*e - 2*Bxc*xf +

SxAxd*xf) - Cx(4*d"2xe”2 + ckxdxexf - 8xc™2*xf72)))*(a + bxx)~(3/2)*Sqrt[(bx(c
+ dxx))/(d*(a + b*x))]*Sqrt[(bx(e + f*x))/(f*(a + b*x))]*EllipticF[I*ArcSi
nh[Sqrt[-a + (b*c)/d]l/Sqrtla + b*x]], (bxd*e - axdxf)/(bkxcxf - axd*f)]))/(1
05%b~b*Sqrt[-a + (b*c)/d]*d"3*f73*Sqrt[a + b*x]*Sqrt[c + d*x]*Sqrtle + fx*x]
)

Maple [B] time = 0.042, size = 10271, normalized size = 13.3

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((Cxx~2+Bxx+A)* (d*x+c)~(1/2)*(f*x+e)~(1/2)/(bxx+a)~(1/2),x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

f (sz +Bx+A)\/dx+c\/fx+ed
X
Vbx +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*xx~2+B*xx+A)* (d*x+c)” (1/2)*(f*x+e)”~(1/2)/(b*x+a)~(1/2),x, algori
thm="maxima")



412

[Out] integrate((C*x~2 + B*x + A)*sqrt(d*x + c)*sqrt(f*x + e)/sqrt(b*x + a), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

- ooral (Cx2+Bx+A)\/dx+c\/fx+e
integra X
& Vbx +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Ckx~2+B*x+A)* (d*x+c)~(1/2)*(f*x+e)”~(1/2)/(b*x+a)~(1/2),x, algori

thm="fricas")

[Out] integral((C*x~2 + Bxx + A)*sqrt(d*x + c)*sqrt(f*x + e)/sqrt(b*x + a), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

Ve +dxyJe+ fx (A + Bx + Cx2)
f Va + bx

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate ((Ckx**2+B*x+A)* (dxx+c)**(1/2)*(f*x+e)**(1/2)/ (bxx+a)**(1/2),x)

[Out] Integral(sqrt(c + d*x)*sqrt(e + f*x)*(A + B*x + Ckx**2)/sqrt(a + b*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (Cx2 +Bx+A)\/dx+c\/fx+ed
X
Vbx +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)* (d*x+c)~(1/2)*(f*xx+e)~(1/2)/(b*x+a)~(1/2),x, algori
thm="giac")

[Out] integrate((C*x~2 + B*x + A)*sqrt(d*x + c)*sqrt(f*x + e)/sqrt(b*x + a), x)
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3.63

Vc+dxﬁe+fx@4+Bx+Cx2)
f dx
(a+bx)3/?

Optimal. Leaf size=706

2vad — be(de - cf)y[ ) [ J’j) (2442Cdf? - abf(20Bdf + cCf + 7Cde) + b*(5df (BAf + Be) - Ce(2de - cf)))]
B 150432 F2/c + dxnJe + fx

[Out] (2%(24*a~2*Cxd*f~2 - axb*xfx(7*Cxd*e + c*Cxf + 20*Bxd*f) + b 2% (5xd*f*(Bxe +
3xAxf) - Cxe*x(2*dxe - cxf)))*Sqrtla + b*x]*Sqrt[c + dxx]*Sqrtle + f*x])/(1
5%b~3*d*f*(bxe — a*xf)) + (2x(6*xa~2+%Cxd*f + b~ 2*x(c*Cxe + SxAxdxf) - axb*(Cxd
xe + ckxCxf + 5*Bxd*f))*Sqrt[a + bxx]*Sqrtlc + d*x]*(e + £*x)~(3/2))/(5xb~2x
(b*xc - axd)*f*x(bxe - a*xf)) - (2*x(A*¥b"2 - a*x(b*B - a*xC))*(c + d*x)~(3/2)*(e
+ £*x)7(3/2))/(bx(b*c - a*xd)*(b*xe - axf)*Sqrtla + b*x]) + (2*Sqrt[-(bxc) +
a*xd] * (48*%a~2*xCxd~2*xf~2 — 8xaxbxd*f*(Cxd*e + c*Cxf + 5xBxd*xf) + b7 2% (5kxd*f*(
Bxd*e + Bkcxf + 6xAxdxf) - 2xCx(d"2*%e”2 - cxdkxexf + c”2xf72)))*Sqrt[(bx(c +
d*x))/(bxc - axd)]*Sqrtle + f*x]*EllipticE[ArcSin[(Sqrt[d]*Sqrt[a + bx*x])/
Sqrt[-(b*xc) + axd]l], ((bxc - axd)*f)/(d*(b*xe - a*xf))])/(15*%b~4*d~(3/2)*f~2x*
Sqrtlc + d*x]*Sqrt[(bx(e + f*xx))/(b*e - axf)]) - (2xSqrt[-(bxc) + axd]*(dxe
- c*f) % (24*%a~2xCxd*xf~2 - axb*xf*(7*Ckd*e + c*xCxf + 20%Bxd*f) + b~ 2% (5xd*xfx*(
Bxe + 3%Axf) - Ckex(2xd*e - c*f)))*Sqrt[(bx(c + d*x))/(b*c - a*xd)]*Sqrt[(b*
(e + £xx))/(bxe - axf)]*EllipticF[ArcSin[(Sqrt[d]*Sqrtl[a + b*x])/Sqrt[-(b*c
) + axd]], ((b*c - axd)*f)/(dx(bxe - axf))])/(16xb~4xd~(3/2)*f~2%Sqrt[c + d
*xx]*Sqrt[e + f*xx])

Rubi [A] time = 1.84465, antiderivative size = 706, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 7, integrand size = 38, fumner o e

0.184, Rules used = {1614, 154, 158, 114, 113, 121, 120}

integrand size

2o + favad = bey| ") (480°C f2 - 8abd f (SBAf + cCf + Cde) + 12 (SAf(6Adf + Bef + Bde) - 2C (2f? — cdef

432 £2 ble+fx)
15b4d%2 f2+/c + dx beaf

Antiderivative was successfully verified.

[In] Int[(Sqrtlc + d*x]*Sqrtle + fxx]*x(A + Bxx + Cxx"2))/(a + bxx)~(3/2),x]

[Out] (2*%(24*xa~2*xCxd*xf~2 - axbxf*(7*Cxd*xe + c*xCxf + 20*%Bxd*xf) + b~ 2% (5xd*xfx(Bxe +
3xAxf) - Cxe*x(2*dxe - cxf)))*Sqrtla + b*x]*Sqrt[c + dxx]*Sqrtle + f*x])/(1
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5xb~3*xdxf*(b*xe - a*xf)) + (2x(6%a~2xCxd*f + b72x(c*Cke + BkxAxd*xf) - a*xbx(Cxd
*xe + cxCxf + BxBxd*f))*Sqrtla + b*x]*Sqrtlc + dxx]*(e + f£xx)7(3/2))/(5*b™2%
(b*xc - axd)*fx(bxe - axf)) - (2%x(A*b~2 - ax(b*B - a*C))*(c + d*x)~(3/2)*(e

+ £xx)7(3/2))/(b*(b*c - a*xd)*(bxe - axf)xSqrtl[a + b*x]) + (2xSqrt[-(bxc) +

axd] * (48%a~2xC*xd~2*f72 - 8xaxbkxd*xf*(Cxdxe + c*xCxf + B*Bkd*f) + b~ 2% (5xd*f*(
Bxd*e + Bkxcxf + 6%Axdxf) - 2xCx(d"2*e”2 - ckdxexf + c™2xf£72)))*Sqrt[(b*x(c +
d*x))/(bxc - a*d)]*Sqrt[e + f*x]*EllipticE[ArcSin[(Sqrt[d]*Sqrt[a + bxx])/
Sqrt [-(b*xc) + a*xd]], ((bxc - axd)*f)/(d*(b*xe - a*xf))])/(15xb~4*d~(3/2)*f 2%
Sqrtc + d*x]*Sqrt[(bx(e + f*x))/(b*e - axf)]) - (2xSqrt[-(bxc) + axd]*(dxe
= c*f) % (24%a"2*xC*xd*f72 - axb*fx(7xCkxd*e + cxC*xf + 20%Bkdxf) + b7 2% (5*xd*f*(
Bxe + 3*%Axf) - Cxex(2xdxe - c*f)))*Sqrt[(b*x(c + d*x))/(b*c - axd)]*Sqrt[(b*
(e + f*x))/(b*e - axf)]*EllipticF[ArcSin[(Sqrt[d]*Sqrt[a + b*x])/Sqrt[-(bxc
) + axd]], ((b*c - axd)*f)/(dx(bxe - axf))])/(16%b~4*xd~(3/2)*f~2*Sqrt[c + d
xx]*Sqrt[e + f*xx])

Rule 1614

Int[(Px_)*((a_.) + (b_.)*x(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_.)*((e_.) + (f_
Dx(x_))"(p_.), x_Symbol] :> With[{Qx = PolynomialQuotient[Px, a + b*x, x],
R = PolynomialRemainder[Px, a + b*x, x]}, Simp[(b*R*(a + b*x)"(m + 1)*(c +
d*x)"(n + D)*(e + £*xx)"(p + 1))/((m + 1) *(b*c - a*d)*(b*e - axf)), x] + Di
st[1/((m + L) x(bxc - a*d)*(bxe - axf)), Int[(a + b*x)"(m + 1)*x(c + d*x) nx*(
e + f*x) pxExpandToSum[(m + 1)*(b*c - axd)*(b*e - a*f)*Qx + a*xd*xf*Rx(m + 1)
- b*Rk(d*ex(m + n + 2) + cxf*(m + p + 2)) - b*d*xf*R*x(m + n + p + 3)*x, x],
x], x11 /; FreeQl{a, b, ¢, d, e, f, n, p}, x] & PolyQ[Px, x] && LtQ[m, -1
] && IntegersQ[2*m, 2*n, 2xp]

Rule 154

Int[((a_.) + (b_)*(x_))"m_)*((c_.) + (d_)*(x_))"(m_)*((e_.) + (f_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[(h*(a + b*x) m*(c + d*x) " (n
+ 1)*x(e + £xx)~(p + 1))/(d*f*(m + n + p + 2)), x] + Dist[1/(d*f*(m + n + p
+ 2)), Intl[(a + b*x)"(m - 1)*(c + d*x) nx(e + f*x) p*Simp[axd*f*g*(m + n +
p + 2) - h*x(b*ckxe*m + a*x(d*ex(n + 1) + cxf*x(p + 1))) + (bxd*fxgx(m + n + p
+ 2) + hx(axd*f*m - bx(d*xex(m + n + 1) + c*xfx(m + p + 1))))*x, x], x], x] /
; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && GtQ[m, 0] && NeQ[m + n + p +
2, 0] && IntegersQ[2*m, 2*n, 2*p]

Rule 158

Int[((g_.) + (h_)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e ) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtle + f*x]/(Sqrtla
+ bxx]*Sqrtlc + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtl[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fxx]
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Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*x]*Sqrt[(bx(c + d*x))/(bxc - a*d)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*xx))/(b*e - axf)]), Int[Sqrt[(b*e)/(b*e - axf) + (
bxf*x)/(bxe - a*xf)]/(Sqrtla + b*x]*Sqrt[(bxc)/(b*c - a*d) + (bxd*x)/(bxc -

axd)]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] & '(GtQ[b/(bxc - axd), 0]

&& GtQ[b/(b*e - axf), 0]) && !'LtQ[-((b*c - axd)/d), O]

Rule 113

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bkxx] /Rt [-((bxc - a*xd)/d), 211, (f*x(b*xc - axd))/(dx(bxe - axf))]1)/b, x] /;
FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - a*d), 0] && GtQ[b/(bxe - axf),
0] && 'LtQ[-((bxc - axd)/d), 0] && !'(SimplerQ[c + d*x, a + bx*x] && GtQ[-

(d/(bxc - axd)), 0] && GtQ[d/(d*e - c*xf), 0] & !'LtQ[(b*c - axd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)Ix*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - axd)]/Sqrtlc + d*x], Int[
1/(Sqrtla + b*xx]*Sqrt[(b*c)/(b*c - a*xd) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, £}, x] & !GtQ[(b*xc - a*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 120

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
)1), x_Symboll :> Simp[(2*Rt[-(b/d), 2]1*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]1*Sqrtl[(b*c - a*d)/bl)], (fx(bxc - axd))/(d*(bxe - axf))])/(b*Sqr
t[(b*xe - axf)/bl), x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(b*xc - axd),
0] && GtQ[b/(bxe - axf), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a +
bxx, e + f*xx] && (PosQ[-((b*xc - a*d)/d)] || NegQ[-((b*xe - axf)/f)])

Rubi steps
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2 —
Verdryerfa f(M

f Vet dxye + fx (A +Bx+Cx?) L2 (AD? - a(bB - aC)) (c + dw)*2(e + fx)¥? 2
(a + bx)32 b(bc — ad)(be — af)Va + bx

2 (6a2Cdf + b2(cCe + 5Adf) — ab(Cde + cCf + 5Bdf)) Va + bxvc + dx(e + |
- 562(bc — ad) f (be — af)

2 (24a2Cdf2 —abf(7Cde + cCf + 20Bdf) + b*(5df (Be + 3Af) — Ce(2de — cf
- 1563df (be — af)

2 (24a2Cdf2 —abf(7Cde + cCf + 20Bdf) + b*(5df (Be + 3Af) — Ce(2de — cf
- 1563 (be — af)

2 (24u2Cdf2 —abf(7Cde + cCf + 20Bdf) + b*(5df (Be + 3Af) — Ce(2de — cf
B 15b3df (be — af)

2 (24a2Cdf2 —abf(7Cde + cCf + 20Bdf) + b*(5df (Be + 3Af) — Ce(2de — cf
15b3df (be — af)

2 (24a2Cdf2 —abf(7Cde + cCf + 20Bdf) + b*(5df (Be + 3Af) — Ce(2de — cf
- 1563 (be — af)

Mathematica [C] time = 8.11424, size = 633, normalized size = 0.9

2| =ibf(a + bx)¥2(de - cf), /ZE:‘;X; ‘ /% (2442Cd?f — abd(20Bdf +7cCf + Cde) + b2 (15Adf + cd(SBf + Ce) -

Antiderivative was successfully verified.

[In] Integrate[(Sqrtlc + d*x]*Sqrtle + f*xx]*(A + Bxx + C*xx72))/(a + bxx)~(3/2),x
]
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[Out] (-2*%(=(b"2*Sqrt[-a + (b*c)/d]*(48%a"2*Cxd~2+f"2 - 8xaxb*d*f*(C*xd*e + c*Cxf
+ BkBxdxf) + b7 2% (5kd*f*(Bxd*e + Bkcxf + 6xAxd*f) - 2xCkx(d"2%e”2 - cxd*exf
+ ¢c72x£72)) )k (c + d*x)*(e + f*x)) + b72*Sqrt[-a + (b*c)/dl*d*xf*(c + d*x)*(e
+ £xx)*(15% (A*xb~2 + a*x(-(b*B) + axC))*d*f - (-9*a*xCxdxf + bx(Cxdxe + c*Cxf
+ b*Bxd*f))x(a + b*x) - 3*xbxCkdxf*x*k(a + b*x)) - Ix(bxc - axd)*f*(48*a~2xC
xd"2+f72 - 8kaxbxd*xfx(Ckdxe + cxCxf + B5*Bxd*xf) + b 2% (5xd*xf*(Bxd*e + Bxcxf
+ 6xAxdxf) - 2*%Cx(d"2%e”2 - ckxd*exf + c72xf72)))*(a + b*x)~(3/2)*Sqrt[(b*(c
+ d*x))/(d*(a + b*x))]*Sqrt[(b*x(e + fxx))/(f*x(a + b*x))]*EllipticE[I*ArcSi
nh[Sqrt[-a + (bxc)/d]/Sqrtla + b*x]], (bxd*e - axd*f)/(b*cxf - axd*f)] - Ix
bxf*(d*e — c*xf)*(24*%a~2xCxd~2*f - axbxd*(Ckdxe + T*ckCxf + 20%Bxd*f) + b7 2%
(=2%c™2xCxf + 15*xA*d~2*xf + c*d*(Cxe + 5xBxf)))x(a + bxx)~(3/2)*Sqrt[(bx(c +
d*x))/(dx(a + b*x))]*Sqrt[(bx(e + f*x))/(f*(a + b*x))]*EllipticF[I*ArcSinh
[Sqgrt[-a + (b*c)/d]/Sqrtla + bxx]], (b*dxe - axd*f)/(bxcxf - axd*xf)]))/(15x
b~5*xSqrt[-a + (b*c)/d]*d~2*xf~2*Sqrt[a + bxx]*Sqrt[c + d*x]*Sqrtle + fx*x])

Maple [B] time = 0.051, size = 6257, normalized size = 8.9

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((C*x~2+Bxx+A)*(d*x+c) ~(1/2)*(f*xx+e)~(1/2)/(b*xx+a)~(3/2),x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

f (Cx2 +Bx+A)\/dx+c\/fx+ed
- X

(bx + a)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)*(d*x+c)”(1/2)*(f*x+e)”~(1/2)/(b*x+a)~(3/2),x, algori
thm="maxima")

[Out] integrate((C*x~2 + B*x + A)*sqrt(d*x + c)*sqrt(f*x + e)/(b*x + a)~(3/2), x)
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Fricas [F] time = 0., size = 0, normalized size = 0.

(sz + Bx + A)\/bx +avdx +cyffx +e
b2x? + 2 abx + a?

7

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxx~2+B*x+A)* (d*x+c)~(1/2)*(f*xx+e)~(1/2)/(b*x+a)~(3/2),x, algori
thm="fricas")

[Out] integral ((C*x72 + B*x + A)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)/(b™2xx
T2 + 2%axbxx + a”2), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

f Ve +dxyJe + fx (A + Bx + sz)

3
(a + bx)2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxx**2+B*xx+A)* (d*x+c)**(1/2)* (fxx+e)**(1/2)/(bxx+a)**(3/2),x)

[Out] Integral(sqrt(c + d*x)*sqrt(e + f*xx)*(A + Bxx + C*x**2)/(a + b*x)**(3/2), x
)

Giac [F] time = 0., size = 0, normalized size = 0.

f (Cx2 +Bx+A)\/dx+c\/fx+ed
X

3
(bx +a)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)*(d*x+c)” (1/2)*(fxx+e)”~(1/2)/(b*x+a)~(3/2),x, algori
thm="giac")

[Out] integrate((C*x~2 + B*x + A)*sqrt(d*x + c)*sqrt(fxx + e)/(b*x + a)~(3/2), x)
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3.64

Vc+dxﬁe+fx@4+Bx+Cx2)
f dx
(a+bx)5/?

Optimal. Leaf size=687

b(c+d. b . .- d b
2(de — cf)y 0| ;;ff) (8a2Cdf - ab(4BAf + 7cCf + Cde) + b(AAf + 3Bef + cCe)) EllipticF (sm ! ({/_V;b)
3bAVAfVe + dxJe + fxvad - be

[Out] (2% (8*a~2*%Cxd*f + b~2x(c*xCke + 3*%Bxc*f + Axdxf) - axb*x(Ckdkxe + Txc*xCkxf + 4%
Bxd*f))*Sqrt[a + bxx]*Sqrtl[c + d*xx]*Sqrtle + f*x])/(3*b~3x(b*xc - axd)*(b*e
- axf)) - (2%(b*B - 2*axC)*Sqrtlc + d*x]*(e + £*x)7(3/2))/(b"2*(b*e - a*f)*
Sqgrtla + bxx]) - (2x(A*b~2 - ax(b*¥B - a*C))*(c + d*x)~(3/2)*(e + f*x)~(3/2)
)/ (3*%b* (bxc - axd)*(bxe - axf)*(a + b*x)~(3/2)) + (2+(16%a~3%C+xd"2+f"2 - 8x
a~2xbxd*f* (Bxd*f + 2%xCx(d*e + c*f)) - b7 3*(c™2+Ckxexf + Axd~2%exf + c*xd*(Cxe
T2 + 6%Bkexf + Axf72)) + axb”2x(dxf*(7*Bxd*e + T*Bkxckxf + 2%Axdxf) + Cx(d~2x
e”2 + 16*cxd*xexf + c”2xf72)))*Sqrt[(bx(c + d*x))/(b*c - a*xd)]*Sqrtle + fxx]
*E1lipticE[ArcSin[(Sqrt[d]l*Sqrt[a + b*x])/Sqrt[-(b*xc) + a*xd]], ((bxc - a*d)
*f)/(d*(b*xe - axf))])/(3*b~4*Sqrt [d]*Sqrt [-(b*xc) + a*xd]*fx(b*e - a*f)x*Sqrt[
c + d*x]*Sqrt[(bx(e + f*x))/(b*e - a*xf)]) + (2x(d*e - cxf)*(8+a"2xCxd*f + Db
2% (c*Cxe + 3xBkcxf + Axd*f) - axbx(Ckdxe + 7*cxCxf + 4xBkxdxf))*Sqrt[(b*(c
+ d*x))/(b*xc - a*d)]*Sqrt[(bx(e + f*x))/(b*e - a*xf)]*EllipticF[ArcSin[(Sqrt
[dl*Sqrt[a + b*x])/Sqrt[-(bxc) + a*xd]], ((bxc - a*xd)*f)/(dx(bxe - a*xf))])/(
3*b~4xSqrt [d] *Sqrt [-(bxc) + axd]*f*Sqrtlc + d*x]*Sqrtle + fxx])

Rubi [A] time = 1.90276, antiderivative size = 687, normalized size of antiderivative =
1., number of steps used = 9, number of rules used = 8, integrand size = 38, number of rules _

integrand size
0.21, Rules used = {1614, 150, 154, 158, 114, 113, 121, 120}

2o + fry| "2 (~8a2bd f(BAS +2C(cf +de)) +16a°Cd>f2 + ab? (df (Adf + 7Bcf + 7Bde) + C (2f> + 16cdef +

304Vd fye + dxvad — be(be — af) (|

b

Antiderivative was successfully verified.

[In] Int[(Sqrtlc + d*x]*Sqrtle + fxx]*x(A + Bxx + Cxx"2))/(a + bxx)~(5/2),x]

[Out] (2%(8%a~2xCxd*xf + b~ 2% (c*Cke + 3*Bkckxf + Axdxf) — axb*(Ckdke + T*xcxCxf + 4x
Bxd*f))*Sqrt[a + bxx]*Sqrt[c + d*x]*Sqrtle + f*x])/(3*b~3x(bxc - axd)*(b*e
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- axf)) - (2x(bxB - 2xa*xC)*Sqrt[c + d*xx]*(e + f*x)~(3/2))/(b"2x(b*xe - axf)*
Sqrtla + b*x]) - (2%(A*b72 - ax(b*B - axC))*(c + dxx)~(3/2)*(e + £xx)~(3/2)
)/ (3%bx (bxc - axd)*(b*xe - a*xf)*(a + b*x)~(3/2)) + (2x(16%a~3*Cxd~2*xf~2 - 8%
a~2xbxdxf* (Bxdxf + 2xCx(d*e + c*f)) - b7 3*(c™2xCxexf + Axd"2*xexf + cxd*(Cxke
T2 + 6*Bkexf + A*xf"2)) + axb 2k (d*f*(7*Bkdke + T*Bkckf + 2%Axd*xf) + Ckx(d~2x
e”2 + 16*cxdkexf + c72%f72)))*Sqrt[(bx(c + d*x))/(b*c - a*xd)]*Sqrtle + f*x]
*E1lipticE[ArcSin[(Sqrt[d]*Sqrtla + b*x])/Sqrt[-(b*xc) + axd]], ((bxc - a*xd)
*xf)/(d*(b*xe - ax*xf))])/(3*b~4*Sqrt [d]*Sqrt[-(b*c) + axd]*f*(b*e - axf)*Sqrt[
c + d*x]*Sqrt[(bx(e + f*x))/(b*e - a*xf)]) + (2x(d*e - cxf)*(8+a~2xCxd*xf + b
“2x(cxCxe + 3*%Bxcxf + Axdxf) - axbx(Ckdxe + T*xcxCxf + 4*Bxdxf))x*Sqrt[(bx(c

+ d*xx))/(bxc - axd)]*Sqrt[(bx(e + f*x))/(bxe - a*xf)]*EllipticF[ArcSin[(Sqrt
[d]*Sqrt[a + b*x])/Sqrt[-(bxc) + axd]], ((b*c - axd)*f)/(d*(bxe - a*xf))])/(
3xb~4*xSqrt [d] *Sqrt [-(b*c) + a*xd]*fxSqrt[c + d*x]*Sqrtle + fx*x])

Rule 1614

Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*x(x_)) " (m_.)*x((e_.) + (f_
Dx(x_))"(p_.), x_Symbol] :> With[{Qx = PolynomialQuotient[Px, a + b*x, x],
R = PolynomialRemainder[Px, a + b*x, x]}, Simp[(b*R*(a + b*x)"(m + 1)*(c +
d*x)"(n + 1)*(e + £*xx)"(p + 1))/((m + 1) *(b*c - a*d)*(b*e - axf)), x] + Di
st[1/((m + 1)*(bxc - axd)*(bxe - axf)), Int[(a + b*xx)"(m + 1)*x(c + d*x) n*(
e + fxx) pxExpandToSum[(m + 1)*(b*c - a*xd)*(bxe - axf)*Qx + axd*f*Rx(m + 1)
- b*Rk(d*ex(m + n + 2) + c*xfx(m + p + 2)) - b*xd*f*R*x(m + n + p + 3)*x, x],
x], x]]1 /; FreeQ[{a, b, c, d, e, f, n, p}, x] && PolyQ[Px, x] && LtQ[m, -1
] && IntegersQ[2*m, 2*n, 2xp]

Rule 150

Int[((a_.) + (b_)*(x_))"(m_)*x((c_.) + (d_.)*x(x_))"(mn_)*((e_.) + (£_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[((b*g - axh)*(a + b*x) " (m +
Dx(c + d*xx)"nx(e + £xx)~(p + 1))/ (b*x(b*e - axf)*x(m + 1)), x] - Dist[1/(b*(
bxe - a*xf)*(m + 1)), Int[(a + bxx)"(m + 1)*(c + d*x)"(n - 1)*x(e + fxx) p*Si
mp [b*cx(fxg - exh)*(m + 1) + (bxg - axh)*(d*exn + cxf*x(p + 1)) + d*x(bx(f*g
- exh)*x(m + 1) + fx(bxg - axh)*(n + p + 1))*x, x], x], x] /; FreeQ[{a, b, ¢
, d, e, £, g, h, p}, x] && LtQ[m, -1] && GtQ[n, 0] &% IntegersQ[2*m, 2*n, 2
*p]

Rule 154

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[(h*(a + bxx) m*x(c + d*x)~(n
+ 1)*x(e + fxx)"(p + 1))/(d*f*x(m + n + p + 2)), x] + Dist[1/(d*f*(m + n + p
+ 2)), Int[(a + b*xx)"(m - 1)*(c + d*x) nx(e + f*xx) p*Simp[a*xd*fxg*(m + n +
p + 2) - h*x(b*ckxe*m + a*x(d*ex(n + 1) + cxfx(p + 1))) + (bxd*fxgx(m + n + p
+ 2) + hx(a*xd*f*m - b*(d*xex(m + n + 1) + cxfx(m + p + 1))))*x, x], x], x] /
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; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && GtQ[m, 0] && NeQ[m + n + p +
2, 0] &% IntegersQ[2*m, 2%n, 2*p]

Rule 158

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e_) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtle + f*x]/(Sqrtla
+ b*x]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtla + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fx*x]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*x]*Sqrt[(b*(c + d*x))/(bxc - a*d)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*xe - axf)]), Int[Sqrt[(b*e)/(bxe - a*xf) + (
bxf*x)/(bxe - axf)]/(Sqrtla + b*x]*Sqrt[(bxc)/(bxc - axd) + (b*xd*x)/(b*c -

axd)]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !'(GtQ[b/(b*c - axd), 0]

&& GtQ[b/(b*xe - axf), 0]) && !'LtQ[-((b*c - axd)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (f_.)*(x_)]/(Sqrtl[(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
b*x] /Rt [-((bxc - axd)/d), 2]], (f*(bxc - axd))/(d*(b*xe - a*xf))])/b, x] /;

FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - a*d), 0] && GtQ[b/(bxe - axf),
0] && 'LtQ[-((b*c - a*d)/d), 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-
(d/(bxc - axd)), 0] && GtQ[d/(d*xe - c*xf), 0] && !'LtQ[(bxc - axd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)x*(x
1), x_Symbol]l :> Dist[Sqrt[(b*(c + d*x))/(b*c - axd)]/Sqrtlc + dxx], Int[
1/(Sqrta + b*x]*Sqrt[(b*c)/(b*c - a*xd) + (b*d*x)/(bxc - axd)]*Sqrtle + f*x
1), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && 'GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + bxx, e + fx*x]

Rule 120

Int[1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]1*Sqrtl[(b*c - a*d)/bl)], (fx(bxc - axd))/(d*(b*xe - axf))])/(b*Sqr
t[(b*xe - axf)/bl), x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*xc - axd),
0] && GtQ[b/(bxe - axf), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a +
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b*x, e + f*x] && (PosQ[-((bxc - a*d)/d)] || NegQ[-((b*xe - a*xf)/f)])

J

Rubi steps

Ve +dxfe + fx (A +Bx + sz) ;
x =

(a + bx)>/?

3(b2Bee+a®Cde+cf)-

2 (Ab? - a(bB - aC)) (c + dx)**(e + fx)*? 2 [
T 3b(be - ad)(be — af)(a + bx)2 -

2B -2aC)Vet dx(e+ fr)*?  2(Ab® — a(bB — aC)) (c + dx)**(e + fx)F

b2(be — af)Va + bx 3b(be — ad)(be — af)(a + bx)3?

2 (8a2Cdf + b2(cCe + 3Bcf + Adf) — ab(Cde + 7cCf + 4Bdf)) Va + bxvc +
3b3(be — ad)(be — af)

2 (8a2Cdf + b*(cCe + 3Bcf + Adf) — ab(Cde + 7cCf +4Bdf)) Va + bxVc +
3b3(bc - ad)(be - af)

2 (8a2Cdf + b?(cCe + 3Bcf + Adf) — ab(Cde + 7cCf + 4Bdf)) Va + bxvc +
3b3(bc — ad)(be — af)

2 (8a2Cdf + b*(cCe + 3Bcf + Adf) — ab(Cde + 7cCf +4Bdf)) Va + bxvc +
3b3(bc — ad)(be — af)

2 (8a2Cdf + b*(cCe + 3Bcf + Adf) — ab(Cde + 7cCf +4Bdf)) Va + bxc +
3b3(bc — ad)(be - af)
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Mathematica [C] time = 13.4094, size = 938, normalized size = 1.37

2C 2 (—8Cdfa3 + 7bCdea® + 7bcC fa® + 5bBd fa* — 6b*cCea — 4b*Bdea — 4b*Bcfa — 2 A

Va + bxVe + dxvJe + fx W 3b3(bc — ad)(be — af)(a + bx)

Antiderivative was successfully verified.

[In] Integrate[(Sqrtlc + d*x]*Sqrtle + fxx]*(A + Bxx + C*x72))/(a + b*x)~(5/2),x
]

[Out] Sqgrtla + b*x]*Sqrt[c + d*x]*Sqrtle + f*x]*((2*C)/(3*b~3) - (2*x(A*b~2 - a*bx*
B + a™2xC))/(3*b~3x(a + b*x)~2) - (2%(3*b~3xBkc*xe - 6xaxb~2xc*Cxe + Axb~3xd
xe — 4*xaxb"2xBxdxe + Txa 2%b*Ckdxe + A*b73kcxf — 4*axb™2xBxc*xf + Txa 2%b*cx
Cxf — 2kaxA*b ™ 2*d*f + 5*xa ~2%b*Bxd*xf - 8%a~3*Cxd*f))/(3*b~3*(b*c - axd)*(bxe
- axf)*(a + b*x))) - (2x(a + bxx)~(3/2)*(-(Sqrt[-a + (b*c)/d]*(-16%xa~3*Cxd
T2%f72 + 8xa”2xbxd*xfx (Bxd*f + 2*%Cx(dxe + c*f)) + b73*(c"2*%Cxe*xf + A*xd~2%exf
+ cxd*(Cxe™2 + 6xBkexf + Axf~2)) - axb™2x(dxf*(7*Bxdxe + 7*Bkcxf + 2xAxdxf
) + Cx(d"2*xe”2 + 16xckxd*xexf + c™2x£72)))x(d + (b*xc)/(a + b*x) - (axd)/(a +
b*xx))*(f + (bxe)/(a + bxx) - (axf)/(a + b*x))) + (I*(-(b*c) + axd)*fx(-16*a
T3%Ckd"2*%£72 + 8xa”2xbxdxfx (Bxdxf + 2xCx(d*e + c*f)) + b7 3*(c™2xCxexf + Axd
“2%exf + cxdx(Cxe”2 + 6*%Bxexf + Axf72)) - axb ™ 2x(d*fx(7*Bxd*e + 7*Bxcxf + 2
xAxdxf) + Ckx(d™2xe”2 + 16*ckxd*exf + c™2xf72)))*Sqrt[1l - a/(a + b*x) + (bxc)
/(d*x(a + bxx))]*Sqrt[1 - a/(a + b*xx) + (b*e)/(f*(a + b*x))]*EllipticE[I*Arc
Sinh[Sqrt[-a + (bxc)/d]/Sqrtla + b*x]], (b*d*e - axd*f)/(b*xcxf - axd*f)])/S
qrtla + b*x] + (I*b*(-(b*c) + axd)*f*(d*e - c*xf)*(8*a~2xCxd*f + b~ 2x(c*Cxe
+ 3%Bkxdxe + Axd*xf) - axbx(7xCkdxe + cxCxf + 4*Bxd*f))*Sqrt[l - a/(a + b*x)
+ (b*c)/(dx(a + b*x))]*Sqrt[l - a/(a + b*xx) + (b*xe)/(fx(a + b*x))]*Elliptic
F[I*ArcSinh[Sqrt[-a + (bxc)/d]/Sqrtl[a + b*x]], (bxd*e - axd*f)/(b*cxf - axd
x£)])/Sqrta + bxx]))/(3*b~5*xSqrt[-a + (b*c)/d]l*dx(bxc - axd)*f*x(bxe - axf)
xSqrtlc + ((a + bxx)*x(d - (a*d)/(a + b*x)))/bl*Sqrtle + ((a + bxx)*x(f - (ax*
f)/(a + b*x)))/bl)

Maple [B] time = 0.096, size = 16177, normalized size = 23.6

output too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((C*x~2+Bxx+A)* (d*x+c) ~(1/2)*(f*xx+e)~(1/2)/(b*xx+a)~(5/2),x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

f (Cx2 +Bx+A)\/dx+c\/fx+ed
X

5
(bx +a)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)*(d*x+c)”(1/2)*(f*x+e)”~(1/2)/(b*x+a)~(5/2),x, algori
thm="maxima")

[Out] integrate((C*x~2 + B*x + A)*sqrt(d*x + c)*sqrt(fxx + e)/(bxx + a)~(5/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Cx2 + Bx + A)\/bx +avdx + cy/fx +e
b3x3 + 3 ab?x? + 3 a’bx + a°

integral

7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)* (d*x+c)~(1/2)*(f*x+e)~(1/2)/(b*x+a)~(5/2),x, algori
thm="fricas")

[Out] integral((Cxx~2 + B*x + A)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*xx + e)/(b73*x
~3 + 3%a*xb"2%x"2 + 3*a"2xb*x + a~3), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Ckx**2+B*x+A)* (dxx+c)**(1/2)*(f*x+e)**(1/2)/(bxx+a)**(5/2),x)
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[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f (Cx2 + Bx + A)\/dx+c\/fx+ed
x

5
(bx + a)2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)* (d*x+c)~(1/2)*(f*xx+e)~(1/2)/(b*x+a)”~(5/2),x, algori
thm="giac")

[Out] integrate((C*x~2 + B*x + A)*sqrt(d*x + c)*sqrt(f*x + e)/(b*x + a)~(5/2), x)
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3.65

Vc+dxﬁe+fx@4+Bx+Cx2)
f dx
(a+bx)7/?

Optimal. Leaf size=964

2 (A2 - a(bB - aC)) (c + dx)¥2(e + fx)¥2  2(6Cdfa® - b(BAf +8C(de + cf))a? + b*(10cCe + 3Bde + 3Bcf — 4Adf
- 5b(bc — ad)(be — af)(a + bx)>? " 15b(bc — ad)(be — af)?(a + b

[Out] (2*%(24%a~3*Cxd~2*f - a~2xb*d*(23xCxd*e + 41xcxCxf + 4*Bxdxf) - b 3% (15*%c™ 2%
Cxe — 2xA*d"2%e + cxd*(5*¥Bxe + A*f)) + axb™2x(15%xc™2xCxf + d~2x(3*Bxe - Axf
) + c*x(40xC*d*xe + 6xBxd*xf)))*Sqrt[c + d*x]*Sqrtle + f*x])/(16%b~3x(b*xc - ax
d) "2*(b*xe - axf)*Sqrtl[a + bxx]) + (2*%(6%a”3*Cxd*xf + a*b~2x(10*xc*Cke + 3*Bxd
xe + 3*Bkckf - 4kAxd*xf) - b7 3% (5%Bxckxe - 2*kAx(d*e + c*f)) - a~2%b* (Bxd*f +
8xCkx (dxe + cxf)))*Sqrtlc + dxx]x(e + f*x)~(3/2))/(15xb~ 2% (b*c - a*d)*(b*xe -
axf)"2x(a + b*x)~(3/2)) - (2x(A*b~2 - ax(b*B - ax*xC))*(c + d*x)~(3/2)*(e +
£xx)7(3/2))/ (5xb*x(b*c - a*xd)*(bxe - axf)x(a + b*x)~(5/2)) + (2%Sqrt[d]*(48x
a~4xCxd"2+f~2 - 8*a 3xbkxdxf* (Bkd*f + 11*Cx(d*e + c*xf)) - b 4*x(2xA*xd"2%e”2 -
ckxd*ex (5*%Bxe + 2%A*xf) - c72x(30%Cxe”2 + b*Bkexf - 2xA*xf~2)) - axb~3x(d"2xe
*(3*xBke — 2%Axf) + c " 2+fx(70*Ckxe + 3*Bxf) + 2%c*xd*(35%C*e”2 + 11*Bkexf - Ax
£72)) + a”2+%b72x (2*xCx (19*%d"2xe”2 + 8lkcxdxexf + 19xc™2xf~2) - dxf*x (2xAxd*f
- 13%Bx(d*e + c*f))))*Sqrt[(b*x(c + dx*x))/(bxc - a*xd)]*Sqrtle + f*x]*Ellipti
cE[ArcSin[(Sqrt[d]*Sqrt[a + bxx])/Sqrt[-(b*xc) + axd]], ((b*xc - a*xd)*f)/(d*(
bxe — a*xf))])/(15%b~4*x(-(b*c) + axd)~(3/2)*(bxe - a*xf) 2*xSqrt[c + d*x]*Sqrt
[(bx(e + f*x))/(bxe - a*f)]) + (2x(d*e - cxf)*(24*a~3*xC*xd~2*xf - a~2xb*xd*(23
*Cxdxe + 41xcxCxf + 4%Bxdxf) - b 3% (15%xc™2*Cxe - 2%xA*d"2%e + c*xd*(5*%Bxe + A
*xf)) + a*b”2%(16%c™2xC*xf + d"2x(3*Bkxe - A*f) + c*(40*Ckxdxe + 6*B*xd*f)))*Sqr
t[(bx(c + d*x))/(bxc - axd)]*Sqrt[(b*x(e + f*x))/(b*xe - a*xf)]*EllipticF[ArcS
in[(Sqrt[d]*Sqrt[a + b*x])/Sqrt[-(bxc) + a*dl], ((bxc - axd)*f)/(d*(b*e - a
x£))]1)/(156xb~4*xSqrt [d] * (- (b*c) + a*xd)~(3/2)*(bxe - axf)*Sqrtlc + d*x]*Sqrt[
e + fx*xx])

Rubi [A] time = 3.11586, antiderivative size = 964, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 7, integrand size = 38, 2 >

0.184, Rules used = {1614, 150, 158, 114, 113, 121, 120}

integrand size

2 (Ab2 —a(bB - aC)) (c+dx)*2(e+ fx)*? 2 (6Cdfa3 — b(Bdf + 8C(de + cf))a? + b*>(10cCe + 3Bde + 3Bcf — 4Adf
T Sb(bc—adybe—af)a+ b0 1502 (be — ad)(be — af)2(a + b
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Antiderivative was successfully verified.

[In] Int[(Sqrtlc + d*x]*Sqrtle + f*xx]*x(A + Bxx + Cxx"2))/(a + bxx)~(7/2),x]

[Out] (2*%(24*a~3*xCxd~2*xf - a~2*b*d*(23*Ckd*e + 41xcxCxf + 4*Bxd*f) - b~ 3*(15*c™ 2%
Cxe - 2%A*xd"2%e + c*d*x(5%B*e + A*f)) + axb™2%(15%c™2+%Cxf + d~"2*x(3*Bxe - Ax*f
) + cx(40xCxd*e + 6xBxd*f)))*Sqrtlc + dxx]*Sqrtle + f*x])/(15%b~3x(b*c - ax
d) "2x(bxe - axf)*Sqrtla + bxx]) + (2%(6*a”~3*xCkxd*f + axb~2x(10*cxCxe + 3*Bxd
*e + 3*Bkxckf - 4xAxd*xf) — b7 3% (5%Bxckxe - 2kAx(d*e + c*xf)) — a~2%b* (Bxd*f +
8*Cx(dxe + cxf)))*Sqrtlc + dxx]*(e + £*xx)~(3/2))/(16xb~2*(b*c - axd)*(b*xe -
axf)"2+«(a + b*x)~(3/2)) - (2*x(A*b~2 - a*x(b*B - a*C))*(c + d*x)~(3/2)*(e +
fxx)7(3/2))/ (5%b*x (b*xc - axd)*(b*e - axf)*(a + bxx)~(5/2)) + (2xSqrt[d]*(48x
a~4*xCxd"2*%f72 — 8*a " 3xbxdxfx (Bxd*f + 11*Ckx(d*e + c*f)) — b7 4% (2%A*d"2%e"2 -
ckxd*ex (5%B*xe + 2xA*xf) — c72*x(30%Cxe”2 + B*Bkexf - 2xA*f~2)) - a*xb~3x(d"2*e
*(3*%Bxe - 2%A*f) + c"2xfx(70%Cxe + 3*B*f) + 2*kckd*(35*%Cxe”2 + 11%Bxexf - Ax
£72)) + a"2xb" 2% (2*xC* (19*%d"2%e"2 + 8lxckdkexf + 19%c™2+%f72) — d*xf*(2xA*xd*f
- 13%Bx(d*e + c*f))))*Sqrt[(b*x(c + d*x))/(bxc - a*d)]*Sqrtl[e + f*x]*Ellipti
cE[ArcSin[(Sqrt [d]*Sqrt[a + b*x])/Sqrt[-(bxc) + axd]], ((bxc - axd)*f)/(d*(
bxe - axf))])/(16%b74x(-(b*c) + a*xd)~(3/2)*(bxe - axf) 2*Sqrt[c + dxx]*Sqrt
[(bx(e + f*x))/(bxe — axf)]) + (2+x(d*e - c*f)*(24*a"~3*Cxd~2*xf - a~2*b*d*(23
*Ckxd*e + 41xcxCxf + 4*Bxd*xf) - b~ 3*%(15%c™2*Ckxe — 2*xA*xd"2%e + c*d*(5*xB*xe + A
xf)) + a*b”2x(15xc™2xCxf + d~2x(3*Bxe - Axf) + c*x(40*Cxdxe + 6*B*xdxf)))*Sqr
t[(bx(c + d*x))/(b*c - a*d)]1*Sqrt[(b*(e + f*x))/(bxe - a*f)]*EllipticF[ArcS
in[(Sqrt[d]*Sqrt[a + bxx])/Sqrt[-(bxc) + axd]], ((b*xc - a*d)*f)/(dx(b*xe - a
x£))]1)/(15xb~4*xSqrt [d] * (- (b*c) + a*xd)~(3/2)*(bxe - axf)*Sqrtlc + d*x]*Sqrt[
e + fxx])

Rule 1614

Int[(Px_)*((a_.) + (b_.)*x(x_))"(m_)*((c_.) + (d_)*(x_))"(n_.)*((e_.) + (f_
Dx(x_))"(p_.), x_Symbol] :> With[{Qx = PolynomialQuotient[Px, a + b*x, x],
R = PolynomialRemainder[Px, a + b*x, x]}, Simp[(b*R*(a + b*x)"(m + 1)*(c +
d*x)"(n + Dx(e + £xx)7(p + 1))/((m + 1)*(bxc - axd)*(bxe - a*xf)), x] + Di
st[1/((m + 1)*x(bxc - axd)*(bxe - axf)), Int[(a + b*x)"(m + 1)*(c + d*x) nx*x(
e + f*x) pxExpandToSum[(m + 1)*(b*xc - axd)*(b*xe - a*f)*Qx + a*xd*f*Rx(m + 1)
- b*R*(d*ex(m + n + 2) + cxf*(m + p + 2)) - b*d*f*R*(m + n + p + 3)*x, x],
x], x]]1 /; FreeQ[{a, b, c, d, e, f, n, p}, x] & PolyQ[Px, x] && LtQ[m, -1
] &% IntegersQ[2*m, 2%n, 2*p]

Rule 150

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*x(x_))"(n_)*((e_.) + (f_.)*(x_)
) (p)*((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[((b*g - axh)*(a + b*x)"(m +
Dx(c + dxx)"nx(e + £*x)"(p + 1))/ (b*x(b*e - axf)*x(m + 1)), x] - Dist[1/(b*(
bxe - a*xf)*(m + 1)), Int[(a + b*xx)"(m + 1)*(c + d*x)"(n - 1)*x(e + fxx) p*Si
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mp [b*cx(fxg - exh)*(m + 1) + (b*xg - axh)*(d*exn + cxf*x(p + 1)) + d*x(bx(f*g
- exh)*x(m + 1) + f*x(b*xg - a*h)*(n + p + 1))*x, x], x], x] /; FreeQ[{a, b, c
, d, e, £, g, h, p}, x] && LtQ[m, -1] && GtQ[n, 0] &% IntegersQ[2*m, 2*n, 2
*p]

Rule 158

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*x(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrt[(e_ ) + (f_.)*(x_)]1), x_Symbol] :> Dist[h/f, Int[Sqrt[e + f*x]/(Sqrtl[a
+ bxx]*Sqrtlc + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtl[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, 4, e, £, g, h}, x] &&
SimplerQ[a + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

Rule 114

Int[Sqrtl(e_.) + (£f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*xx]*Sqrt[(b*x(c + d*x))/(b*c - axd)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*xx))/(b*e - axf)]), Int[Sqrt[(b*e)/(b*e - axf) + (
bxf*x)/(bxe - axf)]/(Sqrtla + bxx]*Sqrt[(b*xc)/(bxc - axd) + (b*d*x)/(bxc -

a*d)1), x], x] /; FreeQl{a, b, ¢, d, e, £}, x] && ! (GtQ[b/(b*c - axd), 0]

&& GtQ[b/(b*e - axf), 0]) && !'LtQ[-((b*c - axd)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - a*f)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bxx] /Rt [-((b*xc - a*xd)/d), 211, (fx(b*c - axd))/(d*(b*xe - axf))])/b, x] /;

FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - a*d), 0] && GtQ[b/(b*e - axf),
0] && 'LtQ[-((b*c - a*d)/d), 0] && '(SimplerQ[c + d*x, a + b*x] && GtQ[-
(d/(b*c - ax*d)), 0] && GtQ[d/(dxe - c*f), 0] && 'LtQ[(b*xc - axd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - a*d)]/Sqrtlc + d*x], Int[
1/(Sqrtla + b*x]*Sqrt[(b*c)/(b*c - a*xd) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] && !'GtQ[(b*c - a*xd)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 120

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]*Sqrtl[(b*c - a*xd)/bl)], (fx(bxc - axd))/(d*(bxe - a*xf))])/(b*Sqr
t[(b*e - axf)/bl), x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(bxc - axd),
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0] && GtQ[b/(b*e - axf), 0] && SimplerQ[a + b*x, ¢ + dxx] && SimplerQ[a +
b*x, e + f*x] && (PosQ[-((b*c - a*d)/d)] || NegQ[-((b*e - axf)/f)])

Rubi steps

2 — |
m\/érfx(_fia C(de+cf)—ab(5c¢

Ve +dxyJe + fx (A + Bx + sz) 2 (Ab2 —a(bB - uC)) (c+dx)*Pe+ fx)¥? 2 ll
f @+ by O = = S be — ad)(be - af)(a + b B

2 (6a3Cdf + ab?(10cCe + 3Bde + 3Bcf — 4Adf) — b3(5Bce — 2A(de + cf)) -
B 15b2(bc — ad)(be — af)*(a + bx)3

2 (24a°Cd?f - a%bd(23Cde + 41cCf + 4Bdf) — b (15c2Ce — 2Ad?e + cd(5B
- 1563(bc — ad)?

2 (24a>Cd2 f — a?bd(23Cde + 41cCf + 4Bdf) - b (15c2Ce — 2Ad2e + cd(5B
- 1563 (be — ad)?

2 (24a3Cd?f - a%bd(23Cde + 41cCf + 4Bdf) — b (15c2Ce — 2Ad%e + cd(5B
- 1563(bc — ad)?

2 (24a3Cd?f - a%bd(23Cde + 41cCf + 4Bdf) — b (15c2Ce — 2Ad%e + cd(5B
15b3(bc — ad)?

2 (24a>Cd2 f — a?bd(23Cde + 41cCf + 4Bdf) - b (15¢2Ce — 2Ad2e + cd(5B
- 1563 (be — ad)?

Mathematica [C] time = 16.847, size = 9529, normalized size = 9.88

Result too large to show

Warning: Unable to verify antiderivative.
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[In] Integrate[(Sqrtlc + d*x]*Sqrtle + f*x]*(A + Bxx + C*x72))/(a + bxx)~(7/2),x
]

[Out] Result too large to show

Maple [B] time = 0.209, size = 34395, normalized size = 35.7

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((C*xx~2+B*xx+A)*(d*x+c) ~(1/2)*(f*xx+e) ~(1/2)/ (bxx+a)~(7/2),x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

f (Cx2 + Bx + A)de+c\/fx+ed
x

7
(bx + a)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x™2+B*x+A)* (d*x+c)”~ (1/2)*(f*x+e)~(1/2)/(b*x+a)~(7/2) ,x, algori
thm="maxima")

[Out] integrate((C*x~2 + B*x + A)*sqrt(d*x + c)x*sqrt(f*x + e)/(b*x + a)~(7/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Cx2 + Bx + A)\/bx +avdx +cy/fx +e
Pt + 40P + 602022 + Addbx + ab

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)* (d*x+c)”(1/2)*(fxx+e)”~(1/2)/(b*x+a)~(7/2),x, algori
thm="fricas")
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[Out] integral ((C*x72 + B*x + A)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)/(b™4xx
T4 + 4xa*xb”3%x”3 + 6%a”2*%b"2%x72 + 4xa”3*%bxx + a”4), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxx**2+Bxx+A)* (d*x+c)**(1/2)* (£xx+e)*x(1/2)/(b*xx+a)**(7/2),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f(sz +Bx+A)\/dx+c\/fx+ed
> x

(bx + a)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)x* (d*x+c)~(1/2)*(f*xx+e)~(1/2)/(b*x+a)~(7/2),x, algori
thm="giac")

[Out] integrate((C*x~2 + B*x + A)*sqrt(d*x + c)*sqrt(f*x + e)/(b*x + a)~(7/2), x)
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3 .66 f \/c+dx\/e+fx(A+Bx+Cx2) Ix

(a+bx)/2

Optimal. Leaf size=1716

result too large to display

[Out] (-2*%(24*a~4*xCxd~2*xf~2 - a~3*b*xd*xf*x(61*xCkd*e + 43xc*xCkxf - 4*Bxd*f) - 3*a*xb”3
*(d"2%e* (Bke — 3xAxf) + 2xc™2%f*(7*Cxe - B*f) + cxd*x(28*%Cxe~2 - 5*Bkexf + 5
*Axf72)) - bT4x(4*xAxd"2*xe"2 - c*d*ex(7*B*xe - A*xf) - c™2%x(35xCxe”2 - 14*B*ex
f + 8xA*f72)) — 3*%a~2xb" 2+ (d*f* (3*Bkxd*xe + 2%xBxcxf — Axd*xf) - C*x(15%d"2*e”2
+ 37*ckdxexf + Bkxc™2xf72)))*Sqrtlc + d*xx]*Sqrtle + fxx])/(105%b~3*(b*c - ax
d) 2% (b*e - ax*f) 2+(a + b*x)~(3/2)) + (2*(48*a~5xCxd~3*f~3 + 8*xa~4*xbxd~2*f~
2% (Bxd*f - 16*Cx(d*e + c*xf)) - b~5*(8%A*d"3*e”3 - c*xd"2xe"2x(14xBxe + 5*xAxf
) + c72%d*ex(35*%C*e”2 + 14*xBxexf — BxAxf~2) + c 3*f*(35xC*xe”2 — 14*Bxexf +
8xA*f~2)) — axb"4x(d"3*e"2%(6*Bxe — 19*%A*xf) — 6xc~3*%f 2% (7*C*e - Bxf) - ¢~2
*d*xf* (238%C*kxe”2 — 19*xf*(Bxe — A*xf)) - c*d"2*e*x(42*xCxe”2 — fx(19%Bxe + 20%A%*
£))) + a"3*xb"2xd*xfx (C*x(103*d"2%e"2 + 34d*ckdrexf + 103*%c™2+%f72) + dxf*x(B*xA*
d*f - 19*%Bx(d*e + cxf))) - 3*a”2*%b~ 3k (Ckx(5*xd"3*e~3 + 94*c*xd~2%e”2*f + 94x*c™
2%d*xe*xf”2 + BkcT3*f"3) + dxfx(3*%Axd*f*(d*e + c*f) — Bx(3*d"2xe”2 + 16*c*d*e
xf + 3xc”™2x£72))))*Sqrt[c + dxx]*Sqrtle + f*xx])/(1056xb~3*(bxc - axd) ~3*(b*e
- axf)"3*xSqrtla + b*x]) + (2%x(6*%a~3*Cxd*f + a*b~2%(14xc*Ckxe + 3xBxd*xe + 3%
Bkcxf — 8xAxd*f) - b 3*%(7*Bkxcke — 4xAx(dxe + c*xf)) + a " 2*xbx(Bxd*xf - 10*Cx(d
xe + cxf)))*Sqrtlc + d*x]*(e + f£*x)7(3/2))/(35%b"2x(bxc - axd)*(b*xe - a*xf)~
2%(a + b*x)7(5/2)) - (2*x(A*b~2 - a*x(b*B - a*C))*(c + d*x)~(3/2)x(e + £x*x)~(
3/2))/ (Txbx(b*xc - a*xd)*(bxe - axf)*x(a + b*xx)~(7/2)) + (2xSqrt[d]*(48*a~5*Cx
d"3*f"3 + 8*a~4xbxd"2*xf 2% (Bxd*f - 16*Cx(d*e + c*xf)) - b~ 5+x(8%A*d"3*e”3 - ¢
*d"2%e" 2% (14*Bxe + b5xA*f) + c”2%d*e*x(35%C*e”2 + 14*Bkxexf — BxAxf~2) + ¢ 3x*f
*(35%C*xe”2 — 14*Bxexf + 8xA*xf~2)) - a*xb”4*x(d"3*e”2x(6%Bxe - 19*%A*xf) - 6%c”3
*f 2% (7*Ckxe — Bxf) - c™2xd*f*(238*%Cxe”2 - 19xf*(Bxe - A*xf)) - c*xd 2%e*x(42xC
*e72 - £*x(19*%Bxe + 20%A*f))) + a~3*b " 2*d*f*(Ckx(103*d"2*xe~2 + 344*c*d*exf +
103*c™2*xf72) + d*xf*(6%Axd*f - 19*Bx(d*e + c*xf))) - 3*a " 2*xb~3*(Cx(5*xd"3*e”3
+ 94xcxd"2xe”2xf + 94xc”2xd*e*f"2 + BxcT3*f"3) + d¥xf* (3kAxd*f*(dke + c*xf) -
Bx(3*d"2xe”2 + 16*ckdkxexf + 3*xc™2x£72))))*Sqrt[(b*(c + d*x))/(b*c - axd)]*
Sqrt[e + f*x]*EllipticE[ArcSin[(Sqrt[d]*Sqrtla + b*x])/Sqrt[-(b*c) + axd]],
((bxc - ax*d)*f)/(dx(bxe - axf))])/(105%b~4*(-(b*c) + a*xd)~(5/2)*(b*xe - axf
)~3*Sqrtc + d*x]*Sqrt[(bx(e + fxx))/(bxe - axf)]) + (2xSqrt[d]*(d*e - cxf)
*(24%a"4*%Cxd"2*f"2 — a”~3xbxd*xf* (43%Cxd*e + 61xckxCxf — 4*Bxdxf) + b~ 4*(8xA*d
"2%e”2 - ckdxex(14*Bxe + Axf) + c 2% (35*Ckxe”2 + 7*Bxexf - 4%Axf~2)) + 3*axb
“3%(d"2%e*x (2*Bxe — bHxAxf) - c”2%f*(28*%C*e + B*f) - cxd*x(14xCxe”2 - 5*Bkexf
- 3%A*xf72)) - 3*a"2xb"2x (dxf* (2*%Bxd*e + 3*Bkxckf — Axd*xf) - Cx(5%d"2%e”2 + 3
Txckdxexf + 15xc”2x£72)))*Sqrt[(b*x(c + dxx))/(bxc - axd)]*Sqrt[(b*(e + f*x)
)/ (b*e - axf)]*EllipticF[ArcSin[(Sqrt[d]*Sqrt[a + b*x])/Sqrt[-(b*c) + axd]]
, ((bxc - axd)*f)/(dx(bxe - axf))])/(105%xb~4x(-(bxc) + axd)~(5/2)*(b*xe - ax



433

f)72*%Sqrt[c + d*x]*Sqrtle + f*x])

Rubi [A] time = 7.04535, antiderivative size = 1716, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 10, number of rules used = 8, integrand size = 38, e e =

integrand size
0.21, Rules used = {1614, 150, 152, 158, 114, 113, 121, 120}

result too large to display

Antiderivative was successfully verified.

[In] Int[(Sqrtlc + d*x]*Sqrtle + f*xx]*x(A + Bxx + Cxx"2))/(a + bxx)~(9/2),x]

[Out] (-2*%(24*a~4*xCxd~2*xf"2 - a~3*b*d*f*x(61*Ckxd*e + 43xc*Ckxf - 4*B*xd*f) - 3*a*xb”3
*(d"2%e* (Bke — 3xAxf) + 2xc™2%f*(7*Cxe - B*f) + cxd*x(28*xCxe~2 - 5*Bxexf + 5
*A*f72)) - b74*(4*xA*xd"2*%e”2 - cxd¥xex(7xBxe — Axf) — c”2*x(35%C*e”2 - 14*Bxex
f + 8%A*f72)) - 3*%a~2xb7 2% (d*f* (3*B*xd*e + 2%xBxcxf — Axd*f) - C*x(15*d"2*e”2
+ 37xc*xdxexf + b*xc™2xf72)))*Sqrtlc + d*x]*Sqrtle + f*x])/(105*%b~3*(b*c - ax*
d) "2*x(bxe — axf)"2x(a + b*x)~(3/2)) + (2%x(48*a~5*xCxd"3*f~3 + 8*a 4xbxd~2*f~
2% (Bxd*f - 16*Cx(dxe + c*xf)) — b7 5x(8*xA*d"3*e”3 - c*d"2*e" 2% (14*B*e + 5xAx*f
) + cT2%d*ex(35*%C*e”2 + 14*xBxexf — BxAxf~2) + c 3*f*(35*Cxe”™2 — 14*Bxexf +
8xA*f~2)) - a*xb"4x(d"3*e"2%(6*B*xe — 19%A*xf) — 6xc 3% 2% (7*C*xe - B*f) - ¢~2
*d*xf* (238%C*kxe”2 — 19*xf*(Bxe — A*xf)) - c*d"2*e*x(42*xCxe”2 — fx(19%Bxe + 20%A*
£))) + a"3*xb"2xd*xfx (C*x(103*d"2%e"2 + 34d*xckxdrexf + 103*%c™2+%f72) + dxf*x(BkAx*
d*f - 19*Bx(d*e + cxf))) - 3*a”2*%b 3k (Ckx(5*xd~3*e~3 + 94*c*d~2%e”2*f + 94x*c™
2%d*xe*xf~2 + BkxcT3*f"3) + dxf*(3kAxd*f*(d*e + c*xf) — Bx(3xd"2%e”2 + 16*c*d*e
xf + 3xc72xf£72))))*Sqrtc + d*x]*Sqrtle + f*xx])/(1056%xb~3*(bxc - axd) ~3*(b*e
- axf)"3*xSqrtla + b*x]) + (2%(6*%a~3*Cxd*f + a*b~2%(14xc*Ckxe + 3*xBxd*xe + 3%
Bkcxf — 8xAxd*xf) - b 3*%(7*Bkxcke — 4xAx(dxe + c*xf)) + a " 2xbx(Bxd*f — 10*Cx(d
xe + cxf)))*Sqrtlc + dxx]*(e + f*xx)~(3/2))/(35%b~2*(bxc - axd)*(bxe - axf)~
2%(a + b*x)~(5/2)) - (2*x(A*b~2 - a*x(b*B - a*C))*(c + d*x)~(3/2)x(e + £*x)~(
3/2))/ (Txb*(b*c - a*xd)*(bxe - axf)*x(a + b*xx)~(7/2)) + (2xSqrt[d]*(48*a~5*Cx
d"3*f"3 + 8*a~4xbxd"2*f 2% (Bxd*f - 16*Cx(d*e + c*xf)) - b 5*x(8%A*d"3*e”3 - ¢
*d"2%e" 2% (14*Bxe + S5xAxf) + c”2%d*e*(35%C*e”2 + 14*Bkxexf — BxAxf~2) + ¢ 3*f
*(35%C*e”2 - 14*Bkxexf + 8*xAxf~2)) - a*b”4*x(d"3*e”2*x(6*xBxe - 19%A*xf) - 6%c”3
*f 2% (7*Ckxe — Bxf) - c™2xd*f*(238*%C*xe”2 - 19*f*(Bke - A*xf)) - cxd ™ 2*e*x(42xC
*e72 - f*x(19*Bxe + 20%A*f))) + a~3*b " 2*d*f*(Ckx(103*d"2*xe"2 + 344*c*d*e*xf +
103*c™2xf72) + d*xf*(6%Axd*f - 19*Bx(d*e + c*xf))) - 3*a " 2*xb~3*x(Cx(5*xd"3*e”3
+ 94xcxd"2xe"2xf + 94%cT2xd*xe*f”2 + BkxcT3*f"3) + dxf* (3kAxd*xf*(dxe + c*xf) -
Bx(3%d"2xe”2 + 16*ckdxexf + 3*%c™2x£72))))*Sqrt[(b*(c + d*x))/(b*c - axd)]*
Sqrt[e + f*x]*EllipticE[ArcSin[(Sqrt[d]*Sqrt[a + bxx])/Sqrt[-(bxc) + axd]],
((bxc - ax*xd)*f)/(d*(bxe - axf))])/(105%b~4*(-(b*c) + axd)~(5/2)*(b*xe - axf
)~3xSqrtc + d*x]*Sqrt[(bx(e + fxx))/(bxe - axf)]) + (2xSqrt[d]*(d*xe - cxf)
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* (24*%a~4*C*d"2xf72 - a~3xbxd*f*(43*%Cxdxe + 61*c*xCxf - 4*Bxdxf) + b~ 4x*(8xAxd
“2%e72 - ckdxex(14*Bxe + Axf) + cT2%(35*C*xe”2 + T*Bxexf - 4%xAxf~2)) + 3x*axb
~3%(d"2%e*x (2*%Bxe — bxAxf) — c”2%f*(28*%Cke + B*f) - cxd*x(14*xCxe”2 - B*Bkexf

- 3%A*f72)) - 3*a"2xb"2x (dxf* (2¥B*d*e + 3*Bkxckf — Axd*xf) - Cx(5%d"2%e”2 + 3
Txcxdxexf + 15xc”™2x£72)))*Sqrt[(bx(c + d*x))/(bxc - a*xd)]*Sqrt[(bx(e + f*x)
)/ (bxe - axf)]*EllipticF[ArcSin[(Sqrt[d]*Sqrtl[a + b*x])/Sqrt[-(b*c) + axd]]
, ((bxc - axd)*f)/(dx(bxe - axf))])/(105%b~4*(-(b*c) + a*xd)~(5/2)*(bxe - a*
f)~2xSqrt[c + d*xx]*Sqrtle + fx*x])

Rule 1614

Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*x(x_))"(m_.)*x((e_.) + (f_
D*(x_)) " (p_.), x_Symbol] :> With[{Qx = PolynomialQuotient[Px, a + b*x, x],
R = PolynomialRemainder[Px, a + b*x, x]}, Simp[(b*R*(a + b*x)"(m + 1)*(c +
d*x)"(n + 1)*(e + £*xx)"(p + 1))/((m + 1) *(b*c - a*d)*(b*e - axf)), x] + Di
st[1/((m + 1)*(bxc - axd)*(bxe - axf)), Int[(a + b*xx)"(m + 1)*x(c + d*x) n*(
e + fxx) pxExpandToSum[(m + 1)*(b*c - a*xd)*(bxe - axf)*Qx + axd*f*Rx(m + 1)
- b*Rk(d*ex(m + n + 2) + c*xfx(m + p + 2)) - b*kd*f*R*x(m + n + p + 3)*x, x],
x], x11 /; FreeQ[{a, b, ¢, d, e, f, n, p}, x] & PolyQ[Px, x] && LtQ[m, -1
] && IntegersQ[2*m, 2*n, 2xp]

Rule 150

Int[((a_.) + (b_)*(x_))"(m_)*x((c_.) + (d_.)*x(x_))"(m_)*((e_.) + (f_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[((b*g - axh)*(a + b*x) (m +
Dx(c + d*xx)"nx(e + £xx)"(p + 1))/ (b*x(b*e - axf)*x(m + 1)), x] - Dist[1/(b*(
bxe — axf)*(m + 1)), Int[(a + b*x)"(m + 1)*(c + d*x)~(n - 1)*(e + f*x) px*Si
mp [b*xcx(fxg - exh)*(m + 1) + (b*xg - axh)*(d*exn + cxf*x(p + 1)) + d*x(b*x(f*g
- exh)*x(m + 1) + fx(bxg - axh)*(n + p + 1))*x, x], xI, x] /; FreeQl{a, b, ¢
, d, e, £, g, h, p}, x] && LtQ[m, -1] &% GtQ[n, 0] &% IntegersQ[2*m, 2*n, 2
*p]

Rule 152

Int[(Ca_.) + (b_)*(x_)) " (m_)*x((c_.) + (d_.)*x(x_))"(m_)*((e_.) + (f_.)*(x_)
)" (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[((b*g - a*h)*(a + b*x) " (m +

Dx(c + d*xx)"(n + D*x(e + £*x)7(p + 1))/ ((m + D)x(bxc - axd)*(b*xe - axf)),

x] + Dist[1/((m + 1)*(b*c - axd)*(b*e - a*xf)), Int[(a + b*x)"(m + 1)*x(c + d
*x) "n* (e + f*x) pxSimp[(a*dxf*g - b*(d*e + c*xf)*g + bxckxexh)*x(m + 1) - (bxg
- axh)*(d*ex(n + 1) + cxf*x(p + 1)) - d*fx(bxg - a*xh)*(m + n + p + 3)*x, x]
, x]1, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && LtQ[m, -1] && Integ
ersQ[2*m, 2*n, 2xp]

Rule 158
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Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e_) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtl[e + fxx]/(Sqrtla
+ b*x]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + bx*x]*Sq
rt[c + dxx]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fx*x]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*x]*Sqrt[(bx(c + d*x))/(bxc - a*d)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*xe - axf)]), Int[Sqrt[(b*e)/(bxe - a*xf) + (
bxf*x)/(bxe - axf)]/(Sqrtla + b*x]*Sqrt[(bxc)/(bxc - axd) + (b*xd*x)/(b*c -

axd)]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] & '(GtQ[b/(bxc - axd), 0]

&& GtQ[b/(b*e - a*f), 0]) && !LtQ[-((b*c - axd)/d), O]

Rule 113

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bkxx] /Rt [-((bxc - a*xd)/d), 211, (f*x(b*xc - axd))/(dx(bxe - axf))]1)/b, x] /;

FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - a*d), 0] && GtQ[b/(bxe - axf),
0] && 'LtQ[-((bxc - a*d)/d), 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-
(d/(b*c - ax*d)), 0] && GtQ[d/(dxe - c*f), 0] && 'LtQ[(bxc - axd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - a*xd)]/Sqrtlc + d*x], Int[
1/(Sqrtla + b*xx]*Sqrt[(b*c)/(b*c - a*xd) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, £}, x] && 'GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + bxx, e + f*x]

Rule 120

Int[1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Simp[(2*#Rt[-(b/d), 2]*EllipticF[ArcSin[Sqrt[a + bx*x]/(Rt
[-(b/d), 2]1*Sqrtl[(b*c - a*d)/bl)], (fx(bxc - axd))/(d*(bxe - a*xf))])/(b*Sqr
t[(b*xe - axf)/bl), x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*xc - axd),
0] && GtQ[b/(bxe - axf), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a +
bxx, e + f*x] && (PosQ[-((b*xc - a*d)/d)] || NegQ[-((b*xe - axf)/f)])

Rubi steps
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2 _ .
mm(_&? C(de+cf)—ab(7cCe

(a + bx)°/? r= 7b(bc — ad)(be — af)(a + bx)7/2

f Ve +dxrJe + fx (A +Bx + sz) e 2 (Ab2 —a(bB - aC)) (c +d)2(e+ fx)?2 2 [

2 (6a3Cdf + ab?*(14cCe + 3Bde + 3Bcf — 8Adf) — b3(7Bce — 4A(de + cf)) + ¢
a 35b2(bc — ad)(be — af)?(a + bx)>2

2 (24a*Cd? f? - a®bd f (61Cde + 43cCf - 4Bdf) — 3ab> (d2e(Be — BAf) + 2¢

2 (240*Cd?f? - a®bdf (61Cde + 43cCf - 4Bdf) — 3ab® (d2e(Be — 3Af) + 2¢

2 (24a*Cd2 2 - a®bd f (61Cde + 43cCf — 4Bdf) — 3ab® (d%e(Be - 3Af) +2¢

2 (24a*Cd?f? - a®bd f (61Cde + 43cCf - 4Bdf) — 3ab® (d2e(Be — 3Af) + 2¢

2 (24a*Cd? f% - a®bd f (61Cde + 43cCf - 4Bdf) — 3ab® (d2e(Be — 3Af) + 2¢

2 (24a*Cd2 f2 - a®bd f (61Cde + 43cCf — 4Bdf) — 3ab® (d%e(Be - 3Af) + 2

Mathematica [C] time = 19.4264, size = 15719, normalized size = 9.16

Result too large to show
Warning: Unable to verify antiderivative.

[In] Integrate[(Sqrtlc + d*x]*Sqrtle + f*xx]*(A + Bxx + Cxx72))/(a + bxx)~(9/2),x
]
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[Out] Result too large to show

Maple [B] time = 0.36, size = 68345, normalized size = 39.8

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((Cxx~2+Bxx+A)* (d*x+c)~(1/2)*(f*x+e)~(1/2)/(b*xx+a)~(9/2),x)

[Out] result too large to display

time = 0., size = 0, normalized size = 0.

f (Cx2 +Bx+A)\/dx+c\/fx+e€Z
> x

(bx + a)2

Maxima [F]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)x* (d*x+c)~(1/2)*(f*xx+e)~(1/2)/(b*x+a)~(9/2),x, algori

thm="maxima"

[Out] integrate((C*x~2 + B*x + A)*sqrt(d*x + c)*sqrt(f*x + e)/(b*x + a)~(9/2), x)

time = 0., size = 0, normalized size = 0.

| (Cx2+Bx+A)\/bx+a\/dx+c\/fx+e
it ,
BT 1535 1 5 abtxt 1 10 4263 + 1030242 + 5atbx + a5’

Fricas [F]

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((C*xx~2+B*x+A)* (d*x+c)”(1/2)*x(fxx+e)~(1/2)/(b*x+a)~(9/2),x, algori
thm="fricas")

[Out] integral((C*x~2 + Bxx + A)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(fxx + e)/(b~5*x
5 + bxaxb"4*x"4 + 10%a”2xb73*x73 + 10%a"3*b"2xx”2 + b*a~4*b*x + a~b), x)
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Ckx**2+B*x+A)* (dxx+c)**(1/2)*(f*x+e)**(1/2)/ (bxx+a)**(9/2),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f (Cx2 +Bx+A)\/dx+c\/fx+ed
5 X

(bx + a)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+B*x+A)* (d*x+c)” (1/2)*(fxx+e)”~(1/2)/(b*x+a)~(9/2),x, algori
thm="giac")

[Out] integrate((C*x~2 + B*x + A)*sqrt(d*x + c)*sqrt(fxx + e)/(b*x + a)~(9/2), x)
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(a+bx)%/ 2\/c+dx(A+Bx+Cx2)
367 | NEoT dx

Optimal. Leaf size=1235

result too large to display

[Out] (-2*%(5xbxd*xf*(7xaxd*xf* (5xb*c*Ckxe + 3*axCkxdxe + axcxCxf - OxAxb*d*f) - (3*bx*
cxe + 3*axdxe + axckxf)*(4dxaxCxd*xf + b*(8%Ckd*e + 6xcxCxf — 9*Bxdxf))) + 2x%(
(a*xd*f)/2 - b*(2*xd*e + c*f))*(7Txb*d*f*(5*xb*ckCxe + 3*axCkxdxe + akxcxCxf - 9%
Axb*xd*f) - (6xbxd*e + 4xbkxcxf - 3kaxd*f)*(4d*axCxd*xf + bx(8*Cxdxe + 6xc*Cxf
- 9xBxd*f))))*Sqrt[a + b*x]*Sqrtlc + d*x]*Sqrtle + f*x])/(945%b~2%d"~3*f"4)
- (2% (7*b*xd*f* (5xbxcxCxe + 3xa*xCxd*e + a*xckCxf — 9xAxbxdxf) - (6+bxdxe + 4%
bxckf — 3kaxd*f)*(4dxaxCxd*xf + bx(8xCkdxe + 6xc*Cxf - 9xBxdxf)))*Sqrt[a + bx
x]*(c + d*x)"(3/2)*Sqrtle + f*x])/(316xbxd"3*xf73) - (2x(4d*a*xCxd*f + b*(8*Cx
dxe + 6*xc*kCxf - 9*Bxdxf))*(a + b*x)~(3/2)*(c + d*x)~(3/2)*Sqrt[e + f*x])/(6
3xbxd"2+f72) + (24Cx(a + b*x)~(5/2)*(c + d*x)~(3/2)*Sqrte + f*x])/(9xbxdx*f
) + (2xSqrt[-(bxc) + axd]*(8*a~4xC*xd~4*f~4 + a~3*b*xd~3*f~3*(11xCxd*e - T*c*
Cxf - 18*%Bxd*xf) — 3%a~2%b~2+%d"2*f 2% (3xd*f* (4*xBxdxe — 3*Bkxckxf - T7T*A*xd*xf) -
Cx(9*d"2*e"2 — bxcxdxexf - 3*%c™2*%f72)) - axb~3xdxf*(2%C*(92%d"3*%e”3 - 33*cx*
d~2*xe 2xf - 18*c”2kd*exf"2 - 16%c”3*%f73) + Bkd*f* (T*Axd*f*x(13*d*e - T*cxf)
- Bx(72*%d"2%e"2 - 29*%ckxdxexf - 19%c”2+%f72))) + bT4*x(Cx(128*xd~4xe~4 - 40*cx*d
“3%e"3%f - 21%cT2xd"2%e”2*xf 72 — 16*c”3xd*exf"3 - 16%xcT4*f74) + 3xd*xf*x(7TxAxd
*fx(8%d72%e”2 - 3kckxdxexf — 2%c72+%f72) - B*(48%d"3*e”3 - 16%c*d"2%e”2*f - 9
xc"2xd*xe*xf"2 - 8xc”3*£73))))*Sqrt [(bx(c + d*x))/(bxc - axd)]*Sqrtle + f*x]*
EllipticE[ArcSin[(Sqrt[d]*Sqrt[a + b*x])/Sqrt[-(b*xc) + a*xd]]l, ((bxc - axd)*
f)/(dx(bxe - axf))])/(315xb~3*d~(7/2)*f~5xSqrt[c + d*x]*Sqrt[(bx(e + f*x))/
(bxe - axf)]) + (2xSqrt[-(b*c) + axd]*(b*e - a*f)x(d*e - c*f)*(4d*a”3*C*xd 3%
£73 + 3*%a"2xbxd"2*xf 2% (3%C*d*e - c*Cxf - 3*Bxd*f) - 3*axb™2*d*f* (3xd*xf*(16%
Bxd*e + 3*Bxckxf - 21%A*d*f) - 5xCx(8*xd"2xe”2 + 2kckd*exf + c™2*xf72)) - b~ 3%
(Cx(128*d"3*e"3 + 24*xcxd"2xe”2*xf + 15%c™2*d*e*f”2 + 8*c~3*xf~3) + 3*xd*xf*(7*A
xd*xf*x (8kd*xe + c*f) — 4*Bx(12*%d"2%e”2 + 2kckdkexf + c”2*xf72))))*Sqrt[(b*x(c +
d*x))/(b*xc - axd)]*Sqrt[(bx(e + f*x))/(bxe - axf)]*EllipticF[ArcSin[(Sqrt[
dl*Sqrt[a + b*x])/Sqrt[-(b*c) + axd]], ((b*c - a*xd)*f)/(dx(bxe - axf))])/(3
16xb~3*%d~(7/2) *"6xSqrt [c + d*x]*Sqrtle + fx*x])

Rubi [A] time = 4.39515, antiderivative size = 1235, normalized size of antiderivative =

number of rules

1., number of steps used = 10, number of rules used = 7, integrand size = 38, “ntegrand size
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0.184, Rules used = {1615, 154, 158, 114, 113, 121, 120}

2C(c + dx)¥?+Je + fx(a +bx)®?  2(4aCdf + b(8Cde + 6¢Cf — 9Bdf))(c + dx)¥?+Je + fx(a + bx)>?  2(7bdf(5bcCe +
Obdf - 63bd2 £2 -

Antiderivative was successfully verified.

[In] Int[((a + b*x)~(3/2)*Sqrtlc + d*x]*(A + B*x + C*x72))/Sqrtle + fx*x],x]

[Out] (-2*(5%bxd*f*(7*a*d*f*(5xbxc*Cxe + 3*a*Cxd*e + axc*Cxf - 9xAxb*xd*f) - (3*b*
cxe + 3xaxdxe + axckf)*(4dxaxCxdxf + b*(8%Ckd*e + 6xckxCxf — 9*Bxdxf))) + 2x(
(axd*f) /2 - b*(2*xd*e + cx*xf))*(7Txbxd*f*(5*xb*c*Cxe + 3*axCkxdxe + axcxCxf - Ox
Axbxd*xf) — (6xbxd*e + 4xbkc*xf - 3kaxd*xf)*(4d*xaxCxd*xf + b*(8%Ckd*e + 6xcxCxf
- 9xB*d*f))))*Sqrt[a + b*x]*Sqrtlc + d*x]*Sqrtle + fxx])/(945%b"2%xd"~3*xf~4)
- (2% (7*b*xd*f* (5xb*xc*xCkxe + 3*xa*xCkd*e + a*xckxCxf — OkAxbxd*xf) — (6xb*xd*xe + 4%
bxcxf - 3kaxdxf)* (4*xa*xCxd*xf + b*(8*Cxdxe + 6xc*Cxf - 9*Bxdxf)))*Sqrt[a + bx*
x]*x(c + d*x)~(3/2)*Sqrtle + f*x])/(315xb*d~3*x£73) - (2x(4*a*xCxd*f + b*(8*Cx
dxe + 6xc*kCxf — 9xBxdxf))*(a + b*x)~(3/2)*(c + d*x)~(3/2)*Sqrtle + f*x])/(6
3xb*xd"2x£72) + (2xC*x(a + b*x)~(5/2)*(c + d*x)~(3/2)*Sqrtle + f*x])/(9*b*xdxf
) + (24Sqrt[-(b*c) + axd]*(8*a~4*Cxd~4*f~4 + a~3*b*d~3*f73*(11*Ckd*e — T*cx
Cxf - 18*%Bxd*f) - 3*a ™ 2%xb~2*xd"2%f 2% (3*d*f* (4*%Bxd*xe - 3*Bkxc*f — T*Axd*xf) -
Cx(9*%d~2*%e"2 - bxckxd*xexf - 3%c™2xf72)) - axb™3*xdxf*(2xCkx(92%d"3xe”™3 - 33*cx*
d"2*%e”2*%f — 18*c"2xdxexf"2 - 16*%c”3*f"3) + 3xdxf* (7TxA*xd*f*(13*d*e - T7*cx*f)
- Bx(72%d"2%e”2 - 29*%ckdxexf - 19%c”2+%f72))) + bT4*x(Cx(128*d"4*xe~4 - 40*c*d
"3%e"3*f - 21*cT2xd"2%xe"2*xf "2 - 16%c”3*xd*e*xf"3 - 16%cT4*xf"4) + 3xd*xf*(7T*xAxd
*f* (8xd"2*%e"2 - 3kxckdkexf - 2xc 2+%f72) - B*(48+%d"3*%e”3 - 16%ckxd"2%e”2*xf - 9
*xCc"2%d*exf"2 - 8xc73*%£73))))*Sqrt[(bx(c + d*x))/(b*c - axd)]*Sqrtle + f*xx]*
EllipticE[ArcSin[(Sqrt[d]*Sqrtla + b*x])/Sqrt[-(b*c) + a*xd]], ((b*c - axd)*
£)/(dx(bxe - axf))])/(315%b~3*d~(7/2)*f~5xSqrt[c + d*x]*Sqrt[(bx(e + f*x))/
(bxe - a*xf)]) + (2*xSqrt[-(b*xc) + axd]l*(b*e - axf)*(dke - cx*f)*(4*a~3+xCxd 3
£73 + 3*%a"2%b*d"2xf"2*% (3*%Ckd*e - c*xCxf - 3*Bxd*f) - 3*xaxb ™ 2kd*xf* (3xdxf* (16x*
Bkd*e + 3*Bxcxf - 21%A*xd*f) - B5xCx(8*xd"2xe”2 + 2kckd*exf + c™2xf72)) - b~ 3%
(Cx(128%d"3%e"3 + 24*xcxd™2xe~2xf + 15%c™2+d*e*f~2 + 8*c™3*f~3) + 3xd*f*(7*A
xd*xf*x (8xd*xe + c*f) - 4xBx(12*%d"2%e”2 + 2xckxdkexf + c”2*x£72))))*Sqrt [(b*x(c +
dxx))/(bxc - axd)]*Sqrt[(b*x(e + f*x))/(bxe - a*xf)]*EllipticF[ArcSin[(Sqrtl[
dl*Sqrt[a + b*x])/Sqrt[-(b*c) + axd]], ((b*c - a*xd)*f)/(d*x(bxe - axf))]1)/(3
15%b~3xd~ (7/2) *£~5%Sqrt [c + d*x]*Sqrtle + fxx])

Rule 1615

Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_)*(x_))"(a_.)*((e_.) + (f
_D)*(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simp[(k*(a + b*x)"(m + q - D*x(c + d*xx)"(n + 1)*(e + £*x)"(p +
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1))/(d*f*b~(q - 1)*(m + n + p + q + 1)), x] + Dist[1/(d*f*b"g*(m + n + p +

q + 1)), Int[(a + b*x) m*x(c + d*x) n*(e + fx*x) p*ExpandToSum[d*f*b~q*(m + n
+p+qt+t 1)*Px - dxfxkx(m + n + pt+tq+ Dx(a + b*x)"q + kx(a + b*x)“(q -
2)*(a”"2xd*fx(m + n + p + g + 1) - b*k(b*cxex(m + q - 1) + a*x(d*ex(n + 1) +

ckxfx(p + 1))) + bx(axd*xf*(2*(m + q) + n + p) - b*x(d*ex(m + q + n) + cxf*x(m

+ g+ p)))*x), xI, x], x] /; NeQ[m + n + p + q + 1, 011 /; FreeQ[{a, b, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x] && IntegersQ[2+*m, 2*n, 2xp]

Rule 154

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_)*x(x_))"(m_)*((e_.) + (f_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[(h*(a + b*x) m*(c + d*x)~(n
1*x(e + fxx)"(p + 1))/(d*f*x(m + n + p + 2)), x] + Dist[1/(d*f*(m + n + p
2)), Int[(a + b*x)"(m - 1)*(c + d*x) "n*(e + f*x) p*Simp[axd*f*gx(m + n +
+ 2) - hx(b*ckexm + a*x(d*ex(n + 1) + cxfx(p + 1))) + (bxd*f*g*(m + n + p
2) + hx(axd*fxm - b*x(d*ex(m + n + 1) + cxf*x(m + p + 1))))*x, x], x], x] /
; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && GtQ[m, 0] && NeQ[m + n + p +
2, 0] &% IntegersQ[2*m, 2*n, 2x*p]

+

+ 0+

Rule 158

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e_) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtl[e + f*x]/(Sqrtl[a
+ b*x]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtla + bx*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fx*x]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*x]*Sqrt[(bx(c + d*x))/(bxc - a*d)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*xe - axf)]), Int[Sqrt[(b*e)/(bxe - a*xf) + (
bxf*x)/(bke - axf)]/(Sqrtla + b*x]*Sqrt[(bxc)/(bxc - axd) + (b*xd*x)/(b*c -

axd)]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] & !'(GtQ[b/(bxc - axd), 0]

&& GtQ[b/(b*xe - axf), 0]) && 'LtQ[-((b*xc - axd)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (£_.)*(x_)]1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bxx] /Rt [-((bxc - a*xd)/d), 211, (f*x(b*xc - axd))/(dx(bxe - axf))]1)/b, x] /;

FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - axd), 0] && GtQ[b/(bxe - axf),
0] && 'LtQ[-((bxc - axd)/d), 0] && !'(SimplerQ[c + d*x, a + bxx] && GtQ[-
(a/(b*xc - axd)), 0] && GtQ[d/(d*e - cxf), 0] && !'LtQ[(b*c - a*d)/b, 0])
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Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - a*d)]/Sqrtlc + d*x], Int[
1/(Sqrtla + b*x]*Sqrt[(b*c)/(b*c - a*d) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] && !'GtQ[(b*c - a*xd)/b, 0] && Si
mplerQ[a + b*x, c + dxx] && SimplerQ[a + b*x, e + fx*x]

Rule 120

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)x*(x
1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]1*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]*Sqrtl[(b*c - a*xd)/bl)], (fx(bxc - axd))/(d*(b*xe - a*xf))])/(b*Sqr
t[(bxe - axf)/bl), x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - axd),
0] && GtQ[b/(bxe - axf), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a +
b*x, e + f*x] && (PosQ[-((bxc - a*d)/d)] || NegQ[-((b*xe - a*xf)/f)])

Rubi steps



443

(a+bx)3/2\/c+dx(—%b(SbcCe+3aCde+acC £-9,

(a + bx)¥?Vc + dx (A +Bx + sz) ; 2C(a + bx)>?(c + dx)*?+Je + fx 2J e,
f N *= obdf " op2d
_ 2(4aCdf + b(8Cde + 6¢Cf - 9Bdf))(a + bx)*?(c + dx)¥?+Je + fx s 2C(

- 63bd2 2 o

2(7bd f (5bcCe + 3aCde + acCf — 9Abdf) — (6bde + 4bcf — 3adf)(4aCd;
315043 f3

2 (5bdf(7adf(5bcCe +3aCde + acCf — 9Abdf) — (3bce + 3ade + acf)(4

2 (5bdf(7adf(5bcCe +3aCde + acCf — 9Abdf) — (3bce + 3ade + acf)(4

2 (5bdf(7adf(5bcCe +3aCde + acCf — 9Abdf) — (3bce + 3ade + acf)(4

2 (5bdf(7adf(5bcCe + 3aCde + acCf — 9Abdf) — (3bce + 3ade + acf)(4

2 (5bdf(7adf(5bcCe + 3aCde + acCf — 9Abdf) — (3bce + 3ade + acf)(4

Mathematica [C] time = 18.4476, size = 12483, normalized size = 10.11

Result too large to show

Antiderivative was successfully verified.

[In] Integrate[((a + bxx)~(3/2)*Sqrtlc + d*x]*(A + B*x + C*x"2))/Sqrtle + fxx],x
]
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[Out] Result too large to show

Maple [B] time = 0.056, size = 15857, normalized size = 12.8

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*xx+a) " (3/2)*(Cxx~2+B*xx+A)* (d*x+c) " (1/2)/(fxx+e)~(1/2) ,x)

[Out] result too large to display

time = 0., size = 0, normalized size = 0.
3
Cx% + Bx + A)(bx +a)2Vdx +c

(
f Vfx+e

Verification of antiderivative is not currently implemented for this CAS.

Maxima [F]

dx

[In] integrate((bxx+a)~(3/2)*(Cxx~2+Bxx+A)* (d*x+c)~(1/2)/(f*x+e)~(1/2),x, algori
thm="maxima"

[Out] integrate((Cxx~2 + B*x + A)*(b*x + a)~(3/2)*sqrt(d*x + c)/sqrt(f*x + e), x)

time = 0., size = 0, normalized size = 0.

Cbx® + (Ca + Bb)x* + Aa + (Ba + Ab)x)\/bx +aVdx +c

integral ( W

Verification of antiderivative is not currently implemented for this CAS.

Fricas [F]

X

[In] integrate((b*x+a) ~(3/2)* (Cxx~2+B*x+A)* (d*x+c)~(1/2)/(f*x+e)~(1/2) ,x, algori
thm="fricas")
[Out] integral((Cxb*x~3 + (C*a + B*b)*x"2 + Axa + (Bxa + A*b)*x)*sqrt(b*x + a)*sq

rt(d*x + c)/sqrt(f*x + e), x)
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bkxx+a)**(3/2)* (Ckx**2+B*x+A)* (dxx+c)**(1/2)/ (£xx+e)*x(1/2) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

(sz + Bx + A)(bx + a)g\/dx +c ;
J Jfrre !

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)”(3/2)*(Cxx~2+Bxx+A)* (d*x+c)~(1/2)/(f*x+e)~(1/2),x, algori
thm="giac")

[Out] integrate((Cxx~2 + B*x + A)*(b*x + a)~(3/2)*sqrt(d*x + c)/sqrt(f*x + e), x)
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3.68

X

Va+bec+dx@4+Bx+Cx2)
N

Optimal. Leaf size=766

2Vad — be(be — af)(de — cf)+ /% ‘ /b%}‘) (4a2Cd? f2 + abd f (~7Bdf — 2cCf + 8Cde) + b? (- (7df (<10Adf + Bcf +
1056352 f44/c + dx+Je + fx

[Out] (-2%(5*bxd*f*(3xb*xc*kCxe + 3*a*Cxd*xe + akxcxCxf - 7*Axbxd*xf) + (axd*f - 2%bx(
2xdxe + c*f))x(4xa*xCxd*f + bk (6%Cxd*xe + 4*xcxCxf - 7*Bxd*f)))*Sqrtla + b*x]*
Sqrt[c + dxx]*Sqrtle + f*x])/(105%b~2+d"2*f~3) - (2% (4*xa*xCkxd*f + b*(6xCxd*e
+ 4xckC*xf - 7*Bxd*f))*Sqrt[a + bxx]*(c + d*x)~(3/2)*Sqrtle + f*x])/(35*%b*d
“2%f72) + (2xCx(a + b*x)~(3/2)*(c + d*x)~(3/2)*Sqrtle + f*x])/(7xbxd*f) - (
2x3qrt [-(bxc) + axd]*(3xb*xd*xfx*(5*xaxd*f* (3*bxc*Cke + 3*xaxCkdxe + axcxCxf - 7
xAxbxd*f) - (bkcxe + 3xakxdxe + axckf)*(4xaxCkxd*xf + bx(6%xCkdxe + 4xc*Cxf - 7
*xBxd*f))) + 2x((bxcxf)/2 - d*x(b*e + axf))*(5xbxd*f*(3xb*xckCxe + 3*a*xCxd*e +
axckCxf — TxAxbkxdxf) + (axdxf - 2xb*(2xdxe + c*f))x(4xa*xCxd*f + b*(6*Cxdxe
+ 4xckxCxf - 7*Bkxdxf))))*Sqrt[(bx(c + d*x))/(b*c - a*xd)]*Sqrtle + fxx]*E1li
pticE[ArcSin[(Sqrt [d]*Sqrt[a + b*x])/Sqrt[-(b*xc) + a*xd]l], ((bxc - axd)*f)/(
dx(bxe - axf))])/(105%xb~3*xd~(5/2)*f~4xSqrt[c + d*x]*Sqrt[(b*x(e + fxx))/(bxe
- axf)]) + (2xSqrt[-(b*c) + axd]*(b*e - a*xf)*(dxe - cxf)*(4xa~2xC*xd~2xf"2
+ axbkxdxf* (8*Cxd*xe - 2%cxCxf - 7*Bxd*f) - b~ 2% (7*d*f*(8*Bxd*e + Bxcxf - 10%
Axdxf) - 4xC*(12xd"2%e"2 + 2xcxd¥xexf + c”2%f72)))*Sqrt[(bx(c + d*x))/(b*c -
axd)]*Sqrt[(bx(e + fxx))/(bxe - axf)]*EllipticF[ArcSin[(Sqrt[d]*Sqrtl[a + b
xx])/Sqrt [-(bxc) + axd]], ((bxc - axd)x*f)/(d*x(bxe - axf))])/(105%b~3*d~(5/2
)*f74xSqrt[c + d*x]*Sqrtle + fx*x])

Rubi [A] time = 2.06141, antiderivative size = 766, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 7, integrand size = 38, e -

0.184, Rules used = {1615, 154, 158, 114, 113, 121, 120}

2ad = bo(be - af)(de - cf)y /"lﬁ%" (402Ca22 + abd f (~7Bdf — 2¢Cf + 8Cde) + 12 (~ (7d f(~10Adf + Bef +
105b3d52 fA4y/c + dx+Je + fx

integrand size

Antiderivative was successfully verified.

[In] Int[(Sqrt[a + b*xx]*Sqrtlc + d*x]*(A + B*x + Cxx"2))/Sqrtle + f*x],x]
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[Out] (-2%(5xbkxd*f*(3*b*xcxCxe + 3xaxCkdke + axckxCkxf — TxAxbkxd*xf) + (axd*f -
2xdxe + cx*f))*(4xa*xCxd*f + bk (6%Cxd*e + 4*xcxCxf - 7*Bxd*f)))*Sqrtla + b*x]*
Sqrt[c + d*x]*Sqrtle + fxx])/(1056%b72xd"2%xf73) - (2% (4*xa*xCxd*xf + bx(6*Ckxdxe
+ 4dxcxCxf - 7#Bxdxf))*Sqrtla + b*x]*(c + d*x)~(3/2)*Sqrtle + f*x])/(35xb*d
“2xf72) + (2xCx(a + b*x)~(3/2)*(c + d*x)~(3/2)*Sqrtle + £*xx])/(7*bxd*f) - (
2x3qrt [-(bxc) + axd]*(3xb*dxf*(5*xaxd*f* (3*bxc*Cke + 3ka*xCkdxe + axcxCxf - 7
*xAxbxdxf) - (bkcke + 3kakdke + akckf)*(4*xaxCkd*f + bk (6xCxdxe + 4xcxCxf - 7
*xBxdxf))) + 2x((bxcxf)/2 - d*(b*xe + axf))*(5xbxd*f*(3xb*xckCxe + 3*a*xCxd*e +
axckCxf — TxAxbkxdxf) + (axd*xf - 2xb*(2xdxe + cx*f))*(4xa*xCxd*f + b*(6*xCxdx*e
+ 4xckxC*xf - 7xBxd*f))))*Sqrt[(bx(c + d*x))/(bxc - a*xd)]*Sqrtle + f*x]*E1li
pticE[ArcSin[(Sqrt[d]*Sqrt[a + bxx])/Sqrt[-(bxc) + axd]]l, ((b*c - axd)*f)/(
dx(b*e - axf))])/(105%b~3xd~(5/2)*f~4xSqrt[c + d*x]*Sqrt[(b*x(e + fx*x))/(b*e
- axf)]) + (2xSqrt[-(b*c) + axd]*(b*e - a*xf)*(dxe — cxf)*(4*a~2xC*xd~2xf"2

+ axbkxdxf* (8*Cxd*xe - 2%cxCxf - 7*Bxd*f) - b~ 2% (7*xd*f*(8*Bxd*e + Bxcxf - 10%
Axdxf) - 4xC*(12xd"2%e"2 + 2xcxdxexf + c”2+f72)))*Sqrt[(bx(c + d*x))/(b*c -
axd)]*xSqrt [(bx(e + f*x))/(bxe - a*xf)]*EllipticF[ArcSin[(Sqrt[d]*Sqrtla + b
*xx])/Sqrt [-(bxc) + a*d]], ((bxc - axd)*f)/(d*(b*e - a*f))])/(105*%b~3*d~(5/2
)*f74xSqrt[c + dxx]*Sqrtle + fx*x])

Rule 1615

Int [(Px_)*((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_)*x(x_))"(n_.)*x((e_.) + (£
_D)*(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simp[(k*(a + b*x)"(m + q - D*(c + d*xx)"(n + 1)*(e + £*x)"(p +

1)/ (dxf*xb"(q - D*x(m +n + p + q+ 1)), x] + Dist[1/(d*f*xb"g*x(m + n + p +
q + 1)), Int[(a + b*x) "m*x(c + d*x) n*(e + f*xx) p*ExpandToSum[d*fxb~q*(m + n
+ p+q+ 1)*Px - d*fxkx(m + n + p + q + 1)*x(a + b*x)"q + kx(a + b*x)"(q -
2)*(a”2xd*fx(m + n + p + g + 1) - b*(bxcxex(m + q - 1) + ax(d*ex(n + 1) +

c*f*(p + 1))) + bx(axd*xfx(2x(m + q) + n + p) - b*(d*xex(m + q + n) + c*xf*x(m

+q+p)))*x), x], x], x] /; NeQm + n + p + q + 1, 0]] /; FreeQl{a, Db, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x] && IntegersQ[2*m, 2*n, 2xp]

Rule 154

Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_)) " (m_)*x((e_.) + (f_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[(h*(a + b*x) m*(c + d*x) " (n
+ 1)*x(e + fxx)"(p + 1))/(d*f*(m + n + p + 2)), x] + Dist[1/(d*f*(m + n + p
+2)), Intl[(a + b*x)"(m - 1)*(c + d*x) n*x(e + f*x) p*Simp[axd*f*g*(m + n +
p + 2) - h*x(b*ckxe*m + a*x(d*ex(n + 1) + cxf*x(p + 1))) + (bxd*fxgx(m + n + p
+ 2) + hx(a*d*f*m - b*(d*xex(m + n + 1) + cxfx(m + p + 1))))*x, x], x], x] /
; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && GtQ[m, 0] && NeQ[m + n + p +
2, 0] && IntegersQ[2*m, 2*n, 2*p]

Rule 158

2xb* (
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Int[((g_.) + (h_)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e_) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtl[e + fxx]/(Sqrtla
+ b*x]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + f*x]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*x]*Sqrt[(bx(c + d*x))/(bxc - a*d)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*e - axf)]), Int[Sqrt[(b*e)/(bxe - a*xf) + (
bxf*x)/(bxe - axf)]/(Sqrtla + b*x]*Sqrt[(bxc)/(bxc - axd) + (b*xd*x)/(b*c -

axd)]), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] && '(GtQ[b/(bxc - axd), 0]

&& GtQ[b/(b*e - axf), 0]) && !LtQ[-((b*c - axd)/d), O]

Rule 113

Int[Sqrtl(e_.) + (£_.)*(x_)]1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bxx] /Rt [-((bxc - a*xd)/d), 211, (f*x(b*c - axd))/(dx(bxe - axf))]1)/b, x] /;

FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - a*d), 0] && GtQ[b/(bxe - axf),
0] && 'LtQ[-((bxc - a*d)/d), 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-
(d/(b*c - ax*d)), 0] && GtQ[d/(dxe - c*f), 0] && 'LtQ[(b*xc - axd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - a*xd)]/Sqrtlc + d*x], Int[
1/(Sqrtla + b*xx]*Sqrt[(b*c)/(b*c - a*xd) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, £}, x] && !'GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 120

Int[1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]*EllipticF[ArcSin[Sqrt[a + bx*x]/(Rt
[-(b/d), 2]1*Sqrtl[(b*c - a*d)/bl)], (fx(bxc - axd))/(d*(b*xe - a*xf))])/(b*Sqr
t[(b*xe - axf)/bl), x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(b*xc - axd),
0] && GtQ[b/(bxe - axf), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a +
bxx, e + f*xx] && (PosQ[-((b*xc - a*d)/d)] || NegQ[-((b*xe - axf)/f)])

Rubi steps
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Vu+bx\/c+dx(— % b(3bcCe+3aCde+acC f-7Abdf)

tha+mNc+w(A+Bx+Cﬁ%h:ZC@+bﬂw@+d@%2e+fx+2f [t fx
fe + fx 7bdf 7v2df

_ 2(4aCdf + b(6Cde + 4cCf — 7Bdf))Va + bx(c + dx)¥?+Je + fx s 2C(a +
T 35bd2 2

_ 2(5bdf (3bcCe + 3aCde + acCf — 7Abdf) + (adf — 2b(2de + cf))(4aCdf +
T 1050242 3

2(5bd f (3bcCe + 3aCde + acCf — 7Abdf) + (adf — 2b(2de + cf))(4aCdf +
- 1056242 f3

_ 2(5bdf(3bcCe + 3aCde + acCf — 7Abdf) + (adf — 2b(2de + cf))(4aCdf +
B 1056242 f3

2(5bdf (3bcCe + 3aCde + acCf — 7Abdf) + (adf — 2b(2de + cf))(4aCdf +
- 1056242 f3

2(5bdf (3bcCe + 3aCde + acCf — 7Abdf) + (adf — 2b(2de + cf))(4aCdf +
1056242 f3

Mathematica [C] time = 13.0155, size = 922, normalized size = 1.2

2 (« / %C —a((C(-48d%> + 16cd? fe? + 9c2df2e + 8¢ f3) + 7df (SAdf (cf — 2de) + B (8d%¢? — 3cdfe — 2¢2£2))) b + ac

Antiderivative was successfully verified.

[In] Integrate[(Sqrtla + b*x]*Sqrt[c + d*x]*(A + Bxx + C*x72))/Sqrtle + f*x],x]

[Out] (2%(b~2*Sqrt[-a + (bxc)/d]*(8*a~3*Cxd~3*f73 + a~2*bxd~2*f~2* (9*C*xd*xe - 5xc*
Cxf - 14*Bxdxf) + axb~2xd*fx(7*dxf*(-3*Bxdxe + 2xBkcxf + 5xAxd*f) + Cx(16xd
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“2%e72 - 8kckdkexf — 5xcT2xf72)) + bT3*(Ck(-48%d"3*e”3 + 16%c*kd"2%e”2*f + 9
*CT2%d*e*xf 72 + 8%cT3*f73) + Txd*xf* (5kAxd*xf*(-2*xd*e + c*xf) + Bx(8xd"2%e”2 -

3xckdkexf - 2xc72xf72))))*(c + d*x)*(e + f*x) + b~2*xSqrt[-a + (b*c)/d]*d*fx*
(a + b*xx)*(c + d*x)*(e + F*xx)*x(-4%a~2+%Cxd"2*%f"2 + axbxdxf*(7*xBxd*f + C*(-5%
dxe + 2*c*xf + 3xdxfxx)) + b 2% (7T*d*f* (5kAxd*f + Bx(—-4xd*xe + c*xf + 3*kd*xf*x))
+ Cx(=4*c™2%xf"2 + c*d*f*x(-5*e + 3*f*x) + 3*xd" 2% (8*e”2 - Gxexf*x + 5xf~2%x”
2)))) + Ix(bxc - a*xd)*f*(8*a”~3*Cxd~3*f~3 + a 2%bxd~2*xf 2% (9*xCxd*e - 5*cxCxf
- 14*B*xd*f) + axb™2xdxfx (7+xd*f*(-3*B*d*e + 2*Bkxcxf + SxAxdxf) + C*x(16*d™2%
e”2 - 8kckdkxexf — bxcT2xf72)) + b 3% (C*x(-48*%d"3*e”3 + 16*cxd"2%xe”2+xf + 9*c”
2%d*xe*xf"2 + 8*c"3*f"3) + Txd*xf* (5xA*xd*f*(-2*xd*e + c*xf) + Bx(8+%d"2%e”2 - 3*c
xdxexf — 2xc”2x£72))))*(a + bxx) " (3/2)*Sqrt[(bx(c + d*x))/(d*(a + b*x))]*Sq
rt[(bx(e + f*xx))/(f*(a + b*x))]*EllipticE[I*ArcSinh[Sqrt[-a + (b*c)/d]/Sqrt
[a + b*x]], (bxd*xe - axd*f)/(bxc*f - a*xd*f)] - Ixbx(bxc - a*xd)*f*(d*e - cx*f
) *x(4%a~2+%C*xd"2+%f "2 + axbxdxf*(5*xCxdxe + c*xCkxf - T*Bkxd*xf) - b~ 2x(7xdxf*(-4%B
*d*xe — 2*Bkxckf + BkAxdxf) + Cx(24*d"2%e”2 + 13*xckd*exf + 8xc™2xf~2)))*(a +

b*x) ~(3/2) *Sqrt [(bx(c + d*x))/(d*(a + b*x))]*Sqrt[(b*x(e + f*x))/(f*x(a + bx*x
))1*EllipticF[I*ArcSinh[Sqrt[-a + (b*c)/d]/Sqrtl[a + b*x]], (b*d*e - axdxf)/
(b*xcxf - axd*f)]))/(105%xb~4*Sqrt[-a + (b*c)/d]*d~3*xf~4*Sqrt[a + bxx]*Sqrt[c
+ d*x]*Sqrt[e + fxx])

Maple [B] time = 0.043, size = 9544, normalized size = 12.5

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a)~(1/2)*(Cxx~2+Bxx+A)*(d*x+c)~(1/2)/(f*x+e)~(1/2),x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

f (sz + Bx + A)Vbx +avdx +c¢ ;
\Vfx+e *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)~(1/2)*(Cxx~2+B*x+A)*(d*x+c)”~(1/2)/(f*x+e)~(1/2),x, algori
thm="maxima")
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[Out] integrate((C*x~2 + B*x + A)*sqrt(bxx + a)*sqrt(d*x + c)/sqrt(f*x + e), x)

Fricas [F] time = 0., size = 0, normalized size = 0.
(sz + Bx + A)\/bx +avdx + ¢
integral ,X
Vfx+e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)~(1/2)*(Ckx~2+B*x+A)*(d*x+c)~(1/2)/(f*x+e)~(1/2),x, algori

thm="fricas")

[Out] integral((Cxx~2 + B*x + A)*sqrt(b*x + a)*sqrt(d*x + c)/sqrt(f*x + e), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

Va + bxVc + dx (A +Bx + sz)
%=

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate((b*x+a)**(1/2)* (Cxx**2+B*xx+A)* (d*xx+c)**(1/2) /(fxx+e)**(1/2) ,x)

[Out] Integral(sqrt(a + b*x)*sqrt(c + d*x)*(A + B*x + Ckx**2)/sqrt(e + f*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.
f (Cx2 + Bx + A)\/bx +avVdx +c ;
x
Vfx+e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)” (1/2)*(Cxx~2+Bxx+A)* (d*x+c)~(1/2)/(f*x+e)”~(1/2),x, algori
thm="giac")

[Out] integrate((C*x~2 + B*x + A)*sqrt(bxx + a)*sqrt(d*x + c)/sqrt(f*x + e), x)
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3.69

J« c+dx14+Bx+Cx )
X

Va+bx+Je+fx

Optimal. Leaf size=527

2vad — be(de — cf )\ . /"£+ff’ (4a2Cdf2 + abf(~5Bdf — cCf +3Cde) + b2(~(5df (2Be ~ 3Af) — Ce(cf + 8de)))

1563432 f3+/c + dxJe + fx

[Out] (-2*(4xaxCxd*f + bx(4*Ckd*e + 2*xc*C*xf - B*Bxd*f))*Sqrtl[a + b*x]*Sqrtlc + dx*
x]*Sqrtle + f*xx])/(16xb~2xd*f~2) + (24C*xSqrtla + b*x]*(c + d*x)~(3/2)*Sqrt[
e + f*x])/(5*bxd*f) - (2xSqrt[-(bxc) + axd]*(3xb*d*f*(b*ckCxe + 3*a*xCxd*e +
axcxCxf - BkAxbxd+f) - (2xbxd*e - bxcxf + 2kaxdxf)*(4*xaxCxd+xf + bk (4*Ckxdxe
+ 2xc*xC*f - 5xBxdx*f)))*Sqrt[(bx(c + d*x))/(b*c - axd)]*Sqrtle + f*xx]*Ellip
ticE[ArcSin[(Sqrt[d]*Sqrt[a + b*x])/Sqrt[-(bxc) + a*d]], ((bxc - axd)*f)/(d
x(bxe - axf))])/(16%b~3*d~(3/2)*£73*Sqrt [c + d*x]*Sqrt[(b*x(e + f*x))/(b*xe -
axf)]) - (2xSqrt[-(bxc) + axd]x(dxe - c*f)*(4*a~2*Cxd*f~2 + axbxf*(3*Cxdx*e
- c*xCxf — B*Bxd*f) - b 2% (5xd*f*(2*Bxe - 3*Axf) - Ckex(8xd*e + c*xf)))*Sqrt
[(bx(c + d*x))/(b*c - axd)]*Sqrt[(bx(e + fxx))/(b*e - axf)]*EllipticF[ArcSi
n[(Sqrt[d]*Sqrt[a + b*x])/Sqrt[-(b*c) + a*xd]], ((bxc - a*xd)*f)/(dx(b*e - ax
£))1)/(15%b73*%d"(3/2) *£"3*Sqrt [c + d*x]*Sqrtle + f*x])

Rubi [A] time = 0.979913, antiderivative size = 527, normalized size of antiderivative =
1., number of steps used = 8, number of rules used = 7, integrand size = 38, number of rules _

integrand size
0.184, Rules used = {1615, 154, 158, 114, 113, 121, 120}

2ad = be(de - cf)y[ o2 | ";;ff’ (4a2Cdf? + abf (-5Bdf — cCf + 3Cde) + b*(~(5df(2Be — BAf) — Ce(cf + 8de)))

1563d%2 f3+/c + dx+Je + fx

Antiderivative was successfully verified.

[In] Int[(Sqrtlc + d*x]*(A + Bxx + Cxx72))/(Sqrtl[a + bkxx]*Sqrtle + f*x]),x]

[Out] (-2*(4*xaxCxd*xf + bx(4xCxd*xe + 2xc*Cxf - 5xBxd*f))*Sqrt[a + bxx]*Sqrtl[c + dx
x]*Sqrtle + f*x])/(16xb~2xd*£~2) + (24C*xSqrtla + b*x]*(c + d*x)~(3/2)*Sqrt[
e + £*x])/(5xbxd*f) - (2xSqrt[-(bxc) + a*d]*(3*b*d*f*(bxcxCxe + 3*a*Ckd*e +
axckCxf — BxAxbkxdxf) - (2%bxdke - bkxcxf + 2xaxdxf)x(4xa*xCxd*f + b*(4*xCxdx*e
+ 2xcxCxf - BxBxdxf)))*Sqrt [(bx(c + d*x))/(bxc - a*xd)]*Sqrtle + f*x]*Ellip
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ticE[ArcSin[(Sqrt[d]*Sqrtla + b*x])/Sqrt[-(b*c) + axd]], ((bxc - a*xd)*f)/(d
x(bxe - axf))])/(16%b~3%d~(3/2)*f73*Sqrt[c + d*x]*Sqrt[(b*x(e + f*x))/(b*e -
axf)]) - (2xSqrt[-(bxc) + axd]x(dxe - c*f)*(4*a~24Cxd*f~2 + axbxf*(3*Cxdx*e
— c*xCxf - B*Bxd*f) - b7~ 2x(5xd*f*(2*xBxe - 3*Axf) - Ckxex(8xd*e + c*f)))*Sqrt
[(bx(c + d*x))/(b*c - axd)]*Sqrt[(bx(e + fxx))/(b*xe - axf)]*EllipticF[ArcSi
n[(Sqrt[d]*Sqrt[a + b*x])/Sqrt[-(bxc) + a*d]], ((bxc - axd)*f)/(d*(b*e - ax
£))1)/(15%b~3*d~(3/2) *£~3xSqrt [c + d*x]*Sqrtle + f*x])

Rule 1615

Int [(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_D)*(x_D)"(n_.)*x((e_.) + (f
_D)*(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simp[(k*(a + b*x)"(m + q - D*(c + d*xx)"(n + 1)*(e + f*x)"(p +
1))/ (dxf*xb"(q - D*x(m + n +p + q+ 1)), x] + Dist[1/(d*f*xb"g*x(m + n + p +
q + 1)), Int[(a + b*x) " m*x(c + d*x) n*x(e + fxx) p*ExpandToSum[d*f*b~q*(m + n
+p+qg+ 1)*Px - dxfxkx(m + n + p + g + D*(a + bxx)"q + kx(a + b*xx)"(q -
2)*(a"2xd*fx(m + n + p + g + 1) - b*x(b*cxex(m + q - 1) + ax(d*ex(n + 1) +
ckfx(p + 1))) + bx(axd*f*(2%x(m + q) + n + p) - b*x(d*ex(m + q + n) + cxf*x(m
+q+p)))*x), x], x], x]1 /; NeQIm + n + p + g+ 1, 0]] /; FreeQl{a, b, c,
d, e, f, m, n, p}, x] && PolyQ[Px, x] && IntegersQ[2*m, 2*n, 2xp]

Rule 154

Int[((a_.) + (b_.)*(x_)) " (m_)*x((c_.) + (d_.)*(x_)) " (m_)*x((e_.) + (£f_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[(h*(a + b*x) m*(c + d*x)~(n
+ 1)*x(e + £xx)"(p + 1))/(d*f*(m + n + p + 2)), x] + Dist[1/(d*f*(m + n + p
2)), Int[(a + b*x)"(m - 1)*(c + d*x) "n*(e + f*x) p*Simp[axd*f*gx(m + n +
p + 2) - h*x(b*ckxe*m + a*x(d*ex(n + 1) + cxf*x(p + 1))) + (bxd*fxgx(m + n + p
+ 2) + hx(a*d*f*m - b*(d*xex(m + n + 1) + cxfx(m + p + 1))))*x, x], x], x] /
; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && GtQ[m, 0] && NeQ[m + n + p +
2, 0] && IntegersQ[2*m, 2*n, 2*p]

+

Rule 158

Int[((g_.) + (h_)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e ) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtle + f*x]/(Sqrtla
+ bxx]*Sqrtlc + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtl[a + bxx]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fx*x]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrt[(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + fxx]*Sqrt[(b*(c + d*x))/(b*c - a*d)])/(Sqr
tlc + dxx]*Sqrt[(b*x(e + f*x))/(bxe - a*xf)]), Int[Sqrt[(b*e)/(bxe - axf) + (
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bxf*x)/(b*e - a*xf)]/(Sqrtla + bxx]*Sqrt[(b*c)/(b*c - axd) + (b*d*x)/(bxc -
axd)]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && '(GtQ[b/(bxc - axd), 0]
&& GtQ[b/(bxe - axf), 0]) && !'LtQ[-((b*c - axd)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (f_.)*x(x_)]1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
b*x] /Rt [-((bxc - axd)/d), 2]], (f*(bxc - axd))/(d*(b*xe - a*xf))])/b, x] /;

FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - a*d), 0] && GtQ[b/(bxe - axf),
0] && 'LtQ[-((b*c - a*d)/d), 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-
(d/(b*xc - axd)), 0] && GtQ[d/(dxe - cxf), 0] && !LtQ[(b*c - a*xd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - axd)]/Sqrtlc + dxx], Int[
1/(Sqrtla + b*xx]*Sqrt[(b*c)/(b*c - a*xd) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] & 'GtQ[(b*c - axd)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + fx*x]

Rule 120

Int[1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]*Sqrt[(b*c - axd)/bl)], (fx(bxc - a*xd))/(dx(b*e - a*xf))])/(b*Sqr
t[(bxe - axf)/bl), x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(b*c - axd),
0] && GtQ[b/(b*e - axf), 0] && SimplerQ[a + b*x, ¢ + d*x] && SimplerQ[a +
b*x, e + f*x] && (PosQ[-((bxc - a*xd)/d)] || NegQ[-((b*xe - a*xf)/f)])

Rubi steps
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Verdx(- 2 b(beCe+3aCde+acC f~5Abd f)— 2 b(4aCd f+b(4Cde+
2 2

f Ve +dx (A + Bx + sz) e 2CVa + bx(c + dx)*?+Je + fx s 2 VabxJer fx
Va + bxJe + fx 5bdf Sp*df

2(4aCdf + b(4Cde + 2cCf - 5Bdf))Va + bxVc + dx+Je + fx . 2CVa + bx(c + dx
- 15b2d f2 5bdf

_ 2(4aCdf + b(4Cde + 2cCf —5Bdf))Va + bxVc + dx+Je + fx . 2CVa + bx(c + dx
T 15b2d f2 5bdf

_ 2(4aCdf + b(4Cde + 2cCf - 5Bdf))Va + bxVc + dx+Je + fx .\ 2CVa + bx(c + dx
T 15b2d 2 5bdf

_ 2(4aCdf + b(4Cde + 2cCf —5Bdf))Va + bxVc + dx+Je + fx .\ 2CVa + bx(c + dx
B 1562 f2 5bd f

_ 2(4aCdf + b(4Cde + 2cCf - 5Bdf))\/a + bxve + dx\/e + fx N 2CVa + bx(c + dx
B 15624 f2 5bdf

Mathematica [C] time = 9.69565, size = 562, normalized size = 1.07

d(a+bx)\| f(a+bx)

be
2Va + bx |ibd N+ bxy| % — a(de — cf) [ 7o |29 (4aCd f + 5bBAf ~ 2bC(cf + 2de))EllipticF (isinh_l (%
a

Antiderivative was successfully verified.

[In] Integrate[(Sqrt[c + d*x]*(A + B*x + C*x~2))/(Sqrtl[a + bxx]*Sqrt[e + f*x]),x
]

[Out] (2*%Sqrtla + b*x]*((b~2*%(8%a"2*%Cxd~2+f~2 + axb*dxf*(7*xCkdxe - 3xc*Cxf - 10%B
*d*xf) + bT2%(b*xdxf* (-2%Bxd*xe + Bxcxf + 3%Axd*f) + Cx(8*%d"2%e”2 - 3*cxdxexf
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- 2xc72x£72)))*(c + d*x)*x(e + f*x))/(a + b*x) + b7 2xd*f*x(c + d*x)*(e + f*x)
*x (6xb*Bxd*f - 4*axCxd*f + bxCx(-4xd*xe + c*xf + 3xd*xf*x)) + (Ix(bxc - axd)*fx*
(8%a”2xC*xd"2+f72 + axbxd*xf*(7xCkxdxe — 3xc*Cxf — 10*%Bxd*f) + b~ 2% (5xd*fx*(-2%
Bxd*e + Bkcxf + 3xAxdxf) + Cx(8xd"2%e”2 - 3*ckdxe*xf - 2xc™2*xf72)))*Sqrtla +
bxx]*Sqrt [(b*x(c + d*x))/(d*x(a + bxx))]*Sqrt[(bx(e + fxx))/(fx(a + b*x))]*E
11ipticE[I*ArcSinh[Sqrt[-a + (b*c)/d]l/Sqrtla + b*x]], (bxd*e - axdxf)/(b*cx
f - axdxf)])/Sqrt[-a + (b*c)/d] + I*bxSqrt[-a + (bxc)/d]*d*fx(dxe - c*f)*(5
*xb*Bxd*f - 4*axCxd*f - 2%bxCk(2*d*e + cxf))*Sqrtla + b*x]*Sqrt[(b*x(c + d*x)
)/ (d*(a + b*x))]*Sqrt[(b*x(e + f*x))/(f*x(a + bxx))]*EllipticF[I*ArcSinh[Sqrt
[-a + (b*xc)/d]/Sqrtla + b*x]], (bxd*e - axdxf)/(bxcxf - axd*f)]))/(156xb~4xd
~2xf73*Sqrt [c + dxx]*Sqrtle + fx*x])

Maple [B] time = 0.032, size = 6049, normalized size = 11.5

output too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] int ((Cxx~2+B*xx+A)*(d*x+c)~(1/2)/(b*x+a)~(1/2)/(f*x+e)~(1/2),x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

(sz + Bx + A)\/dx +c
f Vbx +a+/fx +e

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)* (d*x+c)~(1/2)/(b*x+a)~(1/2)/(f*x+e)~(1/2),x, algori
thm="maxima"

[Out] integrate((C*x~2 + B*x + A)*sqrt(d*x + c)/(sqrt(b*x + a)*sqrt(f*x + e)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(sz + Bx + A)\/bx +avdx +cy/fx +e
bfx? + ae + (be + af)x

integral

7
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)*(d*x+c)~(1/2)/(b*xx+a)~(1/2)/(f*x+e)”~(1/2),x, algori

thm="fricas")

[Out] integral ((C*x72 + B*x + A)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)/(bxf*x
~2 + axe + (b*e + axf)*x), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

f c+dx A+Bx+Cx)

Va + bx+Je + fx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Ckx**2+Bxx+A)*(d*x+c)**x(1/2)/(b*x+a)**(1/2)/(f*xx+e)**(1/2),%)

[Out] Integral(sqrt(c + d*x)*(A + Bxx + Cxx**2)/(sqrt(a + b*x)*sqrt(e + f*x)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

(Cx2 +Bx + A)\/dx +c
f Vbx +a+/fx+e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)* (d*x+c)~(1/2)/(b*x+a)~(1/2)/(f*x+e)~(1/2),x, algori
thm="giac")

[Out] integrate((C*x~2 + B*x + A)*sqrt(d*x + c)/(sqrt(bxx + a)*sqrt(f*x + e)), x)
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Vc+dx@4+Bx+Cx2)
f (a+bx)32\[e+fx

Optimal. Leaf size=540

3.70

2Vad — be(de - ¢f)y A JXD 4aCf - 3bBf + 26Ce)EllipticF (sm (

363V f2Ve + dxqfe + fx

Vdva+bx f(bc—ad)
Vad-be )’d(be—af)) 2+Je+ fxVad - be \/
+

[Out] (2x(4*xa~2xCxd*f + b~ 2% (cxCxe + 3xAxd+f) - axb*(Cxd*e + cxCxf + 3*Bxdxf))*Sq
rt[a + b*x]*Sqrtlc + d*x]*Sqrtle + f*x])/(3xb"2%(bxc - axd)*f*(b*xe - axf))
- (2%(Axb~2 - ax(b*B - axC))*(c + d*x)~(3/2)*Sqrt[e + f*x])/(b*(b*xc - axd)*
(bxe - axf)*Sqrtla + b*x]) + (2*%Sqrt[-(b*xc) + axd]*(8*a~2*xCxd*f~2 - axb*fx*(
3xCxdxe + cxCxf + 6*Bkd*f) + b72%(3xd*xf*(Bxe + A*f) - Ckxex(2xdxe - c*f)))*S
grt[(b*x(c + d*x))/(b*xc - a*d)]*Sqrtle + f*x]*EllipticE[ArcSin[(Sqrt[d]*Sqrt
[a + bxx])/Sqrt[-(bxc) + axd]], ((bxc - a*xd)*f)/(d*(b*xe - axf))])/(3*xb~3xSq
rt[d]*£72*(bxe - axf)*Sqrtlc + dxx]*Sqrt[(b*x(e + f*xx))/(bxe - axf)]) + (2xS
grt [-(bxc) + axd]x(d*e - c*f)*(2xb*Cxe - 3xb*Bxf + 4xa*xCxf)*Sqrt[(b*x(c + dx
x))/(bxc - axd)]*Sqrt[(bx(e + fxx))/(b*e - axf)]*EllipticF[ArcSin[(Sqrt[d]*
Sqrt[a + bxx])/Sqrt[-(bxc) + axd]], ((b*xc - a*xd)*f)/(dx(bxe - axf))])/(3*b~
3xSqrt [d] *f~2xSqrt [c + d*x]*Sqrtle + f*xx])

Rubi [A] time = 1.11107, antiderivative size = 540, normalized size of antiderivative =
. . f rul
1., number of steps used = 8, number of rules used = 7, integrand size = 38, M =

integrand size
0.184, Rules used = {1614, 154, 158, 114, 113, 121, 120}

2\Je+ favad — bey| "0 (82Cd 2 - abf(6Bdf + cCf +3Cde) + LA(3Af(Af + Be) — Ce(2de - cf))) E (Sin_l (ﬁg

363Vd f2c + dx(be - af) béff;?

Antiderivative was successfully verified.

[In] Int[(Sqrtlc + d*x]*(A + Bxx + C*x72))/((a + bxx)~(3/2)*Sqrtle + f*x]),x]

[Out] (2x(4*a~2*xCxd*f + b™2x(c*xCke + 3kAxd*f) - a*xbx(Cxd*e + c*Cxf + 3xB*xd*f))*Sq
rt[a + bxx]*Sqrtlc + d*x]*Sqrtle + f*x])/(3*b"2x(b*xc - axd)*f*x(bxe - axf))

- (2x(Axb~2 - a*x(b*B - a*xC))*(c + d*x)~(3/2)*Sqrtle + f*x])/(b*x(b*c - a*xd)*

(bxe - axf)*Sqrtla + b*x]) + (2*%Sqrt[-(b*xc) + a*xd]*(8*a~2xCxd*f~2 - axb*fx*(
3kCxdxe + cxCxf + 6*Bkd*f) + b7 2+ (3xd*xf*(Bxe + A*f) - Ckxex(2xdxe - c*f)))*S
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grt [(bx(c + d*x))/(b*c - axd)]*Sqrtle + f*x]*EllipticE[ArcSin[(Sqrt[d]*Sqrt
[a + bxx])/Sqrt[-(b*c) + axd]], ((b*c - axd)*f)/(d*(bxe - axf))])/(3*b"3*Sq
rt [d]*£72* (b*e - a*xf)*Sqrtlc + d*x]*Sqrt[(bx(e + fxx))/(bxe - axf)]) + (2xS
grt[-(bxc) + axd]x(dxe - cx*f)*(2*¥b*Cxe - 3*b*Bxf + 4xa*xCxf)*Sqrt[(b*x(c + dx
x))/(bxc - a*xd)]*Sqrt[(b*x(e + f*xx))/(bxe - a*f)]*EllipticF[ArcSin[(Sqrt[d]=*
Sqrtla + bxx])/Sqrt[-(b*xc) + axd]]l, ((b*xc - a*d)*f)/(dx(bxe - axf))])/(3*b~
3xSqrt [d] *f~2*xSqrt [c + d*x]*Sqrtle + f*xx])

Rule 1614

Int[(Px_)*((a_.) + (b_)*x(x D))" (m_)*((c_.) + (d_)*(x_))"(n_.)*x((e_.) + (f_
Dx(x_))"(p_.), x_Symbol] :> With[{Qx = PolynomialQuotient[Px, a + b*x, x],
R = PolynomialRemainder[Px, a + b*x, x]}, Simp[(b*R*(a + b*x)"(m + 1)*(c +
d*x)"(n + 1)*x(e + £*xx)"(p + 1))/((m + 1)*(b*c - a*d)*(b*e - axf)), x] + Di
st[1/((m + 1)*(bxc - axd)*(bxe - axf)), Int[(a + b*x)"(m + 1)*(c + d*xx) n*(
e + fxx) pxExpandToSum[(m + 1)*(b*c - axd)*(b*e - axf)*Qx + axd*f*R*(m + 1)
- b*R*x(d*ex(m + n + 2) + cxf*x(m + p + 2)) - b*d*xf*R*(m + n + p + 3)*x, x],
x], x1]1 /; FreeQ[{a, b, ¢, 4, e, £, n, p}, x] && PolyQ[Px, x] &% LtQ[m, -1
] && IntegersQ[2+*m, 2*n, 2xp]

Rule 154

Int[((a_.) + (b_)*x_))"(m_)*((c_.) + (d_)*x(x_))"(m_)*((e_.) + (f_.)*(x_)
)T (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[(h*(a + bxx) mx(c + d*x)~(n
+ 1)*x(e + f*xx)"(p + 1))/(d*f*(m + n + p + 2)), x] + Dist[1/(d*f*(m + n + p
+ 2)), Int[(a + b*x)"(m - 1)*(c + d*x) "nx(e + f*x) p*Simp[axd*f*g*(m + n +
p + 2) - h*(b*ckxe*m + a*x(d*ex(n + 1) + cxfx(p + 1))) + (bxd*fxgx(m + n + p
+ 2) + hx(axd*xf*m - bx(d*ex(m + n + 1) + cxf*x(m + p + 1))))*x, x], xJ, x] /
; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && GtQ[m, 0] && NeQ[m + n + p +
2, 0] &% IntegersQ[2*m, 2%n, 2*p]

Rule 158

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*x(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e_ ) + (f_.)*(x_)]1), x_Symbol] :> Dist[h/f, Int[Sqrtl[e + f*x]/(Sqrtla
+ bxx]*Sqrtlc + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtl[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, 4, e, £, g, h}, x] &
SimplerQ[a + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*xx]*Sqrt[(b*(c + d*x))/(b*c - axd)])/(Sqr
tlc + d*x]*Sqrt[(b*x(e + f*x))/(b*xe - axf)]), Int[Sqrt[(bxe)/(bxe - axf) + (
bxf*x)/(bxe - axf)]/(Sqrtla + bxx]*Sqrt[(b*xc)/(bxc - axd) + (b*d*x)/(bxc -
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axd)]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !'(GtQ[b/(b*c - ax*xd), 0]
&& GtQ[b/(b*xe - axf), 0]) && 'LtQ[-((bxc - axd)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bxx] /Rt [-((b*xc - a*xd)/d), 2]], (fx(b*xc - axd))/(dx(bxe - axf))])/b, x] /;

FreeQ[{a, b, ¢, d, e, f}, x] && GtQ[b/(bxc - axd), 0] && GtQ[b/(b*e - axf),
0] && 'LtQ[-((bxc - a*d)/d), 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-
(d/(b*c - axd)), 0] && GtQ[d/(d*e - cxf), 0] && !'LtQ[(b*c - axd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Dist[Sqrt[(b*x(c + d*x))/(b*c - a*xd)]/Sqrtlc + dxx], Int[
1/(8grt[a + b*x]*Sqrt[(b*xc)/(b*xc - a*d) + (b*d*x)/(b*c - a*d)]*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] & !GtQ[(bxc - a*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 120

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]1*Sqrtl[(b*c - a*xd)/bl)], (fx(bxc - axd))/(d*(bxe - a*xf))])/(b*Sqr
t[(bxe - axf)/bl), x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*xc - ax*xd),
0] && GtQ[b/(b*e - axf), 0] && SimplerQ[a + b*x, c + d*x] &% SimplerQ[a +
b*x, e + f*x] && (PosQ[-((b*c - a*d)/d)] || NegQ[-((b*e - axf)/f)])

Rubi steps
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b2 (Be+2Ad)e-+a2C(3de-+cf)-ab(cCe+3Bde+B
Ve+dx| - T

f Ve +dx (A + Bx + Cx?) ] 2 (Ab? - a(bB - aC)) (c + dx)¥2\fe + fx 2
= _

(a+ bx)®24Je + fx b(bc — ad)(be — af)Va + bx (be -

2 (4a2Cdf + b2(cCe + 3Adf) - ab(Cde + cCf + 3Bdf)) Va + bxVc + dxrfe + fx
- 302(be — ad) f (be — af)

2 (4a2Cdf + b?(cCe + 3Adf) — ab(Cde + cCf + 3Bdf)) Va + bxVc + dxrJe + fx
B 3b2(bc — ad) f (be — af)

2 (4a?Cdf + b2(cCe + 3Adf) — ab(Cde + cCf + 3Bdf)) Va + bxVc + dxrfe + fx
- 3b2(be — ad) f (be — af)

_ 2(4a2Cdf + bP(cCe + 3Adf) - ab(Cde + cCf + 3Bdf)) Va + bxvc + dxJe + fx
B 3b%(bc — ad) f (be — af)

2 (4a2Cdf + b?(cCe + 3Adf) — ab(Cde + cCf + 3Bdf)) Va+bxvVe +dxrJe+ fx !
- 3b2(bc — ad) f (be — af) o

Mathematica [C] time = 6.81428, size = 551, normalized size = 1.02

2 —ibf(a+bx)3/2(de—cf)‘/2&:‘;}3 j’f(:fb)) (4a2Cdf — ab(3Bdf + cCf + Cde) + BABAdf + cCe)) EllipticF | isinh

Antiderivative was successfully verified.

[In] Integrate[(Sqrtlc + d*x]*(A + Bxx + C*x72))/((a + bxx)~(3/2)*Sqrtle + fxx])
,x]

[Out] (-2*%(b~2xSqrt[-a + (bxc)/d]*(-8*a~2xCxd*f~2 + axb*f*(3*xCxd*e + cxCxf + 6*Bx
d*f) + b72x(-3xdxfx(Bxe + Axf) + Ckxex(2*xd*e — c*xf)))*(c + d*x)*(e + f*x) +
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b~2xSqrt[-a + (b*c)/d]l*dxf*(c + dxx)*(e + fxx)*(3*x(A*b~2 + ax(-(b*B) + ax*C)
)*f - Ckx(bxe - axf)x(a + bxx)) - I*(bkxc - axd)*f*(8*a~2xCkxd*xf~2 - axbxfx*(3*
Cxd*e + c*Cxf + 6xBxd*xf) + b72x(3xd*f*x(Bxe + Axf) + Cxex(-2xd*e + cxf)))*(a
+ b*x) " (3/2)*Sqrt [(b*x(c + d*x))/(d*x(a + b*xx))]*Sqrt[(bx(e + f*xx))/(f*x(a +
b*x))]*E1lipticE[I*ArcSinh[Sqrt[-a + (b*c)/d]/Sqrtla + b*x]], (b*d*e - axdx
f)/(b*xcxf - axd*f)] - Ixb*xfx(d*e - cx*f)*(4xa”2xCxd*f + b ~2x(c*Cxe + 3kxAxdxf
) — axbx(Ckxdxe + c*Cxf + 3*xBxd*f))*(a + b*x)~(3/2)*Sqrt[(b*x(c + dxx))/(d*(a
+ b*x))]1*Sqrt[(b*x(e + fxx))/(fx(a + b*x))]*EllipticF[I*ArcSinh[Sqrt[-a + (
bxc)/d]/Sqrtla + bxx]], (b*dxe - axd*f)/(b*cxf - axd*f)]))/(3*b~4*Sqrt[-a +
(bxc)/d]*dxf~2x(bxe - a*xf)*Sqrt[a + b*x]*Sqrtlc + dxx]*Sqrtle + fx*x])

Maple [B] time = 0.043, size = 4732, normalized size = 8.8

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((Cxx~2+Bxx+A)* (d*x+c)~(1/2)/(b*xx+a) ~(3/2)/(fxx+e)~(1/2),x)

[Out] 2/3%(4*CxEllipticF((d*(bxx+a)/(a*d-b*c))~(1/2), ((a*xd-bxc)*f/d/(axf-b*xe)) (1
/2) ) *axb”3xckxd*e”2xf* (- (f*¥x+e) *b/ (axf-b*e) )~ (1/2) * (- (d*x+c) *b/ (a*xd-b*c) )~ (1
/2)*(d* (b*x+a)/(axd-b*c))~(1/2)+13*CxE1lipticE((d* (b*x+a)/(a*d-b*c))~(1/2),
((a*d-bxc)*f/d/ (axf-bxe) )~ (1/2))*a~2%b~2*c*d*e*xf " 2* (- (f*x+e) *b/ (axf-b*e)) ~(
1/2)* (= (d*x+c) *b/ (a*d-b*c)) ~(1/2) * (d* (b*x+a) / (a*d-b*c)) " (1/2) +3*xA*xx"2*xb~4*d
~2%f73-3*BxEllipticF ((d*(b*x+a)/(axd-b*c))~(1/2), ((a*d-bxc)*f/d/(axf-b*xe))"
(1/2))*axb~3*c™2*xf "3 (- (f*x+e) *b/ (a*xf-b*e)) " (1/2) * (- (d*x+c) *b/ (a*xd-b*c)) ~ (1
/2)*(d* (b*x+a) / (a*d-b*c)) ~(1/2)+3*B*xE11lipticF ((d*(bxx+a)/(a*xd-b*xc))~(1/2), (
(a*xd-b*c) *f/d/ (axf-b*xe) )~ (1/2) ) *b~4*c™2%e*xf 2% (- (f*x+e) *b/ (axf-b*e)) ~(1/2) *
(= (d*x+c) *b/ (axd-b*c)) ~(1/2) * (d* (b*x+a) / (a*d-bxc) )~ (1/2)-6*B*E11ipticE((d*(
bxx+a) /(axd-bxc))~(1/2), ((axd-bxc)*f/d/ (axf-bxe) )~ (1/2))*a"3xb*xd"2*xf 3% (- (£
*x+e) *b/ (axf-b*xe) )~ (1/2) * (- (d*x+c) *b/ (a*d-b*c) )~ (1/2) * (d* (b*x+a) / (a*d-b*c))
~(1/2)+4*CxE1lipticF ((d* (b*x+a) /(axd-b*c))~(1/2), ((axd-bxc)*f/d/ (axf-b*e))”
(1/2))*a~2%b"2*c™2*%f "3 (- (f*xx+e) *b/ (a*xf-b*e)) ~(1/2) * (- (d*x+c) *b/ (a*d-b*c) )~
(1/2) % (d* (b*x+a) / (a*xd-b*c) )~ (1/2) -2+%C*E11lipticF ((d* (b*x+a)/(a*d-b*c))~(1/2)
, ((axd-bxc)*f/d/ (a*xf-b*xe)) " (1/2) ) *axb~3*d"2*e"3* (- (f*x+e) *b/ (axf-b*xe) )~ (1/2
) * (= (d*x+c) *b/ (a*xd-b*c) )~ (1/2) * (d* (bxx+a) / (a*xd-b*c) )~ (1/2)-2*C*E1llipticF ((d
* (bxx+a) / (a*xd-b*xc)) " (1/2), ((a*d-b*xc)*f/d/ (axf-b*xe)) " (1/2) ) *b"4*xc 2*xe 2*xf* (-
(f*x+e)*b/ (a*xf-bxe)) " (1/2) * (- (d*x+c)*b/ (a*d-b*c) )~ (1/2) * (d* (b*x+a) / (a*xd-b*c
)) ~(1/2) +4*%C*x~2%a~2xb~2*%d " 2*f ~"3+8*CxE11lipticE((d* (bxx+a) / (a*d-b*c)) ~(1/2),
((a*d-b*c) *f/d/ (axf-b*xe)) " (1/2) ) *a~4*d"2+f " 3* (- (f*x+e) *b/ (axf-bxe) )~ (1/2) *(
- (d*x+c)*b/ (axd-bxc) )~ (1/2) * (d* (b*x+a) / (a*d-b*c)) ~(1/2) -4*CxE1lipticF ((d* (b
*x+a)/ (a*d-bxc)) " (1/2), ((a*xd-b*xc)*f/d/ (a*xf-bxe)) ~(1/2))*a”3xb*kcxd*f 3 (- (f*
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x+e) *b/ (axf-b*xe)) ~(1/2) * (- (d*x+c) *b/ (axd-b*xc) )~ (1/2) * (d* (b*x+a) / (a*d-b*c))~
(1/2)+4*C*EllipticF ((d* (b*x+a)/(axd-b*xc))~(1/2), ((a*d-b*c)*f/d/ (a*xf-bxe) )~ (
1/2) ) *a”~3xbxd " 2%e*xf " 2% (- (f*x+e) *b/ (axf-bxe) )~ (1/2) * (- (d*x+c) *b/ (axd-b*c) ) ~(
1/2) * (d* (b*x+a) / (axd-b*c) )~ (1/2) -2+%C*E11lipticF ((d* (b*x+a) /(a*xd-bxc))~(1/2),
((a*d-b*c) *f/d/ (axf-b*xe)) " (1/2))*a~2*¥b"2+xd " 2*e” 2*xf* (- (f*x+e) *b/ (axf-b*e)) ~(
1/2) % (- (d*x+c) *b/ (axd-b*xc) ) ~(1/2) * (d* (b*xx+a) / (a*d-b*c)) ~(1/2) -2*C*E1llipticF
((d*(bxx+a) /(a*d-b*c)) ~(1/2), ((a*xd-bxc)*f/d/ (axf-b*xe)) ~(1/2) ) *axb~3*kc™2*exf
2% (- (f*x+e) *b/ (axf-b*xe) )~ (1/2)* (- (d*x+c) *b/ (axd-b*xc) )~ (1/2) * (d* (b*x+a) / (a*
d-bx*c)) ~(1/2) +3%Axb~4*xc*d*xexf~2-2+%C*E11lipticE((d* (b*x+a) /(a*d-b*c))~(1/2),(
(a*xd-b*c) *f/d/ (axf-b*xe)) " (1/2) ) *axb~3*c~2*xe*f 2% (- (f*x+e) *b/ (axf-b*xe) )~ (1/2
) * (- (d*x+c) *b/ (axd-b*xc) )~ (1/2) % (d* (b*x+a) / (a*d-b*c)) ~(1/2)+3*BxE1llipticF ((d
* (bxx+a)/ (axd-b*c)) ~(1/2), ((a*xd-bxc)*f/d/ (axf-bxe) )~ (1/2) ) *a”~2%b~2xc*xd*f ~3x
(- (f*x+e) *b/ (a*xf-b*xe)) " (1/2) * (- (d*x+c) *b/ (a*d-b*c)) ~(1/2) * (d* (b*x+a) / (a*d-b
xc)) " (1/2)-3*%B*E1llipticF ((d* (b*x+a)/(a*d-b*c))~(1/2), ((axd-b*xc)*f/d/ (axf-bx*
e)) " (1/2))*a"2xb~2xd"2xexf " 2% (- (f*x+e) *b/ (a*xf-b*e) ) ~(1/2) * (- (d*x+c) *b/ (a*xd-
bxc) )~ (1/2)* (d* (b*xx+a) / (a*xd-b*c)) ~(1/2)+3*B*E1llipticF ((d* (b*x+a)/(a*xd-b*c))
~(1/2), ((axd-bxc)*f/d/ (axf-b*xe)) ~(1/2)) *a*xb~3*d~2*e 2xf* (- (fxx+e) *b/ (a*xf-bx
e)) " (1/2) *(-(d*x+c) *b/ (axd-b*xc)) " (1/2) * (d* (b*x+a) / (axd-b*c) ) ~(1/2) -3*B*E11li
pticF ((d*(b*x+a)/(axd-b*c))~(1/2), ((a*xd-bxc)*f/d/(axf-b*xe)) (1/2))*b " 4*c*xd*
e”2xf* (- (f*xx+e) *b/ (axf-bxe) )~ (1/2) * (- (d*x+c) *b/ (axd-b*xc) ) ~(1/2) * (d* (b*x+a) /
(axd-bxc))~(1/2)+6*%B*xE1lipticE((d* (bxx+a)/(a*d-b*c))~(1/2), ((a*xd-b*xc)*f/d/(
axf-bxe)) ~(1/2))*a”2xb~2*cxd*xf 3% (- (f*x+e)*b/ (axf-bxe)) ~(1/2) * (- (d*x+c)*b/(
a*d-bxc)) ~(1/2) *x (d* (b*x+a) / (a*xd-b*c)) ~(1/2)+9*B*E11lipticE((d* (b*x+a) /(a*xd-b
*c)) " (1/2), ((axd-bxc)*f/d/ (axf-b*e)) ~(1/2)) *a”2*xb~2xd"2xe*xf ~2x (- (f*x+e) *b/ (
axf-b*xe)) " (1/2) * (- (d*x+c)*b/ (a*d-b*c)) ~(1/2) *(d* (b*x+a) / (axd-b*c) )~ (1/2) -3*
BxE1llipticE((d*(b*x+a)/(a*xd-b*c))~(1/2), ((a*xd-bxc)*f/d/(axf-b*xe)) (1/2))*ax
b~3*%d"2*xe 2% f*x (- (f*x+e) *b/ (axf-b*xe) ) ~(1/2) * (- (d*x+c) *b/ (a*d-bxc)) ~(1/2) x(d*
(bxx+a) / (axd-b*c) )~ (1/2)+3*B*E11lipticE((d* (b*x+a) /(a*d-b*c))~(1/2), ((a*d-b*
c)*xf/d/ (axf-b*e)) " (1/2) ) *b~4d*xcxdxe~2%xf* (- (f*x+e) *b/ (a*xf-b*xe) )~ (1/2) * (- (d*x+
c)*b/ (axd-b*c)) ~(1/2) * (d* (b*x+a) / (a*xd-bxc) )~ (1/2)-9*C*E11lipticE((d* (b*x+a)/
(a*d-b*c))~(1/2), ((axd-b*xc)*f/d/ (a*xf-b*e)) " (1/2)) *a"3*xb*rcxd*f~3* (- (f*x+e) *b
/ (axf-bxe) )~ (1/2)* (- (d*x+c)*b/ (a*xd-bxc) )~ (1/2)*(d* (b*xx+a) / (a*d-b*c)) ~(1/2) -
3xA*E1lipticE((d* (b*x+a)/(a*d-b*c))~(1/2), ((a*d-b*c)*f/d/ (axf-bxe)) ~(1/2))*
axb~3*xckd*f "3k (- (f*xx+e) *b/ (axf-b*e)) ~(1/2) * (- (d*x+c) *b/ (axd-b*c) )~ (1/2) *(d*
(b*x+a)/(axd-b*c))~(1/2)-3*xA*E1lipticE((d* (b*x+a)/(axd-b*xc))~(1/2), ((a*d-b*
c)*xf/d/ (axf-b*e)) " (1/2)) *a*xb~3*xd"2xexf 2% (- (f*x+e) *b/ (axf-b*xe) )~ (1/2) * (- (d*
x+c)*b/ (axd-b*xc)) ~(1/2) * (d* (b*x+a) / (a*d-bxc) )~ (1/2)+3*A*E11lipticE((d* (b*x+a
)/ (a*d-b*c)) ~(1/2) , ((a*xd-bxc)*f/d/ (axf-b*xe)) ~(1/2)) *b~4*ckd*e*xf 2% (- (f*x+e)
*b/ (axf-b*e) )~ (1/2) * (- (d*x+c) *b/ (a*d-b*xc)) " (1/2) * (d* (b*xx+a) / (axd-b*xc)) ~(1/2
)-11*CxE1llipticE((d*(b*x+a)/(a*d-b*c))~(1/2), ((a*d-bxc)*f/d/(axf-b*xe))~(1/2
) ) *a~3xb*xd"2%e*xf "2 (- (f*xx+e) *b/ (axf-b*e)) ~(1/2) * (- (d*x+c) *b/ (a*xd-b*xc) )~ (1/2
) * (d* (b*xx+a) / (a*xd-bxc) )~ (1/2)+C*xE1lipticE((d* (b*x+a)/(axd-b*xc))~(1/2), ((a*d
-bxc)*f/d/ (axf-bxe) )~ (1/2))*a"~2xb~2+d"2*xe~2*xf* (- (f*x+e) *b/ (a*xf-b*xe) )~ (1/2)*
(= (d*x+c) *b/ (axd-b*xc) )~ (1/2) * (d* (bxx+a) / (a*d-bxc)) ~(1/2) -2+C*xE1lipticE((d*(
b*xx+a)/(axd-bxc))~(1/2), ((a*d-b*xc)*f/d/ (axf-bxe) )~ (1/2)) *a*b~3*kckd*xe~ 2xf* (-
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(f*x+e)*b/ (a*xf-bxe) )~ (1/2) * (- (d*x+c)*b/ (a*d-b*c)) ~(1/2) * (d* (b*x+a) / (a*xd-b*c
)) 7 (1/2)-9*%B*E1lipticE((d*(b*x+a)/(a*xd-b*c))~(1/2), ((a*d-bxc)*f/d/(axf-bxe)
)7 (1/2)) *axb~3*kckdrexf " 2% (= (f*xx+e) *b/ (a*xf-b*e)) ~(1/2) * (- (d*x+c) *b/ (a*d-b*c)
)~ (1/2) % (d* (b*xx+a) / (a*d-b*c)) ~(1/2) -2*CxE1llipticF ((d* (b*x+a)/(a*d-b*c) )~ (1/
2), ((a*xd-bxc)*f/d/ (axf-bxe)) " (1/2))*xa~2xb~2xckd*xexf 2% (- (f*x+e) *b/ (axf-b*e)
)~ (1/2) % (- (d*x+c) *b/ (a*d-bxc)) ~(1/2) *(d* (b*x+a) / (a*xd-b*c) ) ~(1/2) -3*%B*a*xb~3*
cxdxexf " 2+4*xC*a”2*%b " 2*xckxdxexf ~2-Cxa*xb~3*ckd*e 2xf-Cxx™2xb"4*d " 2%e  2xf+3*xA*xx
*b 4k ckd*f T3+3*kAxx kb 4*xd " 2xexf T 2+CHx " 3*axb"3xd " 2xf "3-Ckx"3*¥b 4*d " 2ke*xf T2-3%
Bxx"2*%axb”3xd"2%f "3-C*xx~2%b " 4xckdxexf " 2-3*%B*xx*kxa*b~3xckdxf~3-3%B*xx*axb”"3xd"2
kexfT2+4xCkxxa” 2%b 2% ckd*xf T 3+4*Ckxka”2%xb " 2*%d " 2%e*xf T2-Ckx*xa*b~3*%d"2xe” 2xf-C*
x*¥b74xckdke 2xf+Ckx"2%a*b” 3k ckd*xf"3+2*%C*E11lipticF ((d* (b*x+a)/(a*d-b*c))~(1/
2), ((axd-bxc)*f/d/ (a*xf-b*xe) )~ (1/2)) *b~4d*cxd*xe 3* (- (f*xx+e) *b/ (axf-bxe)) ~(1/2
) * (= (d*x+c) *b/ (axd-b*xc) )~ (1/2) * (d* (b*xx+a) / (a*d-b*c) )~ (1/2)+C*E1lipticE((d*(
bxx+a) /(axd-b*xc) )~ (1/2), ((axd-b*c)*f/d/ (axf-bxe) )~ (1/2))*a"2xb~2%xc”~2xf " 3* (-
(fxx+e) *b/ (a*xf-b*xe)) " (1/2) * (- (d*x+c)*b/ (a*d-b*c)) ~(1/2) *(d* (b*x+a) / (a*d-b*c
))~(1/2)+2*C+E1lipticE((d* (b*x+a)/(a*xd-b*c))~(1/2), ((a*d-bx*c)*f/d/ (a*xf-bxe)
)7 (1/2)) *axb”~3*xd"2*e~3x (- (f*x+e) *b/ (axf-b*e) ) ~(1/2) * (- (d*xx+c) *b/ (a*d-b*c) )~
(1/2) % (d* (b*x+a) / (axd-b*c) )~ (1/2)+C*E1lipticE((d* (bxx+a)/(a*d-bxc))~(1/2),(
(a*xd-b*c) *f/d/ (axf-b*xe) )~ (1/2) ) *b~4*c™2%xe " 2*f* (- (f*x+e) *b/ (axf-b*e)) ~(1/2) *
(= (d*x+c)*b/ (a*d-b*c)) ~(1/2) * (d* (b*x+a) / (a*d-bxc) )~ (1/2) -2*%C*E11lipticE((d*(
b*x+a)/(axd-b*c))~(1/2), ((a*d-b*xc)*f/d/ (axf-b*e)) " (1/2)) *b"4*xcxd*e~3* (- (f*x
+e) *b/ (axf-bxe) )~ (1/2)* (- (d*x+c) *b/ (a*d-b*xc) )~ (1/2) * (d* (b*x+a) / (a*d-b*c) ) ~(
1/2)+3*xA*E1lipticE((d* (b*x+a)/(a*d-b*xc)) ~(1/2), ((axd-b*c)*f/d/ (a*xf-b*xe)) (1
/2))*a”2*%b"2xd" 2% " 3% (= (f*x+e) *b/ (a*xf-b*e)) ~(1/2) * (- (d*x+c) *b/ (a*d-b*c)) ~ (1
/2)*%(d* (b*x+a) / (axd-b*c) )~ (1/2) ) *x (f*xx+e) ™ (1/2) * (bxx+a) ~(1/2) * (d*x+c) ~(1/2)/
d/v"4/£72/ (axf-bxe) / (b*xd*f*x"3+a*xd*f*x"2+bkcxf*xx~2+b*d*e*xx " 2+a*ckf*xx+axd*rex*
x+b*ckexx+axcke)

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

f (Cx2 +Bx + A)de +c
3
(bx +a)z4/fx+e
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)*(d*x+c)~(1/2)/(b*xx+a)~(3/2)/(f*x+e)~(1/2),x, algori
thm="maxima")

[Out] integrate((C*x~2 + B*x + A)*sqrt(dxx + c)/((b*x + a)~(3/2)*sqrt(f*x + e)),
x)
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Fricas [F] time = 0., size = 0, normalized size = 0.

(Cx2 + Bx + A)\/bx +avdx +cy/fx +e
,X
b2fx3 + a?e + (bze + 2abf)x2 + (2 abe + azf)x

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)* (d*x+c)~(1/2)/(b*x+a)~(3/2)/(f*x+e)~(1/2),x, algori
thm="fricas")

[Out] integral((Cxx~2 + B*x + A)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*xx + e)/(b72xf
*x73 + a"2xe + (b7 2%e + 2xaxbxf)*xx"2 + (2%axbxe + a~2*f)*x), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Ckx**2+Bxx+A)* (dxx+c)**(1/2)/(bxx+a)**(3/2)/(f*x+e)**(1/2) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f (Cx2 + Bx + A)\/dx +c
3
(bx +a)2/fx+e
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)* (d*x+c)~(1/2)/(b*x+a)~(3/2)/(f*x+e)~(1/2),x, algori
thm="giac")

[Out] integrate((C*x~2 + B*x + A)*sqrt(d*x + c)/((b*x + a)~(3/2)*sqrt(f*x + e)),
x)
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Vc+dx@4+Bx+Cx2)
f (a+bx)>2 Je+fx X

Optimal. Leaf size=597

2de - cf)yf ") [N (4g2Cdf - ab(Bdf +3C(cf + de)) + IP(AdS +3cCe)) EllipticF (sin_l (Vja_;_*;i) , 2((5:?3)
3b3VdfVe + dxrJe + fxvad — be(be - af)

3.71

[Out] (-2%(4*xa~2*%Cxf + b~2%(3*Bxe - 2%A*xf) - a*bx(6*%Cke + Bxf))*Sqrtl[c + d*x]*Sqr
tle + £*xx])/(3*b~2%(b*e - a*f) " 2xSqrt[a + b*x]) - (2x(A*b~2 - a*x(b*B - a*C)

)*(c + d*x)~(3/2)*Sqrtle + f*x])/(3*b*x(b*c - axd)*(bxe - axf)*(a + b*x)~(3/

2)) + (2*%Sqrt[d]*(8*a~3*xCxd*xf~2 - a~2xb*xf*(13*Ckxd*e + 7*cxCxf + 2%Bkxdxf) +

axb~2* (3xCxex* (d*e + 4*xcxf) + fx(4xBkxdxe + Bxc*xf - Axdxf)) - b~ 3x(Axd*exf +

c* (3%Cxe~2 + 3*Bxexf - 2*%Axf£72)))*Sqrt[(b*x(c + d*x))/(bxc - axd)]*Sqrtle +
fxx]*E11lipticE[ArcSin[(Sqrt [d]*Sqrt[a + b*x])/Sqrt[-(b*c) + axdl]l, ((b*c
axd)*f)/(d*(bxe - axf))])/(3*b"3*Sqrt [-(bxc) + a*d]xfx(b*e - a*f) 2xSqrtlc
+ dxx]*Sqrt [(b*x(e + fxx))/(b*e - a*xf)]) + (2x(dxe - c*f)*(4*a~2xC*xdxf + b2
*x(3xc*kCxe + Axd*f) - axbx(Bxd*f + 3*Cx(dxe + cxf)))*Sqrt[(bx(c + dx*x))/(b*c
- axd)]*Sqrt[(b*x(e + f*x))/(b*xe - a*f)]*EllipticF[ArcSin[(Sqrt[d]*Sqrtl[a +
b*x])/Sqrt [-(b*xc) + a*d]], ((b*c - a*d)*f)/(d+(bxe - axf))])/(3*b~3*Sqrt[d
1xSqrt [-(b*c) + axd]*f*x(bxe - axf)*Sqrtl[c + d*x]*Sqrtle + fx*x])

Rubi [A] time = 1.35894, antiderivative size = 596, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 7, integrand size = 38, e =

integrand size
0.184, Rules used = {1614, 150, 158, 114, 113, 121, 120}

2Vdvfe + fay| ") (~a?bf (2Bdf +7cCf +13Cde) + 8a°Cdf> + al?(f(~Adf + Bef +4Bde) + 3Ce(4cf + de)) - b° (c
303 Ve + dxvad — be(be — af)2, [ 2D

be-af

Antiderivative was successfully verified.

[In] Int[(Sqrtlc + d*x]*(A + Bxx + C*x72))/((a + bxx)~(5/2)*Sqrtle + f*x]),x]

[Out] (-2%(4*xa~2xCxf + b~2x(3*Bxe - 2xA*xf) - axbx(6%Cxe + Bxf))*Sqrt[c + d*x]*Sqr
tle + £*x])/(3*b"2x(bxe - axf) 2xSqrtla + b*x]) - (2x(A*b~2 - a*x(b*B - a*C)
)*(c + d*x)~(3/2)*Sqrtle + f*x])/(3*b*(b*c - axd)*(bxe - axf)*(a + bxx)~(3/
2)) + (2xSqrt[d]*(8*a~3*Cxd*f~2 - a~2xbxf*(13*%Ckdxe + T*ckxCxf + 2*Bkxd*f) -
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b73%(3*xc*xCkxe™2 + Axdkexf + cxf*(3*Bxe - 2%Axf)) + axb™2x(3*Cxex(d*e + 4*cx*f
) + £x(4xBxd*e + Bxckxf - Axdxf)))*Sqrt[(b*x(c + d*x))/(bxc - axd)]*Sqrtle +

fxx]*EllipticE[ArcSin[(Sqrt [d]*Sqrt[a + b*x])/Sqrt[-(bxc) + axd]], ((bxc -

axd)*f)/(dx(bxe - axf))])/(3*b"3*Sqrt[-(b*c) + a*xd]*f*x(bxe - axf) ~2*xSqrtlc

+ d*x]*Sqrt[(bx(e + £*x))/(b*e - a*xf)]) + (2x(d*e - cxf)*(4*xa~2xC*xd*f + b~2
*x(3xc*kCxe + Axd*f) - axbx(Bxd*xf + 3*Ckx(d*e + cxf)))*Sqrt[(bx(c + d*x))/(b*c
- a*xd)]*Sqrt[(b*(e + f*x))/(b*xe - a*f)]*EllipticF[ArcSin[(Sqrt[d]*Sqrtl[a +
b*x])/Sqrt[-(b*c) + axd]], ((b*c - a*xd)*f)/(dx(bxe - axf))])/(3*b~3xSqrt[d
1xSqrt [-(bxc) + axd]*f*(bxe - axf)*Sqrtl[c + d*x]*Sqrtle + fx*x])

Rule 1614

Int[(Px_)*((a_.) + (b_.)*x(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_.)*((e_.) + (f_
Dx(x_))"(p_.), x_Symbol] :> With[{Qx = PolynomialQuotient[Px, a + b*x, x],
R = PolynomialRemainder[Px, a + b*x, x]}, Simp[(b*R*(a + b*x)"(m + 1)*(c +
d*x)"(n + D)*(e + £*xx)"(p + 1))/((m + 1) *(b*c - a*d)*(b*e - axf)), x] + Di
st[1/((m + 1) x(bxc - a*d)*(bxe - axf)), Int[(a + b*x)"(m + 1)*x(c + d*x) " nx*(
e + f*x) pxExpandToSum[(m + 1)*(bxc - axd)*(b*e - a*f)*Qx + a*xd*xf*Rx(m + 1)
- b*Rk(d*ex(m + n + 2) + cxf*(m + p + 2)) - b*d*xf*R*x(m + n + p + 3)*x, x],
x], x11 /; FreeQ[{a, b, ¢, d, e, f, n, p}, x] & PolyQ[Px, x] && LtQ[m, -1
] && IntegersQ[2*m, 2*n, 2xp]

Rule 150

Int[(Ca_.) + (b_)*(x_))"(m_)*x((c_.) + (d_.)*x(x_))"(n_)*x((e_.) + (f_.)*(x_)
)T (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[((b*g - a*h)*(a + b*x) " (m +
D*(c + dxx)"nx(e + £*xx)7(p + 1))/ (b*(bxe - axf)*(m + 1)), x] - Dist[1/(bx*(
bxe - a*f)*(m + 1)), Int[(a + b*x)"(m + 1)*(c + d*x)"(n - 1)*x(e + f*x) p*Si
mp [b*cx(fxg - exh)*(m + 1) + (b*g - axh)*(d*exn + cxf*x(p + 1)) + d*x(bx(f*g
- exh)*x(m + 1) + f*x(b*g - a*h)*(n + p + 1))*x, x], x], x] /; FreeQ[{a, b, c
, d, e, £, g, h, p}, x] && LtQ[m, -1] &% GtQ[n, 0] &% IntegersQ[2*m, 2*n, 2
*p]

Rule 158

Int[((g_.) + (h_)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e ) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtle + f*x]/(Sqrtla
+ bxx]*Sqrtlc + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtl[a + b*x]*Sq
rt[c + dxx]*Sqrtle + f*x]1), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}, x] &
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fxx]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*x]*Sqrt[(bx(c + d*x))/(b*c - axd)])/(Sqr
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tlc + d*x]*Sqrt[(bx(e + f*x))/(b*xe - axf)]), Int[Sqrt[(b*e)/(bxe - a*xf) + (
bxf*x)/(bxe - a*f)]/(Sqrtla + b*x]*Sqrt[(bxc)/(bxc - axd) + (bxd*x)/(b*c -

axd)]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !'(GtQ[b/(bxc - axd), 0]

&& GtQ[b/(b*e - a*xf), 0]) && !'LtQ[-((b*c - axd)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (£_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bxx] /Rt [-((bxc - a*xd)/d), 211, (f*x(b*c - axd))/(dx(bxe - axf))1)/b, x] /;

FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - a*d), 0] && GtQ[b/(bxe - axf),
0] && 'LtQ[-((b*c - axd)/d), 0] && !'(SimplerQ[c + d*x, a + bxx] && GtQ[-
(a/(b*xc - a*d)), 0] && GtQ[d/(d*e - c*xf), 0] && 'LtQ[(b*xc - axd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)Ix*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Dist[Sqrt[(b*x(c + d*x))/(b*c - a*d)]/Sqrtlc + d*x], Int[
1/(Sqrtla + b*x]*Sqrt[(b*c)/(b*c - a*xd) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, £}, x] & !GtQ[(b*xc - a*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + bxx, e + f*x]

Rule 120

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol]l :> Simp[(2*Rt[-(b/d), 2]1*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]*Sqgrt[(b*c - a*d)/bl)], (fx(b*c - axd))/(dx(bxe - axf))])/(b*Sqr
t[(bxe — axf)/b]l), x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*c - axd),
0] && GtQ[b/(bxe - axf), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a +
bxx, e + f*xx] && (PosQ[-((b*xc - a*d)/d)] || NegQ[-((b*xe - axf)/f)])

Rubi steps
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i dx(_aZC(Sde+c f)+b2(3Bce—2Ac fz)b_ﬂb(gcceﬂgd[

Ve +dx (A + Bx + sz) 2 (Ab2 —a(bB - aC)) (c +dx)¥? \Je + fx 2f (
f (a+bx)2\fe+ fx ax =~ 3b(bc — ad)(be — af)(a + bx)¥2 3(be

2 (4a?Cf + b?(3Be - 2Af) — ab(6Ce + Bf)) Vo +dx\Je + fx 2 (Ab? — a(bB - aC

3b%(be — af)?Va + bx 3b(bc — ad)(be
_ 2(4a’Cf +V%(3Be — 2Af) - ab(6Ce + Bf)) Ve +dxfe + fx 2 (Ab? - a(bB - aC
o 3b%(be — af)?Va + bx - 3b(bc — ad)(be

2 (4a2Cf + b%(3Be — 2Af) — ab(6Ce + Bf)) Ve + dx\Je + fx  2(AF? — a(bB - aC
3b%(be — af)?Va + bx 3b(bc — ad)(be

2 (4a2Cf + b%(3Be — 2Af) — ab(6Ce + Bf)) Ve + dx\Je + fx  2( A - a(bB - aC
B 302(be — af)2Va + bx T 3b(bc - ad)(be

2 (4a2Cf + b?(3Be - 2Af) - ab(6Ce + Bf)) Vo +dx\Je + fx 2 (Ab? - a(bB - aC
B 3b%(be — af)?Va + bx - 3b(bc — ad)(be

Mathematica [C] time = 11.9738, size = 724, normalized size = 1.21

2 (bz Flc+dx)(e+ fx)yf % —a((a +bx) (a?b(2Bdf + 4cCf + 7Cde) — 5a°Cdf — ab?(-Adf + Bcf + 4Bde + 6¢cCe) + |

Antiderivative was successfully verified.

[In] Integrate[(Sqrtlc + d*x]*(A + Bkx + Cxx"2))/((a + bxx)~(5/2)*Sqrt[e + f*x])
,x]

[Out] (-2*%(b~2*Sqrt[-a + (bxc)/dl*f*(c + dxx)*(e + fxx)*((A*b~2 + ax(-(b*B) + a*xC
) x(bxc - a*xd)*(bxe - axf) + (-5*xa”3*xCxd*f + b~ 3*%(3*%Bxcke + Axdkxe - 2%Axcxf
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) — axb"2%(6*c*Cke + 4*Bkdkxe + Bxcxf - Axd*f) + a~2*b*x(7*Ckxdkxe + 4xcxCxf +

2xBxd*f))*(a + b*x)) + (a + b*x)*(b~"2*xSqrt[-a + (b*c)/d]*(8%a~3*Cxd*f~2 - a
“2xb*f* (13*Ckdxe + 7TxcxCxf + 2%B*d*f) - b~ 3*(3kcxCxe™2 + Axdxexf + c*xf*(3*B
xe — 2%A*xf)) + axb"2x(3*xCxex(dxe + 4xcxf) + f*x(4*xBkd*e + Bxcxf — Axd*f)))*(
c + d¥x)*(e + f*x) + I*(b*c - a*xd)*f*(8*a~3*C*d*f~2 - a~2xbxf*(13*xCxd*e + 7
*ckCxf + 2xBxd*f) - b~ 3% (3*ckCxe™2 + Axd*exf + cxf*x(3*%Bxe - 2*%Axf)) + axb™2
*x (3*%Cxex (dxe + 4xc*xf) + fx(4*xBxdxe + Bkcxf - Axd*xf)))*(a + b*x)~(3/2)*Sqrt[
(b*x(c + dx*x))/(dx(a + b*x))]*Sqrt[(bx(e + f*x))/(f*(a + b*x))]*EllipticE[I*
ArcSinh[Sqrt[-a + (b*c)/d]/Sqrtla + bxx]], (b*dxe - axd*f)/(bxcxf - a*xd*f)]
+ Ixbx(bxc — axd)*f*(d*e - c*f)*(-4*xa”~2*xCxf + b~ 2x(-3*%Bxe + 2*A*xf) + axbx*(
6*Cxe + Bxf))x(a + b*x)~(3/2)*Sqrt[(b*(c + d*x))/(d*(a + b*x))]*Sqrt[(b*(e

+ f*x))/(f*(a + b*x))]*EllipticF[I*ArcSinh[Sqrt[-a + (b*c)/d]/Sqrtla + bx*x]
1, (bxdxe - axd*f)/(bxcxf - axd*xf)])))/(3*b~4*xSqrt[-a + (b*c)/d]l*(bxc - axd
)*fx(bxe - axf) 2*x(a + b*x)~(3/2)*Sqrtlc + d*x]*Sqrtle + f*x])

Maple [B] time = 0.094, size = 13614, normalized size = 22.8

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((Cxx~2+B*xx+A)*x(d*x+c)~(1/2)/(b*x+a)~(5/2)/(f*xx+e)~(1/2),x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

f (Cx2 +Bx + A)\/dx +c
(bx + a);\/fx +e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)* (d*x+c)~(1/2)/(bxx+a)~(5/2)/(f*x+e)~(1/2),x, algori
thm="maxima")

[Out] integrate((C*x~2 + Bxx + A)x*sqrt(d*x + c)/((b*x + a)~(5/2)*sqrt(f*x + e)),
x)
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Fricas [F] time = 0., size = 0, normalized size = 0.

(sz + Bx + A)\/bx +avdx +cyffx +e
b3 fxt +ade + (b3e + 3ab2f)x3 +3 (abze + azbf)x2 + (3 a’be + u3f)x’x

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)x*(d*x+c)~(1/2)/(b*x+a)~(5/2)/(f*x+e)”~(1/2),x, algori
thm="fricas")

[Out] integral ((C*x72 + B*x + A)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)/(b~3xf
*x74 + a”"3%e + (b7 3*e + 3*xaxb " 2xf)*x"3 + 3k (axb"2%xe + a"2xbxf)*x"2 + (3%a”2
xbke + a”~3%f)*x), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Ckx**2+Bxx+A)*(d*x+c)**x(1/2)/(b*x+a)**(5/2)/(f*xx+e)**(1/2),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f (Cx? + Bx + A)Vdx + ¢
5
(bx +a)2/fx +e
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxx~2+B*x+A)x*(d*x+c)~(1/2)/(b*x+a)~(5/2)/(f*x+e)”~(1/2),x, algori
thm="giac")

[Out] integrate((C*x~2 + B*x + A)*sqrt(d*x + c)/((b*x + a)~(5/2)*sqrt(f*x + e)),
x)
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Vc+dx@4+Bx+Cx2)
J TN

Optimal. Leaf size=1034

3.72

2(Ab? — a(bB — aC)) yJe + fx(c +dx)*® 2 (8Cd2f2a* — bdf(23Cde +13cCf — 2Bdf)a’ - b2 (df(7Bde + 2Bef — 3A
T Sb(bc—ad)(be—af)a +bx)?2

[Out] (2*%(4*a~3*Cxd*xf — b~3*(5*Bkxcke - 2kAxd*e — 4xAxcxf) + a*xb™2%(10*c*Cxe + 3*B
xd*e + Bkcxf - 6xAxdxf) - a~2%bx(8*Cxd*e + 6*cxCxf - B*xdxf))x*Sqrtlc + dxx]*
Sqrtle + fxx])/(15%xb~2*(b*c - axd)*(bxe - axf)~2*x(a + b*x)~(3/2)) - (2x(8*a
“44C*xd"2*%f72 - a”3xbxdxf* (23*%Ckd*e + 13*ckCkxf — 2%Bxd*f) — b7 4% (2%A*d"2%e”2
- ckd*xex(5xBxe — 3xAxf) - c72%(15*%C*e”2 - 10*Bxexf + 8*xA*xf~2)) - a~2xb™2x%(
d*xf*x (7*Bxd*e + 2*xBxcxf — 3*A*xd*f) - Ckx(23*d"2*e”2 + 37xckxd*exf + 3*c ™ 2*xf"2)
) — axb”3*%(d"2%e* (3*Bke — TxAxf) + 2%c”2+f*(5*Cxe — B*f) + cxdx(40%Cxe~2 -
13*xf*x(Bxe - Axf))))*Sqrt[c + d*xx]xSqrtle + f*xx])/(156%b~2*(bxc - axd) ~2*(bxe
- axf)"3*xSqrtla + b*x]) - (2%x(A*b~2 - a*x(b*B - a*C))*(c + d*x)~(3/2)*Sqrt[
e + £*x])/(5%bx(bxc - axd)*(bxe - axf)*(a + b*x)~(5/2)) + (2xSqrt[d]*(8*a~4
*Cxd"2+%f72 - a " 3kbxdxf* (23%Ckd*e + 13*%c*kCkxf - 2*Bkxd*xf) — b 4% (2*%A*d"2%e"2 -
ckdxex (5%Bxe - 3*Axf) - c”2%(15%C*e”2 - 10*Bkxexf + 8*xA*f~2)) - a~2%b~2x(d*
£ (7*Bxdxe + 2*xBxcxf - 3*A*xd*f) - Cx(23*d"2xe”2 + 37xckd*exf + 3*c™2*xf72))
- axb”3*%(d"2*%ex(3*Bxe — TxAxf) + 2%c”2*f*(5xCxe — B*xf) + cxd*(40%Cxe”2 - 13
xf*(Bxe - Axf))))*Sqrt[(b*(c + d*x))/(b*xc - a*xd)]*Sqrtl[e + f*x]*EllipticE[A
rcSin[(Sqrt[dl*Sqrt[a + bxx])/Sqrt[-(bxc) + axd]]l, ((b*c - axd)*f)/(d*(b*e
- axf))])/(15%b"3x(~(bxc) + axd)~(3/2)*(bxe - axf) 3*Sqrt[c + d*x]*Sqrt[(bx*
(e + f*x))/(b*e - axf)]) + (2xSqrt[dl*(d*e - cxf)*(4*a~3*xCxd*f - b~ 3*(5xBxc
xe — 2%Axd*e - 4xAxcxf) + axb”2%(10*c*C*e + 3*Bkxdkxe + Bxcxf - 6%Axd*f) - a”
2*%bx (8*Ckd*e + 6xc*Cxf — Bxd*f))*Sqrt[(bx(c + d*x))/(b*c - a*xd)]*Sqrt[(bx(e
+ f*x))/(b*xe - a*f)]*EllipticF[ArcSin[(Sqrt[d]*Sqrt[a + bxx])/Sqrt[-(bxc)
+ axd]], ((b*xc - axd)*f)/(dx(bxe - a*xf))])/(15%b~3x(-(b*c) + ax*xd)~(3/2)*(bx
e - axf)~2xSqrt[c + dxx]*Sqrtle + f*x])

Rubi [A] time = 3.15979, antiderivative size = 1034, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 8, integrand size = 38, i L

0.21, Rules used = {1614, 150, 152, 158, 114, 113, 121, 120}

integrand size

2 (AbZ —a(bB - ﬂC)) \ve + fx(c + dx)3/2 ) (8Cd2f2 4 _ bdf(23Cd€ + 13CCf _ 2Bdf)a3 —p2 (df(7Bde " ZBCf _3A
T Sb(bc—ad)be—af)a +bx)?2
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Antiderivative was successfully verified.

[In] Int[(Sqrtlc + d*x]*(A + Bxx + C*x72))/((a + bxx)~(7/2)*Sqrtle + f*x]),x]

[Out] (2*%(4*a”~3*xCxd*xf — b~3*(5*%Bkxcke - 2kAxd*e — 4xAxcxf) + a*xb™2%(10*c*Cxe + 3*B
xd*e + Bkcxf - 6xAxdxf) - a"2%b*x(8%Cxd*e + 6%cxCkxf - Bkxdxf))*Sqrtlc + d*x]*
Sqrtle + f*x])/(15%xb~2x(b*c - a*xd)*(bxe - axf) 2x(a + b*x)~(3/2)) - (2%(8xa
“4xC*xd"2*%f72 - a”3xbxdxfx (23*%Ckd*xe + 13*ckCkxf — 2%xBxd*f) — b7 4% (2%A*d"2*e”2
- ckd*xex(5xBxe — 3xAxf) - c72%(15*%C*e”2 - 10*Bxexf + 8*xA*xf~2)) - a~2*xb7~2x%(
d*xf*x (7*Bxd*e + 2xBxcxf — 3*A*xd*xf) - Cx(23*d"2*e”2 + 37xckd*exf + 3*c ™ 2*xf"2)
) — axb”3*%(d"2%e* (3*xBxe — T*A*xf) + 2xc™2%f*(5%Cxe — B*f) + c*d*x(40*C*xe”2 -
13*xf*x(Bxe - Axf))))*Sqrtlc + d*xx]xSqrtle + f*xx])/(156%b"2*(bxc - axd) ~2*(bxe
- axf)"3*xSqrtla + b*x]) - (2%x(A*b~2 - a*x(b*B - a*xC))*(c + d*x)~(3/2)*Sqrt[
e + f*x])/(5*bx(bxc - axd)*(bxe - a*xf)*(a + b*x)~(5/2)) + (2xSqrt[d]*(8*a~4
*Cxd"2+%f72 - a " 3kbxdxf* (23%Ckxd*e + 13*c*kCkxf — 2%Bkd*f) — b~ 4% (2%A*d"2%e”2 -
ckd*ex (5%Bke - 3kA*xf) — c”2x(15%C*e”2 - 10*Bkxexf + 8*xA*xf~2)) - a~2%b~ 2% (d*
£ (7*Bxdxe + 2xBxcxf - 3*A*xd*f) - Cx(23*d"2*e”2 + 37xckd*exf + 3*c™2*xf~2))
- axb”3*%(d"2*ex(3*Bxe — TxAxf) + 2%c”2*f*(5xCxe — B*xf) + cxd*(40%Cxe”2 - 13
xf*x(Bxe - Axf))))*Sqrt[(b*(c + d*x))/(b*xc - a*d)]*Sqrtl[e + f*x]*EllipticE[A
rcSin[(Sqrt[d]*Sqrtla + b*x])/Sqrt[-(b*xc) + a*xd]l], ((bxc - axd)*f)/(d*(b*e
- axf))])/(15%b"3x (- (bxc) + axd)~(3/2)*(bxe - axf) 3*Sqrtl[c + d*x]*Sqrt[(bx*
(e + £xx))/(bxe - axf)]) + (2xSqrt[d]l*(d*e - c*f)*(4xa~3*Cxd*f - b~ 3*(5*B*c
xe — 2%Axd*e - 4dxAxcxf) + axb”2%(10*c*Cke + 3*Bkxd*e + Bxcxf - 6*xAxd*f) - a”
2xbx (8*C*kd*e + 6xc*Cxf - Bxd*f))*Sqrt[(bx(c + d*x))/(b*c - a*xd)]*Sqrt[(bx(e
+ f*x))/(b*xe - a*f)]*EllipticF[ArcSin[(Sqrt[d]*Sqrt[a + bxx])/Sqrt[-(bxc)
+ axd]], ((bxc - axd)*f)/(d*(bxe - a*f))])/(15%b~3*(-(b*xc) + axd)”(3/2)*(bx
e — axf)”"2xSqrt[c + d*x]*Sqrtle + fx*x])

Rule 1614

Int[(Px_)*((a_.) + (b_.)*x(x_))"(m_)*((c_.) + (d_)*(x_))"(n_.)*x((e_.) + (f_
O*x(x_))"(p_.), x_Symbol] :> With[{Qx = PolynomialQuotient[Px, a + b*x, x],
R = PolynomialRemainder[Px, a + b*x, x]}, Simp[(b*R*(a + b*x)"(m + 1)*(c +
d*x)"(n + 1)*x(e + £xx)"(p + 1))/((m + 1)*(b*c - a*xd)*(bxe - axf)), x] + Di
st[1/((m + 1)*(bxc - axd)*(bxe — axf)), Int[(a + b*x)"(m + 1)*(c + d*xx) n*(
e + fxx) pxExpandToSum[(m + 1)*(b*c - axd)*(b*e - axf)*Qx + axd*f*R*(m + 1)
- b*R*(d*ex(m + n + 2) + c*xf*(m + p + 2)) - b*d*f*R*(m + n + p + 3)*x, x],
x], x]]1 /; FreeQ[{a, b, c, d, e, f, n, p}, x] & PolyQ[Px, x] && LtQ[m, -1
] && IntegersQ[2+#m, 2*n, 2xp]

Rule 150

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_)*x(x_))"(m_)*((e_.) + (f_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[((b*g - axh)*(a + b*x) " (m +
D*(c + d*x)"nx(e + £xx)"(p + 1))/ (b*x(b*e - axf)*(m + 1)), x] - Dist[1/(b*(
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bxe - a*xf)*(m + 1)), Int[(a + bxx)"(m + 1)*(c + d*x)"(n - 1)*x(e + fxx) p*Si
mp [b*cx(fxg - exh)*(m + 1) + (b*xg - axh)*(d*exn + cxf*x(p + 1)) + d*x(bx(f*g
- exh)*x(m + 1) + fx(bxg - axh)*(n + p + 1))*x, x], x], x] /; FreeQ[{a, b, ¢
, d, e, £, g, h, p}, x] && LtQ[m, -1] &% GtQ[n, 0] &% IntegersQ[2*m, 2*n, 2
*p]

Rule 152

Int[(Ca_.) + (b_)*(x_))"(m_)*x((c_.) + (d_.)*x(x_))"(m_)*((e_.) + (f_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[((b*g - a*h)*(a + b*x) " (m +

Dx(c + d*xx)"(n + D*(e + £*x)7(p + 1))/ ((m + D) x(bxc - axd)*(b*xe - axf)),
x] + Dist[1/((m + 1)*(b*c - a*d)*(b*e - axf)), Int[(a + b*x) " (m + 1)*x(c + d
*xx) "n* (e + f*x) p*Simp[(a*dxf*g - b*x(d*e + c*xf)*g + bxckxexh)*x(m + 1) - (bxg
- axh)*(d*ex(n + 1) + cxf*(p + 1)) - d*fx(bxg - a*xh)*(m + n + p + 3)*x, x]
, x]1, x] /; FreeQ[{a, b, c, d, e, f, g, h, n, p}, x] && LtQ[m, -1] && Integ
ersQ[2*m, 2*n, 2xp]

Rule 158

Int[((g_.) + (h_)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e ) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtle + f*x]/(Sqrtla
+ bxx]*Sqrtc + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtl[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fxx]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*x]*Sqrt[(bx(c + d*x))/(b*c - axd)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*e - axf)]), Int[Sqrt[(bxe)/(b*e - axf) + (
bxf*xx)/(bxe - axf)]/(Sqrtla + b*x]*Sqrt[(bxc)/(bxc - axd) + (bxd*x)/(b*c -

axd)]), x], x] /; FreeQ[{a, b, c, 4, e, £}, x] && !'(GtQ[b/(bxc - axd), 0]

&& GtQ[b/(bxe - axf), 0]) && !'LtQ[-((b*c - axd)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (£f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
b*x] /Rt [- ((bxc - axd)/d), 211, (f*(bxc - axd))/(d*(b*e - a*xf))]1)/b, x] /;
FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - a*d), 0] && GtQ[b/(bxe - axf),
0] && 'LtQ[-((b*c - a*d)/d), 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-

(d/(bxc - axd)), 0] && GtQ[d/(d*e - c*f), 0] && !'LtQ[(b*c - axd)/b, 0])

Rule 121
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Int[1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - axd)]/Sqrtlc + d*x], Int[
1/(Sqrtla + b*xx]*Sqrt[(b*c)/(b*c - a*xd) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, £}, x] && 'GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + fx*x]

Rule 120

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
1), x_Symboll :> Simp[(2*Rt[-(b/d), 2]1*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]1*Sqrtl[(b*c - a*d)/bl)], (fx(bxc - axd))/(d*(bxe - axf))])/(b*Sqr
t[(b*xe - axf)/bl), x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(b*xc - axd),
0] && GtQ[b/(bxe - axf), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a +
bxx, e + f*xx] && (PosQ[-((b*xc - a*d)/d)] || NegQ[-((b*xe - axf)/f)])

Rubi steps
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a2C(3de+cf)+b2(5Bce-2 Ade-4Acf)—ab(5cCe+:
Ve+dx|— %

Ve +dx (A + Bx + sz) 2 (Ab2 —a(bB - aC)) (c +dx)¥ \fe + fx 2 f
f (a+bx)2\fe + fx T b - ad)be - af)a + BT 5(2

2 (4a3Cdf — b3(5Bce — 2Ade — 4Acf) + ab*(10cCe + 3Bde + Bcf — 6Adf) — a?b(8Cde
Bl 15b2(bc — ad)(be — af)?(a + bx)3?

2 (4a3Cdf — b3(5Bce — 2Ade — 4Acf) + ab*(10cCe + 3Bde + Bcf — 6Adf) — a>b(8Cde
B 15b2(bc — ad)(be — af)?(a + bx)3/2

2 (4a3Cdf — b3(5Bce — 2Ade — 4Acf) + ab*(10cCe + 3Bde + Bcf — 6Adf) — a>b(8Cde
B 15b2(bc — ad)(be — af)?(a + bx)3?

2 (4a3Cdf — b3(5Bce — 2Ade — 4Acf) + ab*(10cCe + 3Bde + Bcf — 6Adf) — a?b(8Cde
- 15b2(bc — ad)(be — af)?(a + bx)32

2 (4113Cdf — b3(5Bce — 2Ade — 4Acf) + ab*(10cCe + 3Bde + Bcf — 6Adf) — a?b(8Cde
B 15b2(bc — ad)(be — af)?(a + bx)3?

2 (4a3Cdf — b3(5Bce — 2Ade — 4Acf) + ab*(10cCe + 3Bde + Bcf — 6Adf) — a>b(8Cde
B 15b2(bc — ad)(be — af)?(a + bx)3?

Mathematica [C] time = 16.5889, size = 9186, normalized size = 8.88

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(Sqrtlc + d*x]*(A + Bxx + C*x72))/((a + bxx)~(7/2)*Sqrtle + fxx])
,x]

[Out] Result too large to show
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Maple [B] time = 0.213, size = 33007, normalized size = 31.9

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((Cxx~2+B*xx+A)*x(d*x+c)~(1/2)/(bxx+a) "~ (7/2)/(fxx+e)~(1/2) ,x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

f (Cx2 + Bx + A)\/dx +c
(bx + a)gwlfx +e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*xx~2+B*x+A)* (d*x+c)~(1/2)/(bxx+a)~(7/2)/(f*x+e)~(1/2),x, algori
thm="maxima"

[Out] integrate((C*x~2 + B*x + A)*xsqrt(d*x + c)/((b*x + a)~(7/2)*sqrt(f*x + e)),
x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(sz + Bx + A)\/bx + aVdx + cyfx+e
bAfx5 + ae + (b4e + 4ab3f)x4 +2 (2 abde + 3a2b2f)x3 +2 (3 a?b%e + 2a3bf)x2 + (4 a3be + a4f)x’x

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Ckx~2+B*x+A)*(d*x+c) ™ (1/2)/(bxx+a)”~(7/2)/(f*x+e)~(1/2),x, algori
thm="fricas")

[Out] integral((Cxx~2 + B*x + A)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)/(b ™ 4xf
*x75 + a"4dxe + (bT4xe + 4xaxb”"3xf)*x"4 + 2% (2%axb"3xe + 3%xa”2xb"2%f)*xx"3 +
2% (3*%a"2*b"2%e + 2%a"3*bxf)*x"2 + (4*a”"3*bxe + a~4xf)*x), x)
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Ckx**2+B*x+A)* (dxx+c)**(1/2)/ (b*xx+a)**(7/2)/(fxx+e)**(1/2),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f (Cx2 + Bx + A)\/dx +c
7
(bx +a)2/fx+e
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxx~2+B*x+A)* (d*x+c)~(1/2)/(b*xx+a)~(7/2)/(f*x+e)~(1/2),x, algori
thm="giac")

[Out] integrate((Cxx~2 + B*x + A)*sqrt(d*x + c)/((b*x + a)~(7/2)*sqrt(f*x + e)),
x)
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(a+bx)%/ 2<A+Bx+Cx2)
3.73 f Vetdxfe+fx ax

Optimal. Leaf size=838

2CVc +dxrJe + fx(a +bx)¥?  2(2aCdf — b(7Bdf — 6C(de + cf)))Vc + dx+Je + fx(a + bx)>?  2(5bdf(5bcCe + aCc
7bdf B 35bd2 f2 B

[Out] (-2%(5xb*dxf*(5xbxc*Cxe + a*Cxdxe + axc*Cxf — TxAxbxd*f) + (3xaxd*f - 4xbx*(
dxe + cxf))*(2xa*xCkxd*xf - b*(7*Bxd+xf - 6%Ckx(d*e + cxf))))x*Sqrt[a + b*x]*Sqrt
[c + d*x]*Sqrtle + fxx])/(105%b*d~3*x£73) - (2x(2*axCkd*f - bx(7*Bxd*f - 6xC
*x(dxe + cxf)))*(a + b*x)~(3/2)*Sqrtc + dxx]*Sqrtle + fxx])/(35xbxd"2*f~2)
+ (2xCx(a + b*x)~(5/2)*Sqrt[c + d*x]*Sqrtle + fxx])/(7xbxdxf) - (2+Sqrt[-(b
xc) + axd]*(3*xbxd*xf* (5xa*xdxf* (5xbxc*xCxe + axCxdxe + axc*xCxf — 7TxAxbxd*xf) -
(3*¥b*xcxe + axd*e + axckf)*(2¥axCxd*f - bx(7*Bxd*f - 6*Cx(d*e + c*xf)))) + 2%
((axd*f)/2 - bx(d*e + c*f))*(b5xbxd*f*(5*xbxc*Cxe + axCkd*e + axc*Cxf - TxA*xb
xdxf) + (3*axdxf - 4*bx(dxe + c*f))*(2xaxCxd*f - bx(7*Bxd*f - 6xCkx(d*e + cx*
£)))))*Sqrt [(b*x(c + d*x))/(b*xc - a*d)]*Sqrtle + f*x]*EllipticE[ArcSin[(Sqrt
[dl*Sqrt[a + b*x])/Sqrt[-(bxc) + a*xd]], ((bxc - a*xd)*f)/(dx(bxe - a*xf))])/(
105%b~2*d~ (7/2) *f~4*xSqrt [c + d*x]*Sqrt[(bx(e + fxx))/(bxe - axf)]) - (2xSqr
t[-(b*c) + axd]*(bxe - a*xf)*(3*xa~2xCxd"2+%f " 2x(d*e - cx*xf) - 3kaxbkdxf*(7*xd*f
*x (3*%Bxd*e + 2*Bxcxf - BkAxd*f) - Cx(16*d"2xe”2 + 8xcxdkexf + 11xc™2xf~2)) -
b~ 2% (C* (48%d"3*%e~3 + 16%ckd™2%e 2%f + 17*c™2xdxexf~2 + 24%c™3*f"3) + Txdxf
*x (BxAxdxf* (2%d*e + cxf) - Bx(8xd"2%e”2 + 3kckdxexf + 4*xc™2*f72))))*Sqrt [ (bx*
(c + d*x))/(bxc - axd)]*Sqrt[(b*(e + f*x))/(b*xe - a*f)]*EllipticF[ArcSin[(S
grt[d]*Sqrt[a + bxx])/Sqrt[-(bxc) + axd]], ((b*xc - a*d)*f)/(d*x(bxe - axf))]
)/ (105%xb~2*xd~(7/2) *£~4xSqrt [c + d*x]*Sqrtle + f*x])

Rubi [A] time = 2.16678, antiderivative size = 831, normalized size of antiderivative =

0.99, number of steps used = 9, number of rules used = 7, integrand size = 38, number of rules

= (0.184, Rules used = {1615, 154, 158, 114, 113, 121, 120}

integrand size

2CVe +dxyJe + fx(a+bx)>?  2(7bBdf —2aCdf — 6bC(de + cf))Vc + dxrJe + fx(a + bx)¥?  2(5bdf(5bcCe + aCd
+ —
7bdf 35b2 2

Antiderivative was successfully verified.
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[In] Int[((a + b*x)~(3/2)*(A + B*x + C*x~2))/(Sqrtlc + d*x]*Sqrtle + fxx]),x]

[Out] (-2%(5xb*dxf*(5xbxc*Cxe + a*Cxdxe + axc*Cxf — TxAxbxd*f) - (3xaxd*f - 4xbx*(
dxe + cxf))*(7xb*xBkdxf - 2%a*xCxd*f - 6*%bxCx(d*e + c*f)))*Sqrtl[a + b*x]*Sqrt
[c + d*x]*Sqrtle + fxx])/(105%b*d~3*xf73) + (2% (7*bxBkd*f - 2xa*xCkd*f - 6%bx*
Cx(d*e + cxf))*(a + b*x)~(3/2)*Sqrt[c + d*x]*Sqrtle + f*x])/(35*b*xd~2%f"2)
+ (2xCx(a + b*x)~(5/2)*Sqrtlc + d*x]*Sqrtle + fxx])/(7xbxd*xf) - (2*Sqrt[-(b
xc) + axd]*(3*xbxd*xf* (5xaxdxf* (5xbxc*Cxe + axCxdxe + axc*Cxf - 7xAxbxdxf) +
(3*bxcke + axdxe + axc*f)*(7*xbxBxd+f - 2xa*xCxdxf - 6*xb*Ckx(d*e + cxf))) + 2%
((axd*f)/2 - bx(d*e + c*f))*(5xbxd*f*(5xbxc*Cxe + axCkxd*e + axc*Cxf - TxA*xb
xd*xf) — (3xaxd*f - 4xbx(dxe + cxf))*(7*b*Bxd*f - 2%axCkxdxf - 6xb*Cx(d*e + c
*x£))))*Sqrt [(bx(c + d*x))/(b*c - a*xd)]*Sqrtle + f*x]*EllipticE[ArcSin[(Sqrt
[d]*Sqrtla + b*x])/Sqrt[-(b*c) + a*xd]], ((bxc - axd)*f)/(d*(bxe - axf))])/(
105%b~2*d~ (7/2) *f~4*xSqrt [c + d*x]*Sqrt[(bx(e + fxx))/(bxe - axf)]) - (2xSqr
t[-(b*c) + ax*xd]*(bxe - axf)*(3*a~2xC*d~2*xf "2x(d*e - c*f) - 3xaxbxd*xf*(7*xd*f
* (3xBxd*e + 2xBxcxf - BxAxdxf) - C*x(16%xd"2*e”2 + 8xckxdkxexf + 11xc™2xf72)) -
b72x (C* (48%d"3%e”3 + 16%c*xd™2xe”2+f + 17*xc”2xd*e*xf~2 + 24*c~3*f"3) + 7xdx*f
*x (BxAxdxf* (2%d*e + cxf) - Bx(8xd"2%e”2 + 3*ckdxexf + 4*xc™2*f72))))*Sqrt [ (bx*
(c + d*x))/(bxc - axd)]*Sqrt[(b*x(e + f*x))/(b*xe - a*xf)]*EllipticF[ArcSin[(S
qrt[d]*Sqrt[a + b*x])/Sqrt[-(bxc) + a*xd]], ((bxc - axd)*f)/(d*(b*e - a*xf))]
)/ (105xb~2*xd~(7/2) *f~4xSqrt [c + d*x]*Sqrtle + f*x])

Rule 1615

Int [(Px_)*((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_)*(x_))"(n_.)*x((e_.) + (f
_)x(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simp[(k*(a + b*¥x)"(m + q - 1)*(c + d*x)"(n + 1)*x(e + f*x) " (p +

1))/(@*fxb"(q - D*(m + n + p + q + 1)), x] + Dist[1/(d*xf*b"g*(m + n + p +

q + 1)), Int[(a + b*x) m*x(c + d*x) n*x(e + fxx) p*ExpandToSum[d*f*b~q*(m + n
+p+qg+ 1)*Px - dxfxkx(m + n + p + g + )*x(a + bxx)"q + kx(a + b*xx)"(q -
2)*(a"2xd*f*x(m + n + p + g + 1) - b*(b*cxex(m + q - 1) + a*x(d*ex(n + 1) +

cxfx(p + 1))) + bx(axd*f*x(2%(m + q) + n + p) - bx(d*xex(m + q + n) + c*xfx(m

+q+p)))*x), x], x], x] /; NeQm + n + p + q + 1, 0]] /; FreeQl{a, b, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x] && IntegersQ[2+*m, 2*n, 2xp]

Rule 154

Int[((a_.) + (b_)*(x_))"m_)*((c_.) + (d_)*xx_))"(m_)*((e_.) + (f_.)*(x_)
)T (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[(h*(a + bxx) mx(c + d*x)~(n
+ 1)*x(e + fxx)~(p + 1))/(d*f*(m + n + p + 2)), x] + Dist[1/(d*f*(m + n + p
+ 2)), Intl[(a + b*x)"(m - 1)*(c + d*x) "nx(e + f*x) pxSimp[axd*f*g*(m + n +
p + 2) - h*(b*ckxe*m + a*x(d*ex(n + 1) + cxf*x(p + 1))) + (bxd*fxgx(m + n + p
+ 2) + hx(axd*xf*m - bx(d*ex(m + n + 1) + cxf*x(m + p + 1))))*x, x], x], x] /
; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && GtQ[m, 0] && NeQ[m + n + p +
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2, 0] &% IntegersQ[2*m, 2%n, 2*p]

Rule 158

Int[((g_.) + (h_)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e_) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtle + fxx]/(Sqrtla
+ b*x]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtla + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, 4, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fxx]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*x]*Sqrt[(bx(c + d*x))/(b*c - axd)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*e - axf)]), Int[Sqrt[(bxe)/(b*e - axf) + (
bxf*x)/(bxe - a*xf)]/(Sqrtla + b*x]*Sqrt[(bxc)/(bxc - axd) + (b*d*x)/(b*c -

axd)]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] & '(GtQ[b/(bxc - axd), 0]

&& GtQ[b/(b*e - axf), 0]) && !'LtQ[-((b*xc - axd)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (f_.)*x(x_)]1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bxx] /Rt [-((b*c - axd)/d), 2]], (fx(b*xc - axd))/(d*(bxe - axf))])/b, x] /;

FreeQ[{a, b, ¢, d, e, f}, x] && GtQ[b/(bxc - axd), 0] && GtQ[b/(b*e - axf),
0] && 'LtQ[-((bxc - a*d)/d), 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-
(d/(b*c - axd)), 0] && GtQ[d/(d*e - cxf), 0] && !'LtQ[(b*c - axd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)=*(x
1), x_Symbol] :> Dist[Sqrt[(b*x(c + d*x))/(b*c - axd)]/Sqrtlc + dxx], Int[
1/(8qgrtla + b*x]*Sqrt[(b*xc)/(b*xc - a*d) + (b*d*x)/(b*c - a*d)]*Sqrtle + f*x
1, x1, x] /; FreeQ[{a, b, c, d, e, f}, x] & 'GtQ[(b*c - a*xd)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 120

Int[1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]*Sqrt[(bxc - a*d)/bl)], (f*(b*c - axd))/(d*(bxe - axf))])/(b*Sqr
t[(b*xe - axf)/bl), x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - ax*xd),
0] && GtQ[b/(b*e - axf), 0] && SimplerQ[a + b*x, ¢ + dxx] && SimplerQ[a +
b*x, e + f*x] && (PosQ[-((b*c - a*d)/d)] || NegQ[-((b*xe - axf)/f)])
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Rubi steps
(a+bx)3/2(—%b(5bcCe+aCde+acC f~7Abdf)+5b(7bBd f~2aCd
f (a + bx)3? (A + Bx + sz) e 2C(a + bx)>2vc + dx+Je + fx . 2 VordxJe+ fx
Ve +dxyJe+ fx 7bdf 7b*df

_ 2(7bBdf - 2aCdf — 6bC(de + cf))(a + bx)**Vc + dxrJe + fx s 2C(a + bx)*?+c +
B 35bd? f2 7bd f

_ 2(5bdf(5bcCe + aCde + acCf — 7Abdf) — (3adf — 4b(de + cf))(7bBdf — 2aCdf -
T 105bd3 f3

_ 2(5bdf(5bcCe + aCde + acCf — 7Abdf) — (3adf — 4b(de + cf))(7bBdf — 2aCdf -
T 105bd3 f3

2(5bdf (5bcCe + aCde + acCf — 7Abdf) — (3adf — 4b(de + cf))(7bBdf — 2aCdf -
- 105bd3 3

_ 2(5bdf (5bcCe + aCde + acCf — 7Abdf) — (3adf — 4b(de + cf))(7bBdf — 2aCdf -
T 105bd3 3

2(5bdf (5bcCe + aCde + acCf — 7Abdf) — (3adf — 4b(de + cf))(7bBdf — 2aCdf -
- 105bd3 f3

Mathematica [C] time = 13.8407, size = 1000, normalized size = 1.19

2 (—« [ — a((8C (64% + Sed? fe? + 5c2d f?e + 66 £3) + 7df (10Adf (de + cf) — B (8a%¢* + Tcdfe + 8c2))) b° - adf |

Antiderivative was successfully verified.

[In] Integrate[((a + bxx)7(3/2)*(A + Bxx + C*x~2))/(Sqrtlc + d*x]*Sqrtl[e + f*x])
,X]
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[Out] (2x(-(b~2xSqrt[-a + (b*c)/d]*(6%xa~3*Cxd~3+f~3 + 3*a~2%b*d~2*f 2% (-7*Bxd*f +
4xCkx (dxe + cxf)) - a*xb™2+d*f*(Ckx(72xd"2*xe™2 + 62xckd*exf + 72*xc™2*f~2) + 7
*d*xf* (20%Axd*f — 13*Bx(dxe + c*f))) + b™3*(8*xCx(6*xd~3*xe”3 + 5kcxd ™ 2*e ™ 2*f +
BxcT2kd*exf"2 + 6xc”3*%f73) + THd*f*k (10kAxd*xfx(d*xe + c*xf) - B*(8*d"2*e”2 +
Txcxdxexf + 8xc”2+f72))))*(c + dxx)*(e + f*xx)) + b™2xSqrt[-a + (b*c)/d]*dx*f
*(a + b*x)*(c + d*xx)*(e + £*x)*(3*a”"2*xCxd"2*xf~2 + 3xaxbkdxf*(14*xB*xd*xf + Cx*(
-11xd*e - 11*c*f + 8xdxf*xx)) + b 2% (7*d*f* (5xAxd*f + Bx(-4xdxe - 4*cxf + 3%
d*f*x)) + Cx(24*c™2xf72 + c*xd*f*(23*%e — 18*xf*xx) + 3*d"2*(8%e”2 - 6Gkexf*xx +
5¢f72%x72)))) - I*(b*c — axd)*f*(6+%a~3*Cxd"3*f"3 + 3*a " 2xbxd~2%f 2% (-7*B*d*
f + 4xCx(d*e + c*xf)) — a*xb™2+d*f*(Ckx(72xd"2%e”2 + 62xckd*exf + 72*xc ™ 2xf"2)
+ Txd*f* (20%A*d*xf - 13*Bx(d*e + c*f))) + b~ 3% (8*Cx(6+%d"3*e”3 + 5xcxd™2%e” 2%
f + Bxc™2xd*xexf"2 + 6%c”3*%f73) + Txdkf*x(10*xAxd*xfx(d*e + c*xf) - B*x(8*d"2*xe”2
+ Txckdxexf + 8*xc™2xf72))))*x(a + b*xx)~(3/2)*Sqrt[(b*(c + d*x))/(d*(a + bx*x
))1*xSqrt[(b*x(e + f*x))/(fx(a + bxx))]*EllipticE[I*ArcSinh[Sqrt[-a + (b*c)/d
1/Sqrtla + b*x]], (bxd*e - axdxf)/(bxc*f - axd+xf)] + Ixbx(b*xc - a*d)*f*(3*a
~2%C*d"2%f " 2% (d*e — c*xf) — 3xaxbkd*f* (7T*d*f*(-2xBxd*e — 3*Bxcxf + 5xAxdx*f)
+ Cx(11xd"2*e”"2 + 8xcxd*exf + 16*%c™2*4f72)) + b~ 2x(Cx(24*%d"3*e”3 + 17*c*xd”~2x%
e 2xf + 16*%c™2xdxexf"2 + 48xc”3*%f73) + T*A*f*k(5xAxdxf*x(d*xe + 2%xc*xf) - Bx(4*
d"2%e”2 + 3xckxdkexf + 8xcT2xf72))))*(a + b*x)”(3/2)*Sqrt[(b*(c + dx*x))/(d*(
a + b*x))]*Sqrt[(b*x(e + f*x))/(f*(a + b*x))]*EllipticF[I*ArcSinh[Sqrt([-a +
(bxc)/d]l/Sqrtla + bxx]], (bxdxe - axd*f)/(b*xc*f - axd*f)]))/(105%b~3*Sqrt[-
a + (bxc)/dl*d~4xf~4xSqrt[a + b*xx]*Sqrtlc + d*x]*Sqrtle + fx*x])

Maple [B] time = 0.051, size = 10546, normalized size = 12.6

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a) " (3/2)*(Cxx"2+Bxx+A)/(d*x+c)~(1/2)/(fxx+e)~(1/2),x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

f (sz + Bx + A)(bx + a);

Vdx +cy/fx+e

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((b*x+a)”(3/2)*(Ckx~2+Bxx+A)/(d*x+c)”~(1/2)/(f*x+e)~(1/2),x, algori
thm="maxima")

[Out] integrate((Cxx~2 + B*x + A)*x(b*x + a)~(3/2)/(sqrt(d*x + c)*sqrt(f*x + e)),
x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Cbx3 + (Ca + Bb)x? + Aa + (Ba + Ab)x)\/bx +avdx +cyfx+e
dfx? + ce + (de + cf)x

integral

4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a) ~(3/2)*(Cxx~2+B*x+A)/(d*x+c)”~(1/2)/(f*x+e)~(1/2),x, algori
thm="fricas")

[Out] integral((Cxb*x~3 + (C*ka + Bxb)*x"2 + A*xa + (B*a + Axb)*x)*sqrt(b*x + a)*sq
rt(dxx + c)*sqrt(f*x + e)/(d*xf*x"2 + c*xe + (d*e + c*xf)*x), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)**(3/2)* (Ckx*x*2+B*x+A)/(d*x+c)**(1/2)/(f*x+e)**(1/2) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f (sz + Bx + A)(bx + a)g

Vdx +cy/fx+e

dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((b*x+a)”(3/2)*(Ckx~2+Bxx+A)/(d*x+c)”~(1/2)/(f*x+e)”~(1/2),x, algori
thm="giac")

[Out] integrate((Cxx~2 + B*x + A)*x(b*x + a)~(3/2)/(sqrt(d*x + c)*sqrt(f*x + e)),
x)
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3.74

f a+bx A+Bx+Cx )
X

Ve+dxqfe+fx

Optimal. Leaf size=528

2Vad = be(be - af)y el |52 (aCdf(de - cf) ~ b (5df(-3Adf + Bef +2Bde) ~ C (432 + 3cdef + 84%%))) E
B 1502452 {3/ + dxnfe + fx

[Out] (-2*(2xaxCxdxf - bx(5*B*xd*f - 4*Cx(d*e + cxf)))*Sqrtl[a + b*x]*Sqrtlc + d*x]
xSqrt e + f*xx])/(16xb*xd~2%f72) + (2%Ckx(a + b*x)~(3/2)*Sqrtlc + d*x]*Sqrt[e
+ f£xx])/(6xb*xd*f) - (2*%Sqrt[-(b*xc) + a*xd]*(3xbxd*f*(3xb*cxCxe + a*Ckxdxe + a
xckC*xf — BxAxbxd*f) + (axd*f - 2xbx(dxe + c*f))*(2kaxCxd*f - bx(5*Bxdxf - 4
*Cx(dxe + c*f))))*Sqrt[(bx(c + d*x))/(bxc - a*xd)]x*Sqrt[e + f*x]*EllipticE[A
rc3in[(Sqrt[d]l*Sqrt[a + b*x])/Sqrt[-(b*xc) + axdl], ((b*c - a*xd)*f)/(d*(b*e
- axf))])/(16xb~2xd~(5/2) *£~3*Sqrt [c + d*x]*Sqrt[(b*x(e + f*x))/(b*xe - axf)]
) - (2xSqrt[-(bxc) + axd]*(bxe - ax*f)*(a*Cxd*f*x(dxe - cxf) - bx(5xd*f*(2xBx
dxe + Bxc*f - 3kAxd*xf) - C*(8*d"2xe”2 + 3kckxdkexf + 4xc”2xf£72)))*Sqrt[(b*(c
+ dx*x))/(b*xc - axd)]*Sqrt[(bx(e + fxx))/(b*xe - axf)]*EllipticF[ArcSin[(Sqr
t[dl*Sqrt[a + b*xx])/Sqrt[-(bxc) + a*xd]], ((bxc - axd)*f)/(d*(bxe - axf))])/
(15%xb~2*xd~(5/2) *f~3*Sqrt [c + d*x]*Sqrtle + fx*x])

Rubi [A] time = 1.02759, antiderivative size = 524, normalized size of antiderivative =

0.99, number of steps used = 8, number of rules used = 7, integrand size = 38, number of rules

= 0.184, Rules used = {1615, 154, 158, 114, 113, 121, 120}

2ad = be(be - af)\| /b;%ff) (aCdf(de - cf) + 5bdf BAf — B(cf +2de)) + bC (4c2f2 + 3edef + 8d%¢2)) F (si
B 156252 f3c + dxnfe + fx

integrand size

Antiderivative was successfully verified.

[In] Int[(Sqrtla + bxx]*(A + Bxx + Cxx72))/(Sqrtlc + d*x]*Sqrtle + f*x]),x]

[Out] (2% (5xb*Bkxd*xf - 2%a*xCxd*f - 4*bxCx(d*e + c*f))*Sqrt[a + bxx]*Sqrtlc + d*xx]x*
Sqrtle + fxx])/(15%b*xd~2xf"2) + (2*xCx(a + b*x)~(3/2)*Sqrt[c + d*x]*Sqrtle +
f*x])/(6xbxdxf) - (2xSqrt[-(b*c) + a*xd]*(3*bxd*f*(3*xb*xc*xCxe + axCxdxe + ax
cxCxf — BxAxbkxd*f) - (axd*f - 2xbk(d*e + c*f))*(5xbxBkd*f - 2kxa*xCkxdxf - 4*Db
*xC* (d*e + c*xf)))*Sqrt[(bx(c + d*x))/(b*c - a*xd)]*Sqrtle + fxx]*EllipticE[Ar



487

cSin[(Sqrt[d]*Sqrt[a + b*x])/Sqrt[-(bxc) + axd]], ((b*c - a*xd)*f)/(d*(b*e -

a*f))])/(15%b72%d~ (5/2) *£~3*Sqrt [c + d*x]*Sqrt[(b*x(e + f*x))/(b*xe - axf)])
- (2xSqrt[-(bxc) + axd]*(bxe - axf)*(a*Cxd*f*x(dxe — cxf) + b*Cx(8*d"2xe"2
+ 3kckdxexf + 4xcT2*f72) + Bxbxd*kfx (3xAxd*xf - Bx(2xd*e + c*xf)))*Sqrt[(b*(c
+ d*xx))/(bxc - a*xd)]*Sqrt[(bx(e + f*x))/(bxe - a*xf)]*EllipticF[ArcSin[(Sqrt
[d]*Sqrt[a + b*x])/Sqrt[-(bxc) + axd]], ((b*c - axd)*f)/(d*(b*xe - a*xf))])/(
15%b~2xd~ (5/2) *f~3*Sqrt [c + d*x]*Sqrtle + fxx])

Rule 1615

Int [(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_D)*(x_D)"(n_.)*x((e_.) + (f
_D)*(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simp[(k*(a + b*x)"(m + q - D*(c + d*xx)"(n + 1)*(e + f*x)"(p +

1))/ (dxf*xb"(q - D*x(m + n +p + q+ 1)), x] + Dist[1/(d*f*xb"g*x(m + n + p +

q + 1)), Int[(a + b*x) " m*x(c + d*x) n*x(e + fxx) p*ExpandToSum[d*f*b~q*(m + n
+p+qg+ 1)*Px - dxfxkx(m + n + p + g + D*(a + bxx)"q + kx(a + b*xx)"(q -
2)*(a"2xd*fx(m + n + p + g + 1) - b*x(b*cxex(m + q - 1) + ax(d*ex(n + 1) +

ckfx(p + 1))) + bx(axd*f*(2%x(m + q) + n + p) - b*x(d*ex(m + q + n) + cxf*x(m

+q+p)))*x), x], x], x]1 /; NeQIm + n + p + g+ 1, 0]] /; FreeQl{a, b, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x] && IntegersQ[2*m, 2*n, 2xp]

Rule 154

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_)*x(x_))"(n_)*((e_.) + (f_.)*(x_)
) (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[(h*(a + b*x) m*(c + d*x)~(n
+ 1)*x(e + £xx)"(p + 1))/(d*f*(m + n + p + 2)), x] + Dist[1/(d*f*(m + n + p
+ 2)), Int[(a + b*xx)"(m - 1)*(c + d*x) nx(e + f*xx) p*Simp[a*xd*fxg*(m + n +
p + 2) - h*x(b*ckxe*m + a*x(d*ex(n + 1) + cxf*x(p + 1))) + (bxd*fxgx(m + n + p
+ 2) + hx(a*d*f*m - b*(d*xex(m + n + 1) + cxfx(m + p + 1))))*x, x], x], x] /
; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && GtQ[m, 0] && NeQ[m + n + p +
2, 0] && IntegersQ[2*m, 2*n, 2*p]

Rule 158

Int[((g_.) + (h_)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e ) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtle + f*x]/(Sqrtla
+ bxx]*Sqrtlc + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtl[a + bxx]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fx*x]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrt[(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + fxx]*Sqrt[(b*(c + d*x))/(b*c - a*d)])/(Sqr
tlc + dxx]*Sqrt[(b*x(e + f*x))/(bxe - a*xf)]), Int[Sqrt[(b*e)/(bxe - axf) + (
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bxf*x)/(b*e - a*xf)]/(Sqrtla + bxx]*Sqrt[(b*c)/(b*c - axd) + (b*d*x)/(bxc -
axd)]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && '(GtQ[b/(bxc - axd), 0]
&& GtQ[b/(bxe - axf), 0]) && !'LtQ[-((b*c - axd)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (f_.)*x(x_)]1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
b*x] /Rt [-((bxc - axd)/d), 2]], (f*(bxc - axd))/(d*(b*xe - a*xf))])/b, x] /;

FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - a*d), 0] && GtQ[b/(bxe - axf),
0] && 'LtQ[-((b*c - a*d)/d), 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-
(d/(b*xc - axd)), 0] && GtQ[d/(dxe - cxf), 0] && !LtQ[(b*c - a*xd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - axd)]/Sqrtlc + dxx], Int[
1/(Sqrtla + b*xx]*Sqrt[(b*c)/(b*c - a*xd) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] & 'GtQ[(b*c - axd)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + fx*x]

Rule 120

Int[1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]*Sqrt[(b*c - axd)/bl)], (fx(bxc - a*xd))/(dx(b*e - a*xf))])/(b*Sqr
t[(bxe - axf)/bl), x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(b*c - axd),
0] && GtQ[b/(b*e - axf), 0] && SimplerQ[a + b*x, ¢ + d*x] && SimplerQ[a +
b*x, e + f*x] && (PosQ[-((bxc - a*xd)/d)] || NegQ[-((b*xe - a*xf)/f)])

Rubi steps
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1 1
\/a+bx(— 5b(BbcCe+aCde+acCf-5Abdf)+5b(5bBdf-2aCdf—

f Va + bx (A + Bx + sz) gy = 2C(a + bx)3/2 Ve + dxqfe + fx + Zf Vetdxqfe+fx
Ve +dxqJe+ fx s 5bd f 5pdf

_ 2(5bBdf —2aCdf — 4bC(de + cf)Va + bxve +dxqJe + fx .\ 2C(a + bx)32+c + dx
B 15bd2 f2 5bdf

_ 2(5bBdf —2aCdf —4bC(de + cf)Va + bxve +dxrJe + fx .\ 2C(a + bx)¥2+c + dx
B 15bd2 f2 5bdf

_ 2(5bBdf —2aCdf — 4bC(de + cf)Va + bxve + dxrfe + fx s 2C(a + bx)32+c + dx
B 15bd2 f2 5bdf

_ 2(5bBdf - 2aCdf — 4bC(de + cf))Va + bxVc + dxJe + fx .\ 2C(a + bx)¥2+c + dx
B 15bd2 f2 5bdf

2(5bBdf — 2aCdf — 4bC(de + cf))Va + bxVc + dxJe + fx  2C(a + bx)*?Vc + dx
= +
15bd2 2 Sbdf

Mathematica [C] time = 8.05182, size = 615, normalized size = 1.16

2|ibf(a + bx)32(be - ad), /Zi:;xi N ;‘::f; (aCdf(cf ~de) + 5bdf(BAS — BQcf + de)) + bC (8c2f2 + 3edef + 4d2

Antiderivative was successfully verified.

[In] Integrate[(Sqrt[a + b*x]*(A + B*x + C*x72))/(Sqrtlc + d*x]*Sqrtle + f*x]),x
]

[Out] (-2*%(b~2*Sqrt[-a + (b*c)/dl*(2*a~2xCxd"2*f~2 + axb*xd*f*(-5*xBxd*f + 3xCx(dxe
+ c*xf)) - b72x(C*x(8*%d™2%e”2 + Tkxcxdkexf + 8xc™2xf72) + Bxd*xf*x(3xA*xd*xf - 2%
Bx(d*e + c*f))))*(c + d*x)*(e + f*x) - b~2xSqrt[-a + (b*xc)/d]l*d*f*x(a + b*x)
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*(c + d*x)*(e + £*xx)*x(5xbxBxd*f + a*xCkd*f + b*Ckx(-4xdxe - 4*ckxf + 3*xd*f*x))
+ Ix(b*c - a*xd)*f*x(2*a 2+%Cxd~2*f"2 + axbxdxf*(-5%Bxd*f + 3*Cx(d*e + cx*f))
- b72%(C*(8*d"2*%e”2 + T7Txcxdxexf + 8+c™2+%f72) + Bxdxf*(3xAxd*xf - 2%Bx(d*e +

cxf))))*(a + b*x)~(3/2)*Sqrt[(b*(c + d*x))/(d*(a + bxx))]1*Sqrt[(bx(e + f*xx)
)/ (fx(a + b*x))]*EllipticE[I*ArcSinh[Sqrt[-a + (b*c)/d]/Sqrtla + b*x]], (bx
dxe - axd*xf)/(bxcxf - axd*f)] + I*bx(b*c - axd)*f*(a*xCxdxf*(-(dxe) + cxf) +
b*Cx (4xd~2%e”2 + 3*ckdkexf + 8xc™2xf~2) + Bxb*xd*f*(3xAxd*xf — Bx(d*e + 2xc*
£)))*x(a + bxx)~(3/2)*Sqrt [(bx(c + d*x))/(d*(a + b*x))]*Sqrt[(b*x(e + fx*x))/(
fx(a + b*x))]*EllipticF[I*ArcSinh[Sqrt[-a + (b*c)/d]/Sqrtla + bxx]], (b*xdxe
— axdxf)/(bxcxf - axd*f)]))/(15*%b~3*Sqrt[-a + (b*c)/d]l*d~3*f~3*Sqrt[a + bx
x]*Sqrt[c + dxx]*Sqrtle + fx*x])

Maple [B] time = 0.035, size = 6174, normalized size = 11.7

output too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x+a) ~(1/2)*(Cxx"2+Bxx+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2),x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

(sz + Bx + A)Vbx +a
f Vdx +cy/fx+e

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate((bxx+a)”(1/2)*(Cxx~2+Bxx+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2),x, algori
thm="maxima"

[Out] integrate((Cxx~2 + B*x + A)*sqrt(bxx + a)/(sqrt(d*x + c)*sqrt(f*x + e)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(sz + Bx + A)\/bx +avdx +cy/fx +e
dfx? + ce + (de + cf)x

integral

7
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)”(1/2)*(Cxx~2+Bxx+A)/(d*x+c)~(1/2)/(f*x+e)”~(1/2),x, algori

thm="fricas")

[Out] integral ((C*x72 + B*x + A)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)/(d*xf*x
~2 + cxe + (d*e + c*xf)*x), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

f a+bx A+Bx+Cx)

Ve +dxqJe+ fx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x+a)**(1/2)* (Cxx**2+B*x+A)/(d*x+c)**(1/2)/(f*xx+e)**(1/2) ,%)

[Out] Integral(sqrt(a + bxx)*(A + Bxx + Cxx**2)/(sqrt(c + d*x)*sqrt(e + f*x)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

(sz +Bx + A)\/bx +a
f Vdx +cy/fx+e

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx+a)~(1/2)*(Cxx~2+Bxx+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2),x, algori
thm="giac")

[Out] integrate((C*x~2 + B*x + A)*sqrt(bxx + a)/(sqrt(d*x + c)*sqrt(f*x + e)), x)
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A+Bx+Cx?
375 f \/a+bx\/c+dx\/e+fx dx

Optimal. Leaf size=387

2Vad — bey|"ED0 YD 0 f(de - f) - b(3df(Be — Af) - Celcf +2de)))EllipticF (sm—l (

Vdva+bx\  f(bc-ad)
be-af ) ) v
3b2d32 f24/c + dx+Je + fx

Vad-bc ! d(be-af)

[Out] (2xCxSqrt[a + b*x]*Sqrtlc + dxx]*Sqrtle + f*x])/(3*b*xd*f) - (2*Sqrt[-(b*c)
+ axd] * (2*%axCxd*xf - bx(3*xBxd*xf - 2xCx(d*e + c*f)))*Sqrt[(bx(c + d*x))/(b*c

- axd)]*Sqrtle + f*x]*EllipticE[ArcSin[(Sqrt[d]*Sqrtla + b*x])/Sqrt[-(b*c)

+ axd]], ((b*c - axd)*f)/(dx(bxe - axf))])/(3*b~2*d~(3/2)*xf~2*Sqrt[c + dx*x]
*Sqrt [(bx(e + f*xx))/(bxe - a*xf)]) + (2*xSqrt[-(b*xc) + axd]*(a*xCkxfx(d*e - cx*f

) = bx(3*xdxfx(Bke - A*f) - Cxex(2xd*e + cxf)))*Sqrt[(bx(c + d*x))/(bxc - ax
d)]*Sqrt [(bx(e + f*x))/(b*e - axf)]*EllipticF[ArcSin[(Sqrt[d]*Sqrtla + b*x]
)/Sqrt[-(b*xc) + axd]l], ((bxc - axd)*f)/(d*(b*xe - a*xf))])/(3xb~2xd~(3/2)*£f"2
*xSqrt[c + d*x]*Sqrtle + fx*xx])

Rubi [A] time = 0.505209, antiderivative size = 384, normalized size of antiderivative =

. : f rul
0.99, number of steps used = 7, number of rules used = 6, integrand size = 38, number of rules

= 0.158, Rules used = {1615, 158, 114, 113, 121, 120}

integrand size

b(c+dx) [b(e+fx) . 1 [ Vdva+bx\ , (be-ad)
ZVad—bcw/ﬁ %(—aCf(de—cf)+3bdf(Be—Af)—bCe(cf+2de))F(sm 1( \/%jbcx)ld(ze;f};) ) /e+f:

+

362432 f2+/c + dx+Je + fx

Antiderivative was successfully verified.

[In] Int[(A + Bxx + C*x"2)/(Sqrtl[a + b*x]*Sqrtlc + d*x]*Sqrtle + f*x]),x]

[Out] (2xCxSqrtla + b*x]*Sqrtlc + dxx]*Sqrtle + f*x])/(3*b*xd*f) + (2*xSqrt[-(b*c)
+ axd] * (3*b*xBxd*f - 2xa*xCxdxf - 2xb*Cx(d*e + cx*f))*Sqrt[(bx(c + d*x))/(bx*c

- axd)]*Sqrtle + f*x]*EllipticE[ArcSin[(Sqrt[d]l*Sqrtla + b*x])/Sqrt[-(b*c)

+ axd]], ((bxc - axd)*f)/(dx(bxe - axf))])/(3*b~2*d~(3/2)*f"2*xSqrt[c + dx*x]
*Sqrt [(bx(e + f*xx))/(bxe - a*xf)]) - (2*%Sqrt[-(b*xc) + axd]*(3*bxd*xf*x(Bxe - A

xf) — axCxf*x(dxe - cxf) - b*Cxex(2xdxe + c*f))*Sqrt[(b*(c + d*x))/(b*c - ax*
d)]*Sqrt [(bx(e + f*x))/(b*e - a*f)]*EllipticF[ArcSin[(Sqrt[d]*Sqrt[a + b*x]
)/Sqrt [-(bxc) + axd]], ((bxc - axd)*f)/(d*(b*e - a*xf))])/(3xb~2xd~(3/2)*£f"2
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xSqrt [c + dxx]*Sqrtle + fx*x])

Rule 1615

Int [(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_)*(x_))"(n_.)*x((e_.) + (f
_D)*(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simp[(k*(a + b*x)"(m + q - D*(c + d*x)"(n + 1)*x(e + £*x)"(p +

1))/ (dxf*xb"(q - D*x(m + n + p + q+ 1)), x] + Dist[1/(dxf*b"g*x(m + n + p +

q + 1)), Int[(a + b*x) m*x(c + d*x) n*x(e + fxx) p*ExpandToSum[d*f*b~q*(m + n
+p+qg+ 1)*Px - dxfxkx(m + n + p + g + )*x(a + bxx)"q + kx(a + b*xx)"(q -
2)x(a"2xd*fx(m + n + p + g + 1) - b*(b*c*xex(m + q - 1) + ax(d*ex(n + 1) +

cxfx(p + 1))) + bk(axd*f*x(2%(m + q) + n + p) - bk(d*xex(m + q + n) + c*xfx(m

+q+ p)))*x), x], x], x] /; NeQ[m + n + p + q + 1, 0]] /; FreeQ[{a, b, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x] && IntegersQ[2+*m, 2*n, 2xp]

Rule 158

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*x(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrt[(e_ ) + (f_.)*(x_)]1), x_Symbol] :> Dist[h/f, Int[Sqrt[e + f*x]/(Sqrtl[a
+ b*xx]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x1), x1, x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + f*x] && SimplerQ[c + d*x, e + fx*x]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*x]*Sqrt[(bx(c + d*x))/(b*xc - a*d)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*e - a*xf)]), Int[Sqrt[(bxe)/(b*e - a*xf) + (
bxf*x)/(bxe - axf)]/(Sqrtla + bxx]*Sqrt[(b*xc)/(bxc - axd) + (b*d*x)/(bxc -

axd)]), x], x] /; FreeQl{a, b, c, 4, e, £}, x] && '(GtQ[b/(bxc - axd), 0]

&& GtQ[b/(b*xe - axf), 0]) && 'LtQ[-((bxc - axd)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (f_.)*(x_)]/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bxx] /Rt [-((bxc - axd)/d), 211, (f*x(b*c - axd))/(d*(bxe - axf))])/b, x] /;
FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(bxc - axd), 0] && GtQ[b/(bxe - axf),
0] && 'LtQ[-((b*c - a*d)/d), 0] && !'(SimplerQ[c + d*x, a + b*x] && GtQ[-

(@/(bxc - a*xd)), 0] && GtQ[d/(d*e - cxf), 0] && !'LtQ[(b*c - a*xd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - a*d)]/Sqrtlc + d*x], Int[
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1/(Sqrt[a + b*x]*Sqrt[(b*c)/(b*c - a*xd) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] & !GtQ[(bxc - a*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*xx, e + fx*x]

Rule 120

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]1*Sqrtl[(b*c - a*xd)/bl)], (fx(bxc - axd))/(d*(bxe - a*xf))])/(b*Sqr
t[(bxe - axf)/bl), x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*xc - ax*xd),
0] && GtQ[b/(b*e - axf), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a +
b*x, e + f*x] && (PosQ[-((bxc - a*d)/d)] || NegQ[-((b*xe - a*xf)/f)])

Rubi steps
) ~ 3 b(beCe+aCde+acC f~3Abd f)+ 5 b(3bBd f~2aCd f~2bC(de-+c f))x
f A + Bx + Cx? e 2CVa + bxVc + dxyJe + fx . J Vatbryerdi et fx
Va + bxvc +dx+Je + fx 3bdf 3b2df
\e+fx 3
~ ZC\/LZ + bx\/c + dx\/e +fx . (Sdef - ZaCdf - ZbC(de + Cf)) f—m — dx B (_
N 3bdf 3bdf2
e ((Bbdf(Be—Af) — aCf(de - cf) - bCe(2de + cf))y
a XVC X+/€ X
B 3bdf ) 3bdf2\c + dx

b(c+dx)
B 2CVa + bxve + dx\/e T fx . 2V=bc + ad(3bBdf — 2aCdf — 2bC(de + cf))+/ oo\
3bef 3622 2+ dx o

b(c+dx)
B 2C\a + bxve + dx\/e T fx . 2V-bc + ad(3bBdf — 2aCdf — 2bC(de + cf))+/ rood \
B bd .
3bef BU2d2 2N + dx | o




495

Mathematica [C] time = 5.83552, size = 418, normalized size = 1.08

JE-
. b(c+dx) | b(e+fx) 2 _ 2 e . P | d bde—adf
2ibfVa+bx, | d(ﬂ+bx),/ Farhs (aCd(cf~de)+b(3Ad? f+cd(Ce-3Bf)+2¢2Cf) EllipticF| i sinh T | beradr
2b%(c+dx)(e+ fx)(2aCd f -
Va + bx -
be a+bx

E—ﬂ

Antiderivative was successfully verified.

[In] Integrate[(A + B*xx + Cxx"2)/(Sqrtl[a + bxx]*Sqrtl[c + d*x]*Sqrtle + fx*x]),x]

[Out] (Sqrtla + bxx]*(2%b~2xCxd*fx(c + dxx)*(e + fxx) - (2*¥b72%(-3*b*Bxd*f + 2*ax
Ckdxf + 2*b*Cx(d*e + cxf))*(c + d*x)*(e + f*x))/(a + bxx) + (2*xI)*Sqrt[-a +
(b*c)/d] *d*f* (3xb*Bxd*f - 2*axCkxd*f - 2xb*Cx(d*e + c*f))*Sqrtl[a + b*x]*Sqr
t[(bx(c + d*x))/(d*(a + b*x))]*Sqrt[(b*x(e + fxx))/(f*x(a + b*x))]*EllipticE[
I*ArcSinh[Sqrt[-a + (bxc)/d]/Sqrtla + b*x]], (b*dxe - axd*f)/(b*cxf - axd*f
)] + ((2%I)*b*xf*(a*xCkxd*(-(d*e) + c*f) + b*(2*%c™24Cxf + 3xAxd~2xf + cxd*(Cxe
- 3%B*f)))xSqrt[a + b*x]*Sqrt[(b*(c + d*x))/(d*(a + bxx))]*Sqrt[(bx(e + fx*
x))/(fx(a + b*x))]*EllipticF[I*ArcSinh[Sqrt[-a + (b*c)/d]/Sqrtl[a + b*xx]], (
bxd*e - axd*xf)/(bxcxf - axd*f)])/Sqrt[-a + (b*c)/d]))/(3*xb~3*d"2*f"2*Sqrt [c
+ d*x]*Sqrt[e + fxx])

Maple [B] time = 0.028, size = 2497, normalized size = 6.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((Cxx~2+B*xx+A)/(b*x+a) ~(1/2)/(d*x+c)~(1/2)/(f*xx+e)~(1/2),x)

[Out] 2/3*%(Cxaxb~2xckxdxexf+2+C* (d* (b*x+a)/(axd-b*xc) )~ (1/2)*(-(f*x+e) *b/ (axf-b*e))
~(1/2) * (= (d*x+c) *b/ (a*d-b*c) ) ~(1/2) *E1lipticE((d* (b*x+a)/(axd-b*xc))~(1/2),(
(a*xd-b*c)*f/d/ (axf-b*xe)) " (1/2))*a~3*%d"2+f " 2+2*C* (d* (b*x+a) / (axd-bxc) )~ (1/2)
*x (- (fxx+e) *b/ (axf-bxe) )~ (1/2) * (- (d*x+c) *b/ (a*d-b*c) ) ~(1/2) *E1llipticE((d* (b*
x+a) /(a*xd-bxc))~(1/2), ((axd-b*c)*f/d/ (a*xf-b*xe)) ~(1/2))*b~3*kcxd*xe 2+3*%Ax (d*(
b*xx+a)/ (axd-bxc) )~ (1/2) * (- (f*x+e) *b/ (axf-bxe) )~ (1/2) * (- (d*x+c) *b/ (axd-b*c) )
~(1/2)*EllipticF ((d*(b*x+a)/(axd-b*c))~(1/2), ((a*d-bxc)*f/d/(axf-b*xe))~(1/2
) ) *axb”2+xd"2+f "2-3xAx (d* (bxx+a) / (axd-b*c)) ~(1/2) * (- (f*x+e) *b/ (axf-bxe) )~ (1/
2) * (= (d*x+c) *b/ (a*xd-b*c) )~ (1/2) *E11lipticF ((d* (b*x+a) / (a*d-b*c)) ~(1/2), ((axd
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-bxc) *f/d/ (axf-b*xe)) " (1/2))*b~3*ckd*f " 2+C*x"2*axb~2xd " 2*f ~2+Cxx~3*b~3*d " 2*f
"2+Ckx*axb 2k ckd*f T 2+Ckx*kaxb"2+d " 2kexf+Cxxxb 3k ckd*exf-3*B* (d* (bxx+a)/ (axd-
b*c)) " (1/2)* (- (f*x+e) *xb/ (a*xf-bxe)) ~(1/2) * (- (d*x+c) *b/ (a*d-b*c)) ~(1/2) *E1llip
ticE((d*(b*x+a)/(axd-bxc))~(1/2), ((a*xd-bxc)*f/d/(axf-bxe)) " (1/2))*b~3*c*dx*e
*f+C*x " 2%b "3k ckd*f "2+Ckx " 2xb " 3*%d " 2*e*xf-3*B* (d*x (b*x+a) / (axd-b*xc) )~ (1/2) * (- (£
xx+e) *b/ (axf-bxe) )~ (1/2) * (- (d*x+c) *b/ (a*d-b*c) ) ~(1/2)*E1llipticE((d* (b*x+a)/
(a*xd-b*xc))~(1/2), ((axd-b*c)*f/d/ (a*xf-b*xe)) " (1/2))*a~2*xb*d”~2*f ~2+C* (d* (b*x+a
)/ (axd-b*c)) ™ (1/2) * (- (f*x+e) *b/ (a*xf-b*e) ) ~(1/2) * (- (d*x+c) *b/ (a*d-b*c) ) ~(1/2
)*E1lipticF ((d*(b*x+a)/(a*xd-bxc))~(1/2), ((axd-b*c)*f/d/(a*xf-bxe))~(1/2))*ax
b~ 2xc"2xf " 2+2xC* (d* (b*x+a) / (a*xd-b*xc) ) ~(1/2) * (- (f*¥x+e) *b/ (a*f-b*xe) ) ~(1/2) * (-
(d*x+c)*b/ (a*xd-bxc))~(1/2)*EllipticF ((d* (b*x+a)/(a*xd-b*c))~(1/2), ((a*d-b*c)
*xf/d/ (axf-bxe)) " (1/2))*a*xb~2xd " 2xe”~2-C* (d* (b*x+a) / (axd-b*c)) ~(1/2) * (- (f*x+e
)*¥b/ (axf-bxe) )~ (1/2)* (- (d*x+c)*b/(a*d-b*c) )~ (1/2)*E1llipticF ((d* (bxx+a)/(a*d
-b*xc))~(1/2), ((axd-b*c)*xf/d/ (axf-b*xe)) ~(1/2) ) *b"3*xc"2*exf-2xC* (d* (b*x+a) / (a
*d-b*c)) " (1/2) * (- (f*x+e) *b/ (a*xf-b*e)) " (1/2) * (- (d*x+c) *b/ (axd-b*c) )~ (1/2) *E1
lipticF((d*(bxx+a)/(a*d-b*c))~(1/2), ((a*xd-bxc)*f/d/(axf-b*e)) ~(1/2))*b~3*c*
d*xe”2-2*xCx* (d* (b*x+a) / (a*d-b*c)) ~(1/2) x (- (f*x+e) *b/ (a*xf-b*xe)) " (1/2) * (- (d*x+c
)*b/ (a*xd-b*c)) ~(1/2)*E1lipticE((d* (bxx+a)/(a*d-b*c))~(1/2), ((a*d-b*xc)*f/d/(
axf-bxe)) " (1/2)) *axb™2xc~2xf~2-2+C* (d* (b*x+a) / (axd-b*xc) ) ~(1/2) * (- (f*x+e) *b/
(axf-bxe))~(1/2)x (- (d*x+c)*b/ (a*d-b*c)) ~(1/2) *E1lipticE((d* (b*x+a)/(a*xd-b*c
))"(1/2), ((a*xd-b*c) *f/d/ (axf-bxe) )~ (1/2)) *xa*xb™2*xd"2*e”~2+2*C* (d* (b*x+a) / (a*d
-bxc)) " (1/2)* (- (f*x+e) *b/ (axf-b*xe) ) ~(1/2) * (- (d*x+c) *b/ (a*d-bxc)) ~(1/2)*E11li
pticE((d* (bxx+a)/(a*d-bxc))~(1/2), ((a*d-b*c)*f/d/(axf-bxe) )~ (1/2))*b~3xc~2%
exf-2+C* (d* (b*xx+a) / (axd-b*xc) )~ (1/2) * (- (f*x+e) *b/ (axf-b*xe) ) ~(1/2) * (- (d*x+c) *
b/ (a*xd-bxc))~(1/2)*EllipticE((d*(b*x+a)/(a*d-b*c))~(1/2), ((a*xd-bxc)*f/d/ (a*
f-b*xe)) " (1/2))*axb~2xckxd*e*xf-C* (d* (b*xx+a) / (axd-b*xc) )~ (1/2) * (- (f*x+e) *b/ (axf
-bxe) )~ (1/2)* (- (d*x+c)*b/ (a*xd-b*xc)) ~(1/2)*E1llipticF ((d* (b*x+a)/(a*xd-b*c))~(
1/2), ((axd-bxc)*f/d/ (axf-b*xe) )~ (1/2))*a”2xb*xcxd*f ~2+C* (d* (b*x+a) / (a*d-b*c))
~(1/2) % (- (fxx+e) *b/ (axf-b*e)) ~(1/2) * (- (d*x+c) *b/ (axd-b*c)) ~(1/2) *E11lipticF(
(d* (bxx+a)/(axd-b*xc) )~ (1/2), ((axd-b*c)*f/d/ (axf-b*xe) )~ (1/2))*a"2xbxd " 2*xexf-
3*B* (d*x (b*x+a) / (axd-b*c)) ~(1/2) * (- (f*xx+e) *b/ (axf-bxe) )~ (1/2) * (- (d*x+c) *b/ (a
xd-b*c) )~ (1/2)*E1lipticF ((d* (b*x+a)/(a*d-b*xc))~(1/2), ((axd-b*c)*f/d/ (a*xf-bx
e)) " (1/2))*xa*xb”2xd"~2xe*xf+3*B* (d* (b*x+a) / (a*d-bxc) )~ (1/2) x (- (f*x+e) *b/ (a*f-b
xe) )~ (1/2)* (- (d*x+c)*b/ (a*d-bx*c))~(1/2)*EllipticF ((d* (b*x+a)/(axd-b*c))~(1/
2), ((a*xd-bxc)*f/d/ (axf-bxe)) " (1/2)) *b~3*cxd*xe*xf+3*xB* (d*x (bxx+a) / (a*d-b*xc)) ~(
1/2) * (= (fxx+e) *b/ (axf-b*e)) ~(1/2) * (- (d*x+c) *b/ (a*xd-b*c) )~ (1/2)*E11lipticE((d
* (bxx+a) /(axd-b*xc) )~ (1/2), ((axd-b*c)*f/d/ (axf-b*e) )~ (1/2) ) *a*xb” 2xc*d*f~2+3*
B* (d* (b*x+a) / (a*d-b*xc) )~ (1/2) *x (- (f*x+e)*b/ (axf-bxe)) ~(1/2) * (- (d*x+c) *b/ (axd
—-b*c))~(1/2)*E1llipticE((d* (b*x+a)/(axd-b*xc))~(1/2), ((a*d-b*c)*f/d/ (a*xf-bxe)
)7 (1/2)) *axb™2xd " 2%exf ) *x (bxx+a) ~ (1/2) * (d*x+c) ~(1/2) *(f*x+e)~(1/2)/£~2/b"3/4d
"2/ (b*xd*f*x"3+axd*f*x"2+bxcxf*x~2+b*d*e*x ™ 2+a*xckf*x+axdrexx+bxckexx+axcke)
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Maxima [F] time = 0., size = 0, normalized size = 0.

f Cx2+Bx+ A 0
Vbx + aVdx + cy[fx +e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+B*x+A)/(b*x+a)~(1/2)/(d*x+c)”~(1/2)/(f*x+e)~(1/2),x, algori
thm="maxima")

[Out] integrate((C*x~2 + B*x + A)/(sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Cx2 + Bx + A)\/bx +avdx + cy/fx +e
bdf® + ace + (bde + (be + ad)f)x2 + (acf + (be + ad)e)x’ *

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(b*xx+a)~(1/2)/(d*x+c)~(1/2)/(f*x+e)”~(1/2),x, algori
thm="fricas")

[Out] integral((C*x~2 + Bxx + A)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)/(bxdxf
*x73 + axcxe + (bxdxe + (b*c + a*d)*f)*x"2 + (axcxf + (bxc + axd)*e)*x), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

A + Bx + Cx?
f dx
Va + bxve + dxyfe + fx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxx**2+Bxx+A)/(b*x+a)**(1/2)/(d*x+c)**(1/2)/(f*x+e)**(1/2),x)

[Out] Integral((A + B*x + Cxx*x2)/(sqrt(a + bxx)*sqrt(c + d*x)*sqrt(e + f*x)), x)
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Giac [F] time = 0., size = 0, normalized size = 0.

f Cx*+Bx+ A p
x
Vbx + aVdx + cy[fx +e
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(b*x+a)~(1/2)/(d*x+c)”~(1/2)/(f*x+e)~(1/2),x, algori
thm="giac")

[Out] integrate((C*x~2 + B*x + A)/(sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)), x)
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A+Bx+Cx?
3.76 f (a+bx)32Ve+dxrfe+ fx dx

Optimal. Leaf size=422

b(ctdx) [ble+fx) . .1 (VdVatbx\  f(bc-ad) b(ctdx) [ -
2\ HB) [H (aC(de - cf) - bAAS - Bef +cCe))EllipticF (sm ( o ) d(be_m) 2T iy G (0
v2\dfve + dx+Je + fxvad - be

[Out] (-2*%(A*b~2 - ax(b*B - a*C))*Sqrtlc + d*xx]*Sqrtle + fx*xx])/(b*(b*c - axd)*(b*
e - axf)*Sqrtla + bxx]) - (2%(2*%a~2*Cxd*f + b~2x(cxCxe + A*xd*xf) - axb*(Cxdx

e + c*Cxf + Bxd*f))*Sqrt[(bx(c + d*x))/(b*c - axd)]*Sqrtle + f*x]*EllipticE
[ArcSin[(Sqrt[d]*Sqrt[a + b*xx])/Sqrt[-(bxc) + axd]], ((bxc - axd)*f)/(d*(b*

e - axf))])/(b72xSqrt [d] *Sqrt [-(bxc) + axd]*f*(b*e - a*xf)*Sqrtlc + d*x]*Sqr
tl(bx(e + £*x))/(b*xe - axf)]) - (2x(axCx(d*e - c*f) - b*(cxCke - Bkcxf + Ax
dxf))*Sqrt [(b*x(c + d*x))/(bxc - a*xd)]*Sqrt[(b*x(e + f*x))/(b*e - a*xf)]*Ellip
ticF[ArcSin[(Sqrt[d]*Sqrt[a + bxx])/Sqrt[-(bxc) + axd]], ((bxc - axd)*f)/(d
*(bxe - axf))])/(b~2xSqrt [d]*Sqrt [-(b*c) + axd]*f*Sqrtl[c + d*x]*Sqrtle + fx

x])

Rubi [A] time = 0.69101, antiderivative size = 422, normalized size of antiderivative

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 38, fomner o e

0.158, Rules used = {1614, 158, 114, 113, 121, 120}

integrand size

2o+ Py B2 (262Cf — ab(Bdf + cCf + Cae) + (A +cCe)) E (sin™ (“j_vdj) e BN e ey

b Nif Ve + dxad = be(be - af) |5 bVa + b

Antiderivative was successfully verified.

[In] Int[(A + Bxx + C*x~2)/((a + b*x)~(3/2)*Sqrt[c + d*x]*Sqrtle + f*x]),x]

[Out] (-2*%(A*b"2 - ax(b*B - a*C))*Sqrtl[c + d*x]*Sqrtle + f*x])/(b*x(b*c - axd)x*(bx*
e - axf)*Sqrtla + b*x]) - (2%(2*%a~2*Cxd*f + b~2x(cxCxe + A*xd*xf) - axb*(Cxdx
e + c*Cxf + Bxd*f))*Sqrt[(bx(c + d*x))/(b*c - a*xd)]*Sqrt[e + f*x]*EllipticE
[ArcSin[(Sqrt[d]*Sqrt[a + b*xx])/Sqrt[-(bxc) + axd]], ((bxc - axd)*f)/(dx*(b*
e — axf))])/(b~2*Sqrt [d] *Sqrt [-(b*c) + axd]*f*x(b*e - axf)*Sqrtl[c + d*x]*Sqr
tl(bx(e + £*x))/(b*xe - axf)]) - (2*x(axCx(d*e - c*f) - bx(c*Cke - Bkcxf + Ax
dxf))*Sqrt [(b*x(c + d*x))/(bxc - axd)]*Sqrt[(b*x(e + f*x))/(b*e - a*xf)]*Ellip
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ticF[ArcSin[(Sqrt[d]*Sqrt[a + bxx])/Sqrt[-(bxc) + axd]], ((b*c - axd)x*f)/(d
*(bxe - axf))])/(b~2xSqrt[d]*Sqrt[-(b*c) + a*xd]*f*Sqrt[c + d*x]*Sqrtle + f*
x])

Rule 1614

Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*x(x_)) " (m_.)*x((e_.) + (f_
Dx(x_))"(p_.), x_Symbol] :> With[{Qx = PolynomialQuotient[Px, a + b*x, x],
R = PolynomialRemainder[Px, a + b*x, x]}, Simp[(b*R*(a + b*x)"(m + 1)*(c +
d*x)"(n + D)*(e + £*xx)"(p + 1))/((m + 1) *(b*c - a*d)*(b*e - axf)), x] + Di
st[1/((m + 1)*(bxc - axd)*(bxe - axf)), Int[(a + b*x)"(m + 1)*x(c + d*x) n*(
e + fxx) pxExpandToSum[(m + 1)*(b*c - ax*xd)*(bxe - axf)*Qx + axd*f*Rx(m + 1)
- b*Rk(d*ex(m + n + 2) + c*xf*(m + p + 2)) - b*d*xf*R*x(m + n + p + 3)*x, x],
x], x]1 /; FreeQ[{a, b, ¢, d, e, f, n, p}, x] && PolyQ[Px, x] && LtQ[m, -1
] && IntegersQ[2*m, 2*n, 2xp]

Rule 158

Int[((g_.) + (h_)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*
Sqrt[(e_ ) + (£f_.)*(x_)]1), x_Symbol] :> Dist[h/f, Int[Sqrt[e + f*x]/(Sqrtla
+ bxx]*Sqrtlc + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrtl[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fxx]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + f*xx]*Sqrt[(b*x(c + d*x))/(b*c - axd)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*xx))/(b*e - axf)]), Int[Sqrt[(bxe)/(b*e - a*xf) + (
bxf*x)/(bxe - axf)]/(Sqrtla + bxx]*Sqrt[(b*c)/(bxc - axd) + (b*d*x)/(bxc -

axd)]), x1, x] /; FreeQ[{a, b, c, d, e, £}, x] & !'(GtQ[b/(b*c - a*d), 0]

&& GtQ[b/(b*e - axf), 0]) && !LtQ[-((b*c - axd)/d), O]

Rule 113

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - a*f)/d), 2]*EllipticE[ArcSin[Sqrt[a +
b*x] /Rt [-((bxc - axd)/d), 211, (f*(bxc - axd))/(d*(b*e - a*xf))])/b, x] /;
FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*c - ax*d), 0] && GtQ[b/(b*xe - axf),
0] && 'LtQ[-((b*c - a*d)/d), 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-

(d/(b*c - axd)), 0] && GtQ[d/(d*e - cxf), 0] && 'LtQ[(b*c - a*xd)/b, 0])

Rule 121
Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
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1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - axd)]/Sqrtlc + dxx], Int[
1/(Sqrtla + b*x]*Sqrt[(b*xc)/(b*xc - a*xd) + (b*d*x)/(b*c - axd)]*Sqrtle + fx*x
1), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] & 'GtQ[(b*c - axd)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + fx*x]

Rule 120

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)Ix*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]1*Sqrtl[(b*c - a*d)/bl)], (fx(bxc - axd))/(d*(bxe - a*xf))])/(b*Sqr
t[(b*xe - axf)/bl), x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*xc - ax*xd),
0] && GtQ[b/(b*e - axf), 0] && SimplerQ[a + b*x, c + dxx] && SimplerQ[a +
b*x, e + f*xx] && (PosQ[-((b*xc - a*d)/d)] || NegQ[-((b*xe - axf)/f)])

Rubi steps
b2Bce+a®C(de+cf)-ab(cCe+Bde+Bef-Adf) 1( 2a
f A + Bx + Cx? - _Z(Abz—a(bB—aC)) Ve +dxJe+ fx ~ f Vit beNerix
(a + bx)¥2vc + dxqJe + fx b(bc — ad)(be — af)Va + bx (be — ad)(be
2 (A - a(bB - aC)) Ve + duyfe  fx  (aC(de—cf) = b(cCe ~ Bef + Adf)) [
= - +
b(bc — ad)(be — af)Va + bx b(be — ad) f

2(AB? - a(bB - aC)) Ve + dxye T fx ((aC(de —cf) = b(cCe - Bef + Adf))y
- +

b(bc — ad)(be — af)Va + bx b(bc —ad)f

2 (A - a(bB - aC)) Ve dryfe  fx 2 (202Cdf + P2(cCe + Adf) — ab(Cde
b(bc — ad)(be — af)Va + bx NN

2 (A - a(bB - aC)) Ve + dryfe + fx 2 (2a2Cdf + B2(cCe + Adf) — ab(Cde
b(bc — ad)(be — af)Va + bx NN
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Mathematica [C] time = 5.56614, size = 477, normalized size = 1.13

be
Ne=
ib(a-+b2)32ad—be) | W) B (0o )+ Ad f~Bde-rcCe))ElipticE| i sinh ™| Y4 | e
(a+bx) '\ f(a+bx) Vatbx | bef-adf 5 )
b (c+dx)(e+fx)(2a Cdf—-ab(Bdf+cCf+Cde)-
+

be df
d 7 —a

2

b3Va + bax

Antiderivative was successfully verified.

[In] Integrate[(A + Bxx + Cxx"2)/((a + bxx)~(3/2)*Sqrtlc + dxx]*Sqrtle + f*x]),x
]

[Out] (2x(-(b"2x(A*b~2 + a*x(-(b*B) + a*C))*(c + d*x)*(e + fxx)) + (b~2%(2*a~2*Cxd
*f + b7 2% (c*xCxe + A*xd*xf) - axbx(Ckxdxe + c*xCxf + Bxd*f))*(c + d*xx)*(e + f*xx)
)/ (d*f) + (Ix(b*c - axd)*(2xa"2xCkd*f + b~ 2% (cxCxe + Axdxf) - axb*(Cxdxe +
cxCxf + Bxd*f))*(a + bxx)~(3/2)*Sqrt[(bx(c + d*x))/(d*(a + b*x))]*Sqrt[(b*(
e + f*x))/(f*(a + b*x))]*EllipticE[I*ArcSinh[Sqrt[-a + (b*c)/d]/Sqrtla + bx
x]], (bxd*e - axd*f)/(b*xcxf - axd*f)])/(Sqrt[-a + (b*c)/dl*d) + (I*b*(-(bx*c
) + axd)*(a*Cx(dxe - cxf) + bx(cxCkxe - Bkxdxe + Axdxf))*(a + b*x)~(3/2)*Sqrt
[(bx(c + d*x))/(d*(a + b*x))]*Sqrt[(bx(e + f*x))/(f*(a + b*x))]*EllipticF[I
xArcSinh[Sqrt[-a + (b*c)/d]l/Sqrtla + b*x]], (bxd*e - a*xd*f)/(bxc*f - axdxf)
1)/(Sqrt[-a + (b*c)/dl*d)))/(b~3*(b*c - a*xd)*(bxe - axf)xSqrt[a + b*x]*Sqrt
[c + dxx]*Sqrtle + f*xx])

Maple [B] time = 0.045, size = 3984, normalized size = 9.4

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((Cxx~24Bxx+A)/(b*xx+a) " (3/2)/(d*x+c)~(1/2)/(fxx+e)~(1/2),x)

[Out] 2% (-Axb~4xc*xd*exf-Axx"2*b~4*d~2+f"2+A*E1lipticF ((d* (b*x+a)/(axd-b*c))~(1/2)
, (Caxd-bxc)*f/d/ (axf-bxe)) "~ (1/2))*a~2*xb~2xd~2*xf ~2* (d* (b*x+a) / (a*d-bxc)) ~(1/
2) * (- (fxx+e) *b/ (axf-b*e) )~ (1/2) * (- (d*x+c) *b/ (a*xd-b*c)) ~(1/2)-A*EllipticE((d
* (bxx+a) /(a*xd-b*xc) )~ (1/2), ((a*d-b*c) *f/d/ (a*xf-b*xe) ) ~(1/2) ) *a~2%b~2+xd "~ 2*f "2
(d* (b*x+a) / (a*xd-b*xc)) " (1/2) * (- (fxx+e) *b/ (a*xf-b*e)) ~(1/2) * (- (d*x+c) *b/ (a*d-b
xc)) " (1/2)+B*xE1lipticF ((d*(b*x+a)/(axd-b*xc))~(1/2), ((a*d-b*c)*f/d/ (a*xf-bxe)
)" (1/2)) *axb”3*xc”2xf 2% (d* (bxx+a) / (a*d-b*c)) " (1/2) * (- (f*x+e) *b/ (axf-b*e)) ~(
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1/2)* (= (d*x+c)*b/ (axd-bxc) )~ (1/2) -B*E1llipticF ((d* (b*x+a)/ (a*d-b*c)) ~(1/2), (
(axd-b*c)*f/d/ (axf-bxe) )~ (1/2)) *b~4xc”~2xex*xf* (d* (b*xx+a) / (a*d-b*xc)) " (1/2) *x (= (
fxx+e) *b/ (axf-bxe) )~ (1/2)* (- (d*x+c)*b/(a*xd-b*xc) )~ (1/2)+B*xE1lipticE((d* (b*x+
a)/(a*xd-b*xc)) " (1/2), ((axd-b*c)*f/d/ (a*xf-b*xe)) " (1/2) ) *a~3*xb*xd~2+f ~2* (d* (b*xx+
a)/(axd-bx*c) )~ (1/2) * (- (fxx+e) *b/ (axf-b*e) )~ (1/2) * (- (d*x+c) *b/ (a*xd-b*c)) ~(1/
2)-CxEllipticF ((d* (b*xx+a)/(a*d-b*c))~(1/2), ((axd-bxc)*f/d/(axf-b*xe))~(1/2))
*a"2xb7 2% c 7 2xf 2% (d* (b*x+a) / (a*d-b*c) ) ~(1/2) * (- (fxx+e) *b/ (axf-b*xe) ) ~(1/2) *(
- (d*x+c) *b/ (axd-b*xc)) " (1/2)+CxEllipticF ((d* (b*x+a)/(axd-b*xc))~(1/2), ((a*d-b
*c)*f/d/ (axf-bxe)) " (1/2))*a~2%b~2+xd"2*e” 2% (d* (b*x+a) / (a*xd-bxc) )~ (1/2) * (- (£*
x+e) *b/ (axf-b*e)) ~(1/2) * (- (d*x+c) *b/ (axd-b*c)) ~(1/2)-CxEllipticE((d* (b*x+a)
/(axd-b*c) )~ (1/2), ((axd-bxc)*f/d/ (axf-bxe) )~ (1/2) ) *a”~2xb"2*xc~2*xf ~2* (d* (b*x+
a)/(a*xd-b*c)) ~(1/2) * (- (fxx+e) *b/ (a*xf-b*e)) ~(1/2) * (- (d*x+c) *b/ (a*xd-b*c)) ~(1/
2)-CxE1llipticE((d* (b*x+a)/(a*d-b*c))~(1/2), ((axd-bxc)*f/d/(axf-b*xe))~(1/2))
*a " 2%b"2*%d"2*xe” 2% (d* (bxx+a) / (a*xd-b*c)) ~(1/2) * (- (f*xx+e) *b/ (axf-bxe) )~ (1/2) *(
- (d*x+c) *b/ (axd-b*c) )~ (1/2) -Axx*b~4*c*xd*f~2-2+%C*E11ipticE((d* (b*x+a)/(a*d-b
*c))~(1/2), ((a*d-bxc) *f£/d/ (axf-bxe)) ~(1/2))*xa~4*xd~2*xf~2x (d* (b*xx+a) / (a*xd-b*c
)) " (1/2) % (= (£xx+e) *b/ (axf-bxe)) " (1/2) * (- (d*x+c) *b/ (a*d-b*c)) ~(1/2)-CxEllipt
icE((d*x(bxx+a)/(axd-bxc))~(1/2), ((axd-bxc)*xf/d/ (axf-bxe) )~ (1/2)) *b"4xc " 2xe”
2% (d* (b*x+a) / (axd-b*xc) ) ~(1/2) * (- (f*x+e) *b/ (a*xf-b*e) )~ (1/2) * (- (d*x+c) *b/ (a*d
-b*c)) ~(1/2)+B*E1llipticF ((d* (b*x+a)/(a*d-b*c))~(1/2), ((axd-b*xc)*f/d/ (axf-bx*
e)) " (1/2)) *axb~3*kxckxd*xexf* (d* (b*x+a) /(a*d-b*xc)) " (1/2) * (- (f*x+e) *b/ (a*f-b*e))
~(1/2)* (= (d*x+c) *b/ (a*xd-b*c) ) ~(1/2)+B*E1llipticE((d* (b*x+a)/(axd-bxc))~(1/2)
, ((a*d-bx*c) *f/d/ (a*xf-bxe) )~ (1/2) ) *axb~3kckd*xexf* (d* (b*xx+a)/(axd-bxc))~(1/2)
x (- (f*x+e) *xb/ (a*xf-bxe)) ~(1/2) * (- (d*x+c) *b/ (a*d-b*c)) ~(1/2)+CxE1lipticF ((d*(
bxx+a) /(a*xd-bxc))~(1/2), ((axd-bxc)*f/d/ (axf-bxe) )~ (1/2))*a"2xb~2*xcxd*e*xf*(d
* (b*x+a) / (axd-b*xc)) " (1/2) * (- (f*x+e) *b/ (a*xf-b*xe) )~ (1/2) * (- (d*x+c) *b/ (a*d-b*c
))~(1/2)-5%C*E1llipticE((d*(b*x+a)/(axd-b*xc))~(1/2), ((a*d-b*c)*f/d/ (a*xf-bxe)
)~ (1/2))*a~2xb~2*xc*xd*exf* (d* (b*x+a) /(axd-b*c) ) ~(1/2) * (- (f*xx+e) *b/ (a*xf-bxe))
~(1/2) * (- (d*x+c) *b/ (a*d-b*c)) ~(1/2) -A*E11lipticF ((d* (b*x+a) / (a*d-bx*c))~(1/2)
, ((axd-bxc)*f/d/ (a*xf-b*e)) " (1/2) ) *axb~3xcxd*f 2% (d* (b*x+a) / (axd-b*xc) )~ (1/2)
x (= (f*x+e) *xb/ (axf-bxe)) ~(1/2) * (- (d*x+c) *b/ (a*d-b*c)) ~(1/2) -A*E11lipticF ((d*(
bxx+a)/(a*xd-b*xc)) " (1/2), ((axd-b*c)*f/d/ (axf-b*xe) )~ (1/2) ) *a*b~3*xd~2*xexf* (dx* (
bxx+a) / (axd-b*c)) ~(1/2) * (- (f*x+e) *b/ (axf-b*xe)) " (1/2)* (- (d*x+c) *b/ (a*d-b*c) )
~(1/2)+A*E1lipticF ((d* (b*xx+a)/(a*xd-bxc))~(1/2), ((axd-b*c)*f/d/(axf-bxe)) (1
/2)) ¥b"4*xckdxexf* (d* (bxx+a)/ (axd-b*c)) ~(1/2) * (- (f*xx+e)*b/ (axf-bxe) )~ (1/2) *(
- (d*x+c) *b/ (axd-b*c) )~ (1/2)+AxEllipticE((d* (b*x+a)/(a*xd-b*c))~(1/2), ((a*d-b
xc)*f/d/ (axf-b*e) )~ (1/2) ) *a*b”3xc*xd*xf 2% (d* (b*x+a) / (a*d-bxc)) ~(1/2) * (- (f*x+
e) *b/ (axf-bxe) )~ (1/2)* (- (d*x+c) *b/ (axd-b*xc) )~ (1/2)+3*C*E1lipticE((d* (b*x+a)
/ (axd-b*c)) ~(1/2), ((axd-bxc)*f/d/ (a*xf-b*e)) ~(1/2) ) *a”~3xbxd~2*e*f* (d* (b*x+a)
/ (axd-bxc) )~ (1/2) x (- (f*x+e) *b/ (axf-bxe) )~ (1/2) * (- (d*x+c) *b/ (axd-b*c)) " (1/2)
+2*CxE1lipticE((d* (b*x+a)/(a*d-b*c))~(1/2), ((a*xd-bxc)*f/d/(axf-b*xe))~(1/2))
*axb " 3*xc " 2kexf* (d*x (bxx+a)/ (axd-b*c)) ~(1/2) * (- (f*xx+e) *b/ (axf-bxe) )~ (1/2) *(-(
d*xx+c) *b/ (a*d-b*xc) )~ (1/2)+2*C*E1lipticE((d* (b*x+a)/(a*xd-b*c)) ~(1/2), ((a*xd-b
*c)*f/d/ (axf-bxe) )~ (1/2))*xa*xb~3*xc*xd*e”2* (d* (b*xx+a)/ (axd-b*c)) ~(1/2) * (- (f*x+
e)*b/ (axf-bxe) )~ (1/2)* (- (d*x+c) *b/ (axd-b*xc) )~ (1/2)+C+xEllipticF ((d* (b*x+a)/(
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axd-b*c)) ~(1/2), ((a*xd-bxc) *f/d/ (axf-b*xe) )~ (1/2) ) *b~4*c”2xe”2*x (d* (bxx+a) / (ax*
d-b*c)) " (1/2)*x (- (fxx+e)*b/ (axf-b*e)) ~(1/2) * (- (d*x+c)*b/ (a*d-b*c)) ~(1/2) +B*x
*a*xb~3xcxdxf T2+B*xx*a*b"3*xd " 2xexf-Cxx*xa~2*%b 2k ckd*xf T2-Cxx*xa~2%b"2%d " 2*xe*xf-Ax
x*b74*xd"2%e*xf+B*xx " 2%a*xb"3xd"2xf T 2-Cxx"2%a"2xb"2*%d " 2% f "2+B*axb~3*kcxd*exf-C*xa
“2%b”2xckdxe*xf+AxE1lipticE((d* (b*x+a)/(a*d-b*c))~(1/2), ((a*d-bxc)*f/d/ (axf-
bxe)) " (1/2)) *axb~3*d"2xex*xf* (d* (b*x+a)/(axd-b*c) )~ (1/2) * (- (f*x+e) *b/ (axf-b*e
)) " (1/2) % (= (d*x+c) *b/ (a*d-b*c)) ~(1/2) -A*E1lipticE((d* (b*x+a) / (axd-b*c) )~ (1/
2), ((a*d-b*c)*f/d/ (axf-bxe) )~ (1/2)) *b~4*xcxd*xexf* (d* (bxx+a)/(a*xd-b*c)) ~(1/2)
*x (- (f*x+e) *xb/ (a*xf-bxe)) ~(1/2) * (- (d*x+c) *b/ (a*d-b*c)) ~(1/2) -B*xE1lipticF ((d*(
bxx+a) /(a*xd-bxc))~(1/2), ((axd-bxc)*f/d/ (axf-bxe) )~ (1/2))*a”2xb~2*xcxd*f 2% (d
* (bxx+a) /(axd-b*xc) )~ (1/2) * (- (f*xx+e) *b/ (a*f-bxe)) ~(1/2) * (- (d*x+c) *b/ (a*xd-b*c
))~(1/2)-B*E1llipticE((d* (b*x+a)/(axd-b*c))~(1/2), ((a*d-bxc)*f/d/(axf-b*e))”
(1/2))*a~2%b~2*ckd*f~2* (d* (bxx+a) / (a*d-b*c)) ~(1/2) * (- (f*x+e) *b/ (axf-b*e)) ~(
1/2) * (= (d*x+c) *b/ (a*xd-b*c)) ~(1/2) -BxEllipticE((d* (b*x+a)/(a*d-b*c)) ~(1/2), (
(axd-b*c) *f/d/ (axf-b*xe)) " (1/2))*a~2*¥b~2+xd"2*ex*f* (d*x (b*x+a) / (axd-bxc) )~ (1/2)
* (= (fxx+e)*xb/ (axf-bxe) )~ (1/2) * (- (d*x+c) *b/ (axd-b*c)) ~(1/2)+C*E1llipticF ((d*(
bxx+a) / (axd-b*c)) ~(1/2), ((a*xd-bxc)*f/d/ (axf-b*xe) )~ (1/2))*a”3*bkxcxd*f ™2 (d*(
b*x+a)/(axd-b*xc)) "~ (1/2) * (- (f*x+e)*b/ (a*xf-bxe)) " (1/2) * (- (d*x+c) *b/ (a*xd-b*c))
~(1/2)-C*EllipticF ((d* (b*x+a)/(a*xd-bxc))~(1/2), ((axd-b*c)*f/d/(axf-bxe)) (1
/2)) *a”3*xb*xd"2*xexf* (d* (bxx+a)/(a*d-b*c)) ~(1/2) * (- (f*x+e) *b/ (axf-b*e)) ~(1/2)
*x (= (d*x+c)*b/ (a*d-b*c)) ~(1/2)-2*CxE1llipticF ((d* (b*x+a)/(a*d-b*c))~(1/2), ((a
xd-bxc)*xf/d/ (axf-bxe)) ~(1/2)) *a*xb~3*xckxd*e 2 (d* (b*x+a)/ (a*xd-b*c)) ~(1/2) * (- (
fxx+e) *b/ (axf-bxe) )~ (1/2)* (- (d*x+c)*b/ (axd-b*xc) )~ (1/2)+3*C*E11lipticE((d* (bx*
x+a)/(axd-bxc))~(1/2), ((axd-b*xc)*f/d/ (axf-b*e) )~ (1/2)) *a"3*xbxcxd*f~2x (d* (b*
x+a)/(a*xd-bxc)) ~(1/2) *x (- (f*xx+e)*b/ (axf-bxe) )~ (1/2) * (- (d*x+c)*b/ (axd-b*c) )~ (
1/2) ) *x(fxx+e)~(1/2) *(d*x+c) " (1/2) *(b*x+a) ~(1/2) /f/d/ (axf-b*e) /b~3/ (a*xd-b*c)
/ (oxd*f*x~3+a*xd*f*x"2+bxcxf*x™2+b*d*exx~2+a*xcxf*x+axd*exx+b*crexx+a*cke)

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

f Cx2+Bx+ A

(bx + a)g\/dx +cyfx+e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(b*x+a)~(3/2)/(d*x+c)”~(1/2)/(f*x+e)~(1/2),x, algori
thm="maxima")

[Out] integrate((C*x~2 + Bxx + A)/((b*x + a)”~(3/2)*sqrt(d*x + c)*sqrt(f*x + e)),
x)
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Fricas [F] time = 0., size = 0, normalized size = 0.

(Cx2 +Bx + A)\/bx +avdx +cyffx +e
b2dfx* + a’ce + (bzde + (bzc +2 abd)f)x3 + ((bzc +2 abd)e + (2 abc + azcl)f)x2 + (ach + (2 abc + azd)e)x

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(b*x+a)~(3/2)/(d*x+c)~(1/2)/(f*x+e)”~(1/2),x, algori
thm="fricas")

[Out] integral ((C*x72 + B*x + A)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)/(b~2xd
*fxx"4 + a”2xckxe + (b72xd*xe + (b72*xc + 2%axbxd)*f)*x"3 + ((b"2%c + 2*axbx*d)
xe + (2%axbxc + a”2xd)*f)*x"2 + (a"2%cxf + (2*axbxc + a~2*d)*e)*x), X)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Ckx**2+Bxx+A)/(bxx+a)**(3/2)/(d*x+c)**(1/2)/(f*xx+e)**(1/2),%)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f Cx>+Bx+ A

3
(bx +a)2Vdx + cy/fx +e
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(b*x+a)~(3/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2),x, algori
thm="giac")

[Out] integrate((C*xx~2 + Bxx + A)/((b*x + a)~(3/2)*sqrt(d*x + c)*sqrt(f*x + e)),
x)
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A+Bx+Cx?
3.77 f (a+bx)52Ve+dx~fe+ fx dx

Optimal. Leaf size=642

b(c+d b .
2\ AL (a@Ca(de — cf) + ab (3f (Ad? + 3C) - Ba(2cf + de)) 1P (Acdf +2Ad%e - 3Bcde +3cCe) ) Ellip
302VdVe + dx~Je + fx(ad — bc)¥2(be - af)

[Out] (-2*%(A*b~2 - ax(b*B - a*C))*Sqrt[c + d*xx]*Sqrtle + f*xx])/(3*b*x(bxc - axd)*(
bxe - axf)*(a + b*x)~(3/2)) + (2%x(2%xa~3*Cxd*f + a*b~2*(6*c*xCxe + Bxd*e + Bx
cxf - 4xAxd*f) - b73%(3*Bxcke - 2xAx(dxe + c*f)) + a"2%bkx(Bkxdxf - 4*Cxk(d*e
+ c*xf)))*Sqrt[c + d*x]*Sqrtle + f*x])/(3*bx(b*c - a*xd) " 2x(bxe - axf) 2*x3qrt
[a + b*x]) - (2*%Sqrt[d]*(2*%a~3*Cxd*f + axb~2x(6xc*Cke + Bxdke + Bkcxf - 4xA
xd*f) - b73%(3%Bxcke - 2xAx(d*e + c*f)) + a”2%bx(Bxd*f - 4*Cx(dxe + cxf)))*
Sqrt [(bx(c + d*x))/(bxc - axd)]*Sqrtle + f*x]*EllipticE[ArcSin[(Sqrt[d]*Sqr
tla + b*x])/Sqrt[-(b*c) + axd]], ((b*c - a*xd)*f)/(dx(bxe - axf))])/(3*b~2x(
-(b*xc) + axd)~(3/2)*(bxe - a*xf) 2*Sqrtlc + d*x]*Sqrt[(b*(e + f*x))/(b*e - a
*£)]) - (2x(a”2*%Cxd*(d*e - c*f) - b72*x(3*c”2*Cxe - 3*Bkcxd*e + 2%Axd"2*e +
Axcxd*xf) + axbx(3*x(c™2+C + Axd~2)xf - Bxd*(dxe + 2*cx*f)))*Sqrt[(bx(c + d*x)
)/ (bxc - axd)]*Sqrt[(bx(e + fxx))/(b*e - axf)]*EllipticF[ArcSin[(Sqrt[d]*Sq
rt[a + b*x])/Sqrt[-(bxc) + axd]], ((bxc - axd)*f)/(d*(b*xe - a*xf))])/(3xb~2x
Sqrt [d]*(-(b*c) + a*d)~(3/2)*(b*e - axf)*Sqrtlc + d*x]*Sqrtle + fx*x])

Rubi [A] time = 1.51666, antiderivative size = 642, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 7, integrand size = 38, e -

0.184, Rules used = {1614, 152, 158, 114, 113, 121, 120}

integrand size

bcrd) [b :
Z(Jia;) ;}Z%ifx) (aZCd(de —cf)+ab (3f (Ad2 + CZC) - Bd(2cf + de)) - b? (Acdf +2Ad?%e — 3Bcde + 362Ce)) F (sn
3b2VdVe + dx+Je + fx(ad — bc)¥2(be - af)

Antiderivative was successfully verified.

[In] Int[(A + B*xx + Cxx"2)/((a + b*x)~(5/2)*Sqrt[c + d*x]*Sqrtle + f*x]),x]

[Out] (-2*%(Axb~2 - ax(b*B - a*C))*Sqrt[c + d*x]*Sqrtle + f*x])/(3*b*(b*c - a*xd)*(
bxe - axf)*x(a + b*xx)"(3/2)) + (2x(2*a~3*Cxd*xf + a*xb~2*x(6*c*xCke + Bxdxe + B
cxf - 4xAxd*xf) - b~ 3% (3*%Bxcke - 2%Ax(d*e + cx*xf)) + a " 2xbx(Bxd*xf - 4*Cx(d*e
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+ c*xf)))*Sqrtlc + d*x]*Sqrtle + fx*x])/(3xb*(b*c - axd) "2x(b¥e - ax*f) 2*xSqrt
[a + b*x]) - (2*%Sqrt[d]*(2*%a”~3*Cxd*f + a*xb~2x(6xc*Ckxe + Bxd*e + Bkcxf - 4xA
*xd*f) - b73%(3*Bkcke - 2xAx(dxe + c*f)) + a”2%bkx(Bkd*f - 4*Cx(d¥e + c*xf)))x
Sqrt[(bx(c + d*x))/(bxc - axd)]*Sqrtle + f*x]*EllipticE[ArcSin[(Sqrt[d]*Sqr
tla + bxx])/Sqrt[-(b*c) + axd]], ((b*c - axd)*f)/(d*x(b*e - axf))])/(3*b~2x(
—(bxc) + axd)~(3/2)*(b*e - axf) 2xSqrt[c + d*xx]*Sqrt[(b*x(e + f*x))/(b*e - a
*£)]) - (2x(a"2xCxd*(dxe - c*f) - b72x(3%c™2xCke - 3*Bxckdke + 2xA*xd"2*e +

Axckxdxf) + axb*x(3*%(c”™2%C + Axd"2)*f - Bkxdx(dxe + 2%c*f)))*Sqrt[(bx(c + d*x)
)/ (bxc - axd)]*Sqrt[(bx(e + f*xx))/(bxe - axf)]*EllipticF[ArcSin[(Sqrt[d]*Sq
rt[a + b*x])/Sqrt[-(b*c) + a*xd]]l, ((bxc - axd)*f)/(d*(bxe - axf))])/(3xb~2x
Sqrt [d]*(-(b*c) + a*d)~(3/2)*(b*e - axf)*Sqrtl[c + d*x]*Sqrtle + f*x])

Rule 1614

Int[(Px_)*((a_.) + (b_.)*x(x_))"(m_)*((c_.) + (d_)*(x_))"(n_.)*x((e_.) + (f_
O*x(x_))"(p_.), x_Symbol] :> With[{Qx = PolynomialQuotient[Px, a + b*x, x],
R = PolynomialRemainder[Px, a + b*x, x]}, Simp[(b*R*(a + b*x)"(m + 1)*(c +
d*x)"(n + 1)*x(e + £*xx)"(p + 1))/((m + 1)*(b*c - a*xd)*(bxe - axf)), x] + Di
st[1/((m + 1)*(bxc - axd)*(bxe — axf)), Int[(a + b*x)"(m + 1)*(c + d*xx) n*(
e + f*x) pxExpandToSum[(m + 1)*(b*c - axd)*(b*xe - a*f)*Qx + a*xd*f*R*(m + 1)
- b*R*(d*ex(m + n + 2) + cxf*(m + p + 2)) - b*d*f*R*(m + n + p + 3)*x, x],
x], x]]1 /; FreeQ[{a, b, c, d, e, f, n, p}, x] & PolyQ[Px, x] && LtQ[m, -1
] && IntegersQ[2+#m, 2*n, 2xp]

Rule 152

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_)*x(x_))"(m_)*((e_.) + (f_.)*(x_)
) (p)*((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[((bxg - ax*h)*(a + b*x)~(m +

Dx(c + d¥x)"(n + D*(e + £xx)7(p + 1))/((m + D*(b*c - a*xd)*(bxe - axf)),
x] + Dist[1/((m + 1)*(b*c - a*d)*(bxe - axf)), Int[(a + b*x) " (m + 1)*(c + d
*x) "nx(e + fxx) pxSimp[(axd*xfxg - bkx(d*e + cxf)*g + bxckxexh)*(m + 1) - (bxg
- axh)*(d*ex(n + 1) + cxfx(p + 1)) - dxfx(b*g - a*xh)*(m + n + p + 3)*x, x]
, x]1, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && LtQ[m, -1] && Integ
ersQ[2*m, 2*n, 2xp]

Rule 158

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*
Sqrtl(e_) + (f_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtl[e + f*x]/(Sqrtla
+ b*x]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + bx*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fx*x]

Rule 114
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Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtle + fxx]*Sqrt[(b*(c + d*x))/(b*c - a*d)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*e - axf)]), Int[Sqrt[(bxe)/(b*e - a*xf) + (
bxf*x)/(bxe - axf)]/(Sqrtla + bxx]*Sqrt[(b*xc)/(bxc - axd) + (b*d*x)/(bxc -
axd)]), x], x] /; FreeQl{a, b, c, 4, e, £}, x] && !'(GtQ[b/(bxc - axd), 0]
&& GtQ[b/(bxe - axf), 0]) && 'LtQ[-((b*c - axd)/d), 0]

Rule 113

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - a*f)/d), 2]*EllipticE[ArcSin[Sqrt[a +
b*x] /Rt [- ((bxc - axd)/d), 211, (f*(bxc - axd))/(d*(b*xe - a*f))])/b, x] /;
FreeQ[{a, b, ¢, d, e, £}, x] && GtQ[b/(bxc - a*d), 0] && GtQ[b/(bxe - axf),
0] && 'LtQ[-((b*c - a*d)/d), 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-

(d/(b*c - axd)), 0] && GtQ[d/(d*e - cxf), 0] && 'LtQ[(b*c - a*xd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - a*d)]/Sqrtlc + d*x], Int[
1/(Sqrtla + b*x]*Sqrt[(b*c)/(b*c - a*d) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1D, x1, x] /; FreeQ[{a, b, c, d, e, f}, x] & !GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*xx, e + f*x]

Rule 120

Int[1/(Sqrtl(a_) + (b_.)*x(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]1*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]*Sqrtl[(b*c - a*xd)/bl)], (fx(bxc - axd))/(d*(bxe - a*xf))])/(b*Sqr
t[(b*e - axf)/bl), x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(bxc - axd),
0] && GtQ[b/(b*e - axf), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a +
bxx, e + f*xx] && (PosQ[-((b*c - axd)/d)] || NegQ[-((bxe - axf)/f)])

Rubi steps
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B azC(de+cf)—ab(ScCe+Bde+Bcf—3Adf)+b2(SBce—ZA(c
2b

A+ Bx + Cx2 e 2 (Ab2 —a(bB - aC)) Ve +dxyJe+ fx 2 f (a+bx
f (a+ bx)2Ne + dxnfe T fx T Bb(be — ad)(be - af)a + b2 3(bc -

2 (Ab2 —a(bB - aC)) Ve +dxyJe + fx N 2 (2u3Cdf + ab?(6cCe + Bde + Bef — 4
3b(bc — ad)(be — af)(a + bx)3?

2 (Ab2 —a(bB - aC)) Ve +dxyJe + fx N 2 (2a3Cdf + ab?(6cCe + Bde + Bcf — 4
3b(bc — ad)(be — af)(a + bx)3?

2 (Ab2 —a(bB - aC)) Ve+dxye+ fx 2 (2a3Cdf + ab?(6cCe + Bde + Bef — 4
3b(bc — ad)(be — af)(a + bx)3?

_ 2 (Ab2 —a(bB - aC)) Ve +dxyJe + fx N 2 (2a3Cdf + ab?(6cCe + Bde + Bcf — 4
3b(bc — ad)(be — af)(a + bx)3?

) 2 (Ab2 —a(bB - aC)) Ve +dxyJe + fx N 2 (2a3Cdf + ab?(6cCe + Bde + Bcf — 4
3b(bc — ad)(be — af)(a + bx)3?

Mathematica [C] time = 10.9311, size = 699, normalized size = 1.09

2 (bz(c +dx)(e + fx) *’E — a((a + bx) (a?b(AC(cf + de) — Bdf) — 2a°Cdf — ab?(~4Adf + Bcf + Bde + 6¢cCe) + b>(3

Antiderivative was successfully verified.

[In] Integrate[(A + Bxx + Cxx"2)/((a + bxx)~(5/2)*Sqrt[c + dxx]*Sqrtle + f*x]),x
]

[Out] (-2*%(b~2xSqrt[-a + (b*c)/dl*(c + d*x)*(e + £*x)*((A*b"2 + a*x(-(b*B) + axC))
*(bxc - axd)*(bkxe - axf) + (-2*xa~3*xCxd*xf - axb~2*x(6*c*xCkxe + Bxdxe + Bxcxf -
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4xAxd*xf) + b~ 3x(3*%Bxckxe - 2*A*x(d*e + c*f)) + a~2xbx(-(B*d*f) + 4*Cx(d*e +
cxf)))x(a + bxx)) + (a + bxx)*x(b~2*Sqrt[-a + (b*c)/d]l*(2xa~3*Cxd*f + a*b™2x
(6xc*Cxe + B*xd*e + Bkxcxf — 4xAxdxf) + b~ 3*%(-3*Bkxckxe + 2xAx(dxe + cxf)) + a”
2%b* (Bxd*f - 4*Cx(d*e + c*xf)))*(c + d*x)*(e + f*x) + I*x(bxc - a*xd)*f*(2*a"3
*Ckxd*f + axb”2x(6xckCxe + Bxdxe + Bkckxf - 4*xAxd*xf) + b~ 3x(-3*xBxcxe + 2%A*x(d
xe + cxf)) + a"2xbx(Bkdxf - 4xCkx(d*e + cxf)))*(a + b*x)~(3/2)*Sqrt[(bx(c +
d*x))/(dx(a + bxx))I*Sqrt[(bx(e + f*x))/(f*x(a + b*x))]*EllipticE[I*ArcSinh[
Sqrt[-a + (b*c)/d]l/Sqrtla + b*x]], (bxd*e - axdxf)/(bxcxf - axd+f)] - Ixbx(
bxc — axd)*(a~2+%C+xf*(d*e - c*f) + b~ 2x(3xc*xCxe”2 + A*xd*exf + cxf*x(-3*Bxe +
2%Axf)) + axbkx(-3*xCxd*xe~2 + f*(2+%B*xd*e + Bkxcxf — 3xAxdxf)))*(a + b*x)~(3/2)
*Sqrt [(b*x(c + d*x))/(dx(a + bxx))]*Sqrt[(bx(e + f*x))/(fx(a + b*x))]*Ellipt
icF[I*ArcSinh[Sqrt[-a + (b*c)/d]l/Sqrtla + b*x]], (b*d*e - axd*f)/(b*c*f - a
xd*£)])))/(3*%b7"3xSqrt[-a + (bxc)/d]*(b*c - a*xd) 2x(bxe - a*xf) 2x(a + b*xx) (
3/2)*Sqrtc + d*xx]*Sqrtle + fx*x])

Maple [B] time = 0.122, size = 12981, normalized size = 20.2

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((Cxx~2+Bxx+A)/(b*x+a)~(5/2)/(d*xx+c) ~(1/2)/(f*xx+e)~(1/2),x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

f Cx2+Bx+ A

(bx + a)g\/dx +cyfx+e

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(b*x+a)~(5/2)/(d*x+c)”~(1/2)/(f*x+e)~(1/2),x, algori
thm="maxima")

[Out] integrate((C*x~2 + Bxx + A)/((b*x + a)~(5/2)*sqrt(d*x + c)*sqrt(f*x + e)),
x)
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Fricas [F] time = 0., size = 0, normalized size = 0.

(sz + Bx + A)\/bx + aVdx + cyfx+e

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((C*x~2+B*x+A)/(b*x+a)~(5/2)/(d*x+c)”~(1/2)/(f*x+e)~(1/2),x, algori
thm="fricas")

[Out] integral((Cxx~2 + B*x + A)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)/(b~3xd
*f*x"5 + a”"3*xcke + (b~ 3xd*xe + (b~3*c + 3*kaxb"2xd)*f)*x"4 + ((b~3*c + 3*a*b”

2%d) *e + 3*k(axb"2*c + a~2xbxd)*f)*x"3 + (3kx(a*xb"2*xc + a~2xb*d)*e + (3*a”~2*b

*Cc + a”3*d)*f)*x"2 + (a~3xcxf + (3*a"2%b*c + a”3*d)*e)*x), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Ckx**2+B*x+A)/(bxx+a)**(5/2)/(d*x+c)**(1/2)/(f*x+e)**(1/2) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f Cx*+Bx+ A

5
(bx +a)2Vdx + cy/fx +e
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(b*x+a)”(5/2)/(d*x+c)”~(1/2)/(f*x+e)~(1/2),x, algori
thm="giac")

[Out] integrate((Cxx~2 + B*x + A)/((b*x + a)~(5/2)*sqrt(d*x + c)*sqrt(f*x + e)),
x)

b3dfx5 + adce + (b3de + (b3c +3 abzd)f)x4 + ((b3c +3 abzd)e +3 (abzc + azbd)f)x3 + (3 (abzc + azbd)e +
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A+Bx+Cx?
3.78 f (a+bx)72\e+dx~Je+ fx dx

Optimal. Leaf size=1116

2Vc +dxrJe + fx (Abz —a(bB - aC)) 2vd (2Cd2f2g4 + bdf(3Bdf — 7C(de + cf))u3 2 (C (3d2 2 13cd fe + 3c2f
" Bb(be — ad)be — af)(a + bx

[Out] (-2*%(A*b~2 - ax(b*B - a*C))*Sqrt[c + d*xx]*Sqrtle + f*xx])/(5*xb*x(bxc - axd)*(
bxe — axf)*x(a + b*x)~(5/2)) + (2x(2*a”~3*Cxd*xf + a*xb~2*(10*c*C*xe + Bxd*e + B
xckf — 8kAxd*f) - b~ 3x(5xBxcxe - 4*Ax(d*e + c*f)) + 3*xa~2xbx (Bxd*f - 2+Cx(d
xe + c*f)))*Sqrtlc + dxx]*Sqrtle + f*x])/(16xbx(bxc - a*xd) “2*(bxe - axf) 2%
(a + bxx)~(3/2)) + (2% (2*a~4*Cxd~2+%f~2 + a " 3xbxd*f*(3*%Bxd*xf - 7*Cx(d*e + c*
£)) - bT4x(8*xAxd"2*xe"2 - c*d*e*(10*B*xe — 7T*xA*xf) + c~2x(15%C*e”2 - 10*B*exf
+ 8*A*f72)) - axb"3x(d"2%e*x (2%B*xe - 23*%A*xf) - 2xc"2xfx(5%Cxe - B*f) - c*xdx*(
10*Cxe~2 — 33*Bxexf + 23*%A*f72)) - a"2xb"2x(Cx(3*%d"2%e”2 - 13*ckd*xexf + 3*c
“2xf72) + d*f*x(23xAxd*f - 7xBx(dxe + c*f))))*Sqrtlc + d*xx]*Sqrtle + f*xx])/(
15%b*x (b*c - axd) “3x(bxe - a*xf) 3*Sqrtla + bxx]) + (2+Sqrt[d]*(2*a~4xCxd~2*f
"2 + a"3*bkdkf*x (3kBxkdxf - 7xCx(d*e + c*f)) - bT4x(8*xAxd"2xe”2 - c*d*e*(10*B
xe — T*A*xf) + c72x(15*Cxe”2 - 10*Bkexf + 8*A*f~2)) - a*b~3x(d"2xex (2%Bxe -
23*%A*xf) - 2xc”"2xf*(5*xCxe — Bxf) - c*d*(10*%C*e”2 - 33*Bxexf + 23%A*xf~2)) - a
“2%b7 2% (Ck(3*d"2*%e”™2 — 13xckxd*exf + 3kc™2xf72) + dxf*(23%A*xd*f - 7*B*x(d*xe +
c*f))))*Sqrt [(b*x(c + d*x))/(bxc - axd)]*Sqrtl[e + f*x]*EllipticE[ArcSin[(Sq
rt[d]*Sqrt[a + b*x])/Sqrt[-(b*xc) + a*xd]], ((bxc - a*xd)*f)/(dx(b*e - axf))])
/ (15%b~2% (- (bxc) + axd)~(5/2)*(bxe - a*xf) 3*Sqrtlc + d*x]*Sqrt[(bx(e + f*xx)
)/ (bxe - axf)]) + (2xSqrt[d]*(a~3*Cxd*fx(dxe - c*f) + b~ 3*(8*Axd"2*e”2 - c*
d*e*x(10*Bxe — 3*xAxf) + c”2%(15%C*e”2 - B*Bkexf + 4*xAxf~2)) + axb™2*(d"2*ex*(
2%Bxe - 19*%A*xf) - c”2xf*(20*%Cxe - B*f) - ckxd*x(10*Ckxe™2 — 27*Bxexf + 11%A*f”
2)) - 3*a”2*bkx (d*f*(2*xBxdxe + 3*Bkc*xf - BkAxd*f) - Cx(d"2xe”2 + ckd*exf + 3
xc"2x£72)) ) *Sqrt [(b*x(c + dx*x))/(bxc - axd)]*Sqrt[(b*x(e + f*x))/(b*xe - axf)]
*E1lipticF[ArcSin[(Sqrt[d]*Sqrt[a + b*x])/Sqrt[-(b*xc) + a*xd]l], ((bxc - axd)
xf)/(d*(b*xe - a*xf))])/(15%b"2%(-(b*c) + a*xd)~(5/2)*(bxe - axf) 2*xSqrtlc + d
*xx]*Sqrt[e + f*x])

Rubi [A] time = 3.34186, antiderivative size = 1116, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 7, integrand size = 38, """ —
integrand size
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0.184, Rules used = {1614, 152, 158, 114, 113, 121, 120}

2Vc +dxJe + fx (Ab2 —a(bB - aC)) 2vd (2Cd2f2a4 + bdf(3Bdf — 7C(de + cf))a® — b? (C (de 2 _13cdfe + 3¢
T Bb(be — ad)be — af)@ + by

Antiderivative was successfully verified.

[In] Int[(A + B*xx + Cxx"2)/((a + b*x)~(7/2)*Sqrt[c + d*x]*Sqrtle + f*x]),x]

[Out] (-2*%(Axb~2 - ax(b*B - a*C))*Sqrt[c + d*x]*Sqrtle + f*x])/(5*b*(b*c - a*xd)*(
bxe - axf)x(a + b*x)~(5/2)) + (2% (2*a~3*Cxd*xf + a*xb~2*(10*c*C*e + Bxd*e + B
*cxf - 8*xA*xd*f) - b~ 3x(5*Bxcxe - 4*Ax(d*e + c*f)) + 3*xa~2xbx(Bxd*f - 2+Cx(d
xe + cxf)))*Sqrtlc + d*x]*Sqrtle + fxx])/(15%bx(b*c - a*xd) 2*x(bxe - axf) 2%
(a + b*x)~(3/2)) + (2% (2*xa~4*xCxd~2+f~2 + a~3*bxd*xf*(3*xBxd*xf — 7*Cx(d*e + c*
£)) - b74*x(8*xA*xd"2*xe"2 - c*d*e*(10*Bkxe - 7*xA*xf) + c”2*x(15%C*e”2 - 10*Bkexf
+ 8%A*f72)) - axb"3x(d"2%e*x (2%B*xe - 23*%A*xf) - 2xc 2xfx (5%Cxe - B*f) - cxdx*(
10*Cxe~2 - 33*Bkexf + 23*%A*f~2)) - a~2xb" 2% (C*x(3*d"2*e”2 - 13*ckxd*xexf + 3*c
“2%£72) + dxfx(23%xAxd*xf - 7xBx(d*e + c*f))))*Sqrtlc + d*x]*Sqrtle + fxx])/(
15xb* (b*c - a*xd) " 3x(b*xe - a*xf)~3*Sqrtla + b*x]) + (2xSqrt[d]*(2*a~4*xCxd~2x*f
"2 + a”3*bkdxf*(3kBkd*xf — TxCk(d*e + c*f)) - b74*x(8*xAxd"2xe”2 - c*d*e*(10*B
xe — T*A*f) + c™2x(15*%C*xe”2 - 10%Bkexf + 8*xA*xf~2)) - a*b~3*x(d"2*ex(2*B*xe -
23%A*xf) - 2kcT2xf* (5*Cxe — Bxf) - c*d*(10*C*e”2 - 33*Bxexf + 23%A*xf~2)) - a
“2%b7 2% (Ck (3*d™2*%e”2 — 13xcxd*exf + 3*c™2*%f72) + dxf*(23xA*xd*f - T7*B*(d*xe +
c*xf))))*xSqrt [(bx(c + d*x))/(bxc - a*xd)]*Sqrtle + f*x]*EllipticE[ArcSin[(Sq
rt[d]*Sqrt[a + b*x])/Sqrt[-(b*c) + axd]], ((bxc - axd)*f)/(dx(bxe - a*f))])
/ (15%b~2% (- (bxc) + axd)~(5/2)*(b*xe - ax*xf) 3*Sqrtlc + d*x]*Sqrt[(bx(e + f*xx)
)/ (bxe - axf)]) + (2*Sqrt[d]*(a~3*Cxdxf*(d*e - c*f) + b ~3*(8*xA*d"2*e”2 - cx*
d*e*x (10*Bxe — 3*Axf) + c72%(15*%C*e”2 - B*xBkxexf + 4*xAxf~2)) + axb™2*(d"2*ex*(
2%Bxe - 19*%A*xf) - c™2xf*(20%Cxe - B*f) - cxd*x(10*Cxe”2 — 27*Bxexf + 11*A*f~
2)) - 3*a " 2*xbx(d*f*x(2*xBxd*xe + 3*Bkxc*xf - BkAxd*f) — Cx(d"2xe”2 + c*d*e*xf + 3
xc~2x£72)) ) *Sqrt [(b*x(c + d*x))/(b*c - axd)]*Sqrt[(bx(e + f*x))/(b*e - axf)]
*E1lipticF [ArcSin[(Sqrt[d]*Sqrtla + b*x])/Sqrt[-(b*xc) + axd]], ((bxc - axd)
xf)/(d*(b*xe - a*f))])/(15%b72%(-(b*c) + a*xd)~(5/2)*(bxe - axf) 2*xSqrtlc + d
xx]*Sqrt[e + f*xx])

Rule 1614

Int[(Px_)*((a_.) + (b_.)*x(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_.)*((e_.) + (f_
Dx(x_))"(p_.), x_Symbol] :> With[{Qx = PolynomialQuotient[Px, a + b*x, x],
R = PolynomialRemainder[Px, a + b*x, x]}, Simp[(b*R*(a + b*x)"(m + 1)*(c +
d*x)"(n + D)*(e + £*xx)"(p + 1))/((m + 1) *(b*c - a*d)*(b*e - axf)), x] + Di
st[1/((m + 1) x(bxc - a*d)*(bxe - axf)), Int[(a + b*x)"(m + 1)*x(c + d*x) nx*(
e + f*x) pxExpandToSum[(m + 1)*(bxc - axd)*(b*e - a*f)*Qx + a*xdxf*Rx(m + 1)
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- b*Rk(d*ex(m + n + 2) + c*xfx(m + p + 2)) - bkd*xf*R*x(m + n + p + 3)*x, x],
x], x1]1 /; FreeQ[{a, b, ¢, 4, e, f, n, p}, x] && PolyQ[Px, x] &% LtQ[m, -1
] && IntegersQ[2+*m, 2*n, 2xp]

Rule 152

Int[((a_.) + (b_.)*(x_)) " (m_)*x((c_.) + (d_.)*(x_)) " (m_)*x((e_.) + (f_.)*(x_)
)" (p)*x((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[((b*g - axh)*(a + b*x) " (m +

D*(c + d*xx)"(n + D)*x(e + £*x)"(p + 1))/ ((m + 1)x(bxc - axd)*(bxe - axf)),
x] + Dist[1/((m + 1)*(bxc - axd)*(b*e - a*xf)), Int[(a + b*x)"(m + 1)*x(c + d
*x) "n*x(e + fxx) p*Simp[(a*xd*f*g - bx(d*e + c*xf)xg + bxcxexh)*(m + 1) - (bxg
- axh)*(d*ex(n + 1) + cxf*x(p + 1)) - d*xfx(bxg - a*xh)*(m + n + p + 3)*x, x]
, x], x]1 /; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && LtQ[m, -1] && Integ
ersQ[2*m, 2*n, 2xp]

Rule 158

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*x(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrt[(e_ ) + (f_.)*(x_)]1), x_Symbol] :> Dist[h/f, Int[Sqrtl[e + f*x]/(Sqrtl[a
+ b*x]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x1), x1, x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + f*x] && SimplerQ[c + d*x, e + fx*x]

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[(Sqrtl[e + f*x]*Sqrt[(bx(c + d*x))/(b*xc - a*d)])/(Sqr
tlc + d*x]*Sqrt[(bx(e + f*x))/(b*e - a*xf)]), Int[Sqrt[(bxe)/(b*e - a*xf) + (
bxf*x)/(bxe - axf)]/(Sqrtla + bxx]*Sqrt[(b*xc)/(bxc - axd) + (b*d*x)/(bxc -

axd)]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !(GtQ[b/(b*c - axd), 0]

&& GtQ[b/(bxe - axf), 0]) && 'LtQ[-((b*c - axd)/d4d), 0]

Rule 113

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2*Rt[-((b*e - axf)/d), 2]*EllipticE[ArcSin[Sqrt[a +
bxx] /Rt [-((bxc - axd)/d), 211, (f*x(b*c - axd))/(d*(bxe - axf))])/b, x] /;
FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(bxc - axd), 0] && GtQ[b/(bxe - axf),
0] && 'LtQ[-((b*c - a*d)/d), 0] && !'(SimplerQ[c + d*x, a + b*x] && GtQ[-

(@/(oxc - axd)), 0] && GtQ[d/(d*e - cxf), 0] && !'LtQ[(b*c - a*xd)/b, 0])

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Dist[Sqrt[(b*(c + d*x))/(b*c - a*d)]/Sqrtlc + d*x], Int[
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1/(Sqrta + b*x]*Sqrt[(b*c)/(b*c - a*xd) + (b*d*x)/(b*c - axd)]*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] & !GtQ[(bxc - a*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 120

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
)1), x_Symbol] :> Simp[(2*Rt[-(b/d), 2]*EllipticF[ArcSin[Sqrt[a + b*x]/(Rt
[-(b/d), 2]1*Sqrtl[(b*c - a*xd)/bl)], (fx(bxc - axd))/(d*(bxe - a*xf))])/(b*Sqr
t[(bxe - axf)/bl), x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*xc - ax*xd),
0] && GtQ[b/(b*e - axf), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a +
b*x, e + f*x] && (PosQ[-((bxc - a*d)/d)] || NegQ[-((b*xe - axf)/f)])

Rubi steps
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a2C(de-+cf)—ab(5cCe+Bde+Bcf-5Ad f)+b%(5Bce—4 A(de-
B 2b

f A + Bx + Cx?

(a + bx)"2+c + dx+Je + fx

2 (Ab2 —a(bB - aC)) Ve +dxyJe + fx
+

2 (Ab2 —a(bB - aC)) Ve +dxJe + fx 2f (a+bx)
~ 5b(bc — ad)(be — af)(a + bx)P2 5(bc -

2 (2a°Cdf + ab?*(10cCe + Bde + Bcf - 8.

5b(bc — ad)(be — af)(a + bx)>?

(Ab2 —a(bB - aC)) Ve + dxyJe + fx

2 (2a3Cdf + ab®(10cCe + Bde + Bcf — 8.

5b(bc — ad)(be — af)(a + bx)>?2

(Ab2 —a(bB - aC)) Ve + dxqJe + fx

2 (2a°Cdf + ab*(10cCe + Bde + Bcf - 8.

5b(bc — ad)(be — af)(a + bx)>?

(Ab2 —a(bB - aC)) Ve + dxqJe + fx

2 (2a3Cdf + ab?>(10cCe + Bde + Bcf - 8.

5b(bc — ad)(be — af)(a + bx)>?

2 (Ab2 —a(bB - aC)) Ve +dxyJe + fx
+

2(2a3Cdf + ab?(10cCe + Bde + Bcf - 8.

5b(be — ad)(be — af)(a + bx)2

2 (Ab2 —a(bB - aC)) Ve +dxyJe + fx
+

2 (2a°Cdf + ab*(10cCe + Bde + Bcf - 8.

5b(bc — ad)(be — af)(a + bx)>?

Mathematica [C]

Result too large to show

Warning: Unable to verify antiderivative.

time = 16.5791, size = 8844, normalized size = 7.92

[In] Integrate[(A + B*x + Cxx"2)/((a + bxx)~(7/2)*Sqrtlc + d*x]*Sqrtle + f*x]),x

]

[Out] Result too large to show
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Maple [B] time = 0.297, size = 34102, normalized size = 30.6

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((Cxx~2+Bxx+A)/(b*xx+a)~(7/2)/(d*xx+c)~(1/2)/(f*xx+e)~(1/2),x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

f Cx’+Bx+ A

(bx + a)g\/dx +ey/fx+e

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(b*xx+a)~(7/2)/(d*x+c)”~(1/2)/(f*x+e)~(1/2),x, algori
thm="maxima")

[Out] integrate((C*x~2 + Bxx + A)/((b*x + a)~(7/2)*sqrt(d*x + c)*sqrt(f*x + e)),
x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Cx2 + Bx + A)x/%

bAdfx6 + a*ce + (b4de + (b4c +4 ab3d)f)x5 + ((b4c +4 ab3d)e +2 (2 ab3c+3 azbzd)f)x4 +2 ((2 ab3c + 3 a?

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(b*x+a)~(7/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2),x, algori
thm="fricas")

[Out] integral((Cxx"2 + B*x + A)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)/(b"4xd
*f*xx"6 + a~4xckxe + (b~4xd*e + (b~4*xc + 4*xaxb”3*%d)*f)*x"5 + ((b™4*c + 4*xaxb”
3xd) ke + 2% (2%axb~3xc + 3*%a~2%b"2xd)*f)*x"4 + 2% ((2*%a*xb"3*c + 3%xa”"2xb”"2x*d)*
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e + (3*%a”2*b"2*c + 2*a~3xbxd)*f)*x"3 + (2% (3*a”"2xb"2*c + 2*xa~3*b*d)*e + (4x
a”"3xbxc + a”4xd)*xf)*x"2 + (a~4xckxf + (4*a”3xbxc + a”4*xd)*e)*x), X)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Cxx**2+Bxx+A)/(b*x+a)**(7/2)/(d*x+c)*x(1/2)/(f*x+e)**(1/2),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f Cx?+Bx+ A

7
(bx +a)2Vdx + cy/fx +e
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Cxx~2+B*x+A)/(b*xx+a)~(7/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2),x, algori
thm="giac")

[Out] integrate((C*x~2 + B*x + A)/((b*x + a)~(7/2)*sqrt(d*x + c)*sqrt(f*x + e)),
x)
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Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative [result,optimal]*)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex)

(* "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimall,
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
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23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68

If [LeafCount [result]<=2*LeafCount [optimal],
IIA" s
uBn] s
||Cl|:| s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
IICII s
"F"]]

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involvesx)
(¥1 = rational functionx)

(¥2 = algebraic functionx)

(¥3 = elementary functionx)

(¥4 = special functionx)

(x5 = hyperpergeometric function*)

(*6 = appell functionx)

(¥7 = rootsum functionx)

(¥8 = integrate functionx*)

(*9 = unknown functionx)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expnl ],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]1]1],
ExpnType [expn[[1]]],
If [Head[expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]]] ,ExpnType[expn[[2]1]1],3]11],
If [Head [expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
I1f [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expnl],6]],
If [Head [expn]===RootSum,
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69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92

94
95
96
97
98
99
100
101
102
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Apply[Max, Append [Map [ExpnType,Apply[List,expnl],7]1],
If [Head [expn]l===Integrate || Head[expn]===Int,

Apply [Max, Append [Map [ExpnType, Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

}, funcl

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshlIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ [{AppellF1},func]
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4.0.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin

#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added

#Nasser 03/24/2017 corrected the check for complex result

#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems
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14
15
16
17
18
19
20
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28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
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GradeAntiderivative := proc(result,optimal)
local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

leaf count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf_count_result > 500000 then
return "B";
fi;

leaf_count_optimal:=leafcount (optimal);

ExpnType_result:=ExpnType(result) ;
ExpnType_optimal:=ExpnType (optimal) ;

if debug then
print ("ExpnType_result",ExpnType_result," ExpnType_optimal=",
ExpnType_optimal) ;
fi;

# If result and optimal are mathematical expressions,

# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
# "B" if result is more than twice the size of the optimal

# antiderivative

# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F";
end if;

if ExpnType_result<=ExpnType_optimal then
if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
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57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74

75
76
77
78
79
80
81
82
83
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89
90
91
92
93
94
95
96
97
98
99
100
101

if debug then
print("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_ count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print ("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
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print("result do not contain complex, this assumes optimal do not

as well");
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#

# is_contains_complex(result)

# takes expressions and returns true if it contains "I" else false
#

#Nasser 032417
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is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

hyperpergeometric function
= appell function

= rootsum function

= integrate function

= unknown function

H OHF H OH HF OH OH H H H H
© 00 N O O WN -
I

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn, 'sqrt') then
if type(op(l,expn),'rational') then

1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ""') then

if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' ™+ ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
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elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,1ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh, cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA ,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.

#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
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leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.0.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added “RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count(expr):
#sympy do not have leaf count function. This is approximation
return round(1l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
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if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True

else:
return False

except AttributeError as error:
return False

def expnType(expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type (expn, ' " ")

if isinstance(expn.args[1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)
)
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type
(expn, '**~ ")
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[1:]1))
return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml1)  #max(4,apply(max,map(ExpnType, [op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,
expn))
ml = max(map(expnType, list(expn.args)))
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return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)]1)))
elif is_appell_function(expn.func):

ml = max(map(expnType, list(expn.args)))

return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):

ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map[ExpnType,
Apply[List,expn]],711,

return max(7,ml)
elif str(expn).find("Integral") != -1:

ml = max(map(expnType, list(expn.args)))

return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:

return 9

#main function
def grade_antiderivative(result,optimal):

leaf _count(result)
leaf_count (optimal)

leaf _count_result
leaf_count_optimal

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)
if str(result).find("Integral") != -1:

return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

(#Dec 24, 2019. Nasser: Ported original Maple grading function by )
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# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'
# 'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

def tree(expr):
debug=False;
if debug:
print ("Enter tree(expr), expr=",expr)
print ("expr.operator()=",expr.operator())
print ("expr.operands()=",expr.operands())
print ("map(tree, expr.operands()=",map(tree, expr.operands()))

if expr.operator() is None:
return expr
else:
return [expr.operator()]+list(map(tree, expr.operands()))

def leaf count(anti):
debug=False;

if debug: print ("Enter leaf_count, anti=", anti, " len(anti)=", len(anti))
if len(anti) == 0: #special check for optimal being O for some test cases.
if debug: print ("len(anti) == 0")
return 1
else:

if debug: print ("round(l.35xlen(flatten(tree(anti))))=",round(1.35*len(
flatten(tree(anti)))))
return round(1l.35*len(flatten(tree(anti)))) #fudge factor
#since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's

def is_sqrt(expr):
debug=False;
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False
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def is_elementary_function(func):
debug = False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot', 'sec','csc’,
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh', 'cosh', 'tanh', 'coth', 'sech','csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch', 'sgn',
'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

def is_special_function(func):
debug = False

if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin','fresnel_cos',6'Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma', 'log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

def is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M', 'hypergeometric_U

']

def is_appell_function(func):
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return func.name() in ['hypergeometric'] #[appellfl] can't find this in
sagemath

def is_atom(expn):

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:
return False

def expnType (expn) :
debug=False

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],

Rational):
return 1
else:
return max(2,expnType (expn.operands() [0])) #max(2,expnType(expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands() [0])  #expnType(expn.args[0])
elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],
Rational)
if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)
return 1
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else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType (expn.
args[0]))
else:
return max(3,expnType (expn.operands() [0]),expnType (expn.operands()
[1])) #max(3,expnType (expn.operands() [0]),expnType(expn.operands () [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)
ml = expnType(expn.operands() [0]) #expnType(expn.args[0])
m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]1))
return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.
func)
return max(3,expnType (expn.operands() [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(4,ml) #max (4,m1)
elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(5,m1) #max (5,m1)
elif is_appell_function(expn.operator()):
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,ml) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

debug = False;

if debug: print ("Enter grade_antiderivative for sagemath")

leaf_count_result
leaf_count_optimal

leaf count(result)
leaf_count (optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)
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expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_ count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2*leaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"




	Introduction
	Listing of CAS systems tested
	Results
	Performance
	list of integrals that has no closed form antiderivative
	list of integrals solved by CAS but has no known antiderivative
	list of integrals solved by CAS but failed verification
	Timing
	Verification
	Important notes about some of the results
	Design of the test system

	detailed summary tables of results
	List of integrals sorted by grade for each CAS
	Detailed conclusion table per each integral for all CAS systems
	Detailed conclusion table specific for Rubi results

	Listing of integrals
	report-1.cpt
	report-2.cpt
	report-3.cpt
	report-4.cpt
	report-5.cpt
	report-6.cpt
	report-7.cpt
	report-8.cpt
	report-9.cpt
	report-10.cpt
	report-11.cpt
	report-12.cpt
	report-13.cpt
	report-14.cpt
	report-15.cpt
	report-16.cpt
	report-17.cpt
	report-18.cpt
	report-19.cpt
	report-20.cpt
	report-21.cpt
	report-22.cpt
	report-23.cpt
	report-24.cpt
	report-25.cpt
	report-26.cpt
	report-27.cpt
	report-28.cpt
	report-29.cpt
	report-30.cpt
	report-31.cpt
	report-32.cpt
	report-33.cpt
	report-34.cpt
	report-35.cpt
	report-36.cpt
	report-37.cpt
	report-38.cpt
	report-39.cpt
	report-40.cpt
	report-41.cpt
	report-42.cpt
	report-43.cpt
	report-44.cpt
	report-45.cpt
	report-46.cpt
	report-47.cpt
	report-48.cpt
	report-49.cpt
	report-50.cpt
	report-51.cpt
	report-52.cpt
	report-53.cpt
	report-54.cpt
	report-55.cpt
	report-56.cpt
	report-57.cpt
	report-58.cpt
	report-59.cpt
	report-60.cpt
	report-61.cpt
	report-62.cpt
	report-63.cpt
	report-64.cpt
	report-65.cpt
	report-66.cpt
	report-67.cpt
	report-68.cpt
	report-69.cpt
	report-70.cpt
	report-71.cpt
	report-72.cpt
	report-73.cpt
	report-74.cpt
	report-75.cpt
	report-76.cpt
	report-77.cpt
	report-78.cpt

	Listing of Grading functions

